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It is widely appreciatedthat the iterative solution of linear systemsof
equationswith large sparsematricesis much easierwhenthe matrix is sym-
metric. It is equally advantageousto employ symmetric iterative methods
whena nonsymmetricmatrix is self-adjoirt in a non-standardinner product.
Here, generalconditions for sud self-adjoirtnessare considered.In particu-
lar, a number of known examplesfor saddlepoint systemsare surveyed and
combined to make new conbination preconditionerswhich are self-adjoirt in
di erent inner products.
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1 Intro duction

In 1988 Bramble and Pasciak [6] introduced a block triangular preconditioner for the
discrete Stokes problem (matrix) which had the almost magical e ect of turning the
original inde nite symmetric matrix probleminto a non-symmetricmatrix which is both
self-adjoirt and, in certain practical circumstances,positive de nite in a non-standard
inner product; thus the conjugate gradiert method could be usedin the non-standard
inner product.

Precisely the symmetric saddlepoint problem

A BT %= b
By (1.1)
A
with symmetric A and C, if preconditionedon the left by
— AO 0 . -1 — Agl 0
P = B | with P~ = BA;' —I (1.2)
resultsin the non-symmetric matrix
-1 -1pT
B=pla= Ag A Ay B (1.3)

BA;'A—B BA;'BT+C

which turns out to be self-adjoirt (many would say "symmetric') in the inner product
(-;-)n de ned by (x;y)7, := x" Hy where

Moreover, (x; B);, > 0 for all x #Z 0 sothat AR is also positive de nite. For these
resultsto hold, the matrix block A, hasto be symmetric and positive de nite and must
be scaledin order that A — A, is also positive de nite sothat (-;-),, not only de nes
a symmetric bilinear form but also satis es the positivity requiremen (x; x),, > 0 for
x Z 0 which ensuresthat it is an inner product.

The outcomeis that the Conjugate Gradiernt (CG) method basedon this inner prod-
uct can be applied and the systemcan be solved e cien tly. This Bramble and Pasciak
CG method is a very powerful and widely usedtool to solve saddlepoint systems.Fur-
ther analysisand applications can be found in [1{3,7,9,15,19,21,25,31,32].

The Bramble and Pasciak Conjugate Gradient method is not the only soler of its
kind where a matrix is preconditioned and then a non-standard inner product can be
found sud that e cien t Krylov subspacesolerslike CG canbe applied. More examples
are givenin [5,12,19,23,27]and will be explainedand usedlater in this paper.

We commen that alternative approades for the Stokes and other saddle-mint
problems use symmetric preconditionersand iterative methods sud as MINRES and



SQMR(see [11] Chapter 6, [4]). It is not our intention here to compare with sud
methods - seefor example[9]. Rather, we explore somemore abstract but elememary
algebraicstructures which enablesomebroadeningof the setof available preconditioners
for which saddle-mint problemsmay be treated by symmetric iterative methods and in
particular CG in non-standardinner-products. The outcomeis somenew precondition-
ing techniqueswhich might be usefulin practice. Our algebraicresults apply generally
but we have not consideredother than saddle-mint examples.

2 Background

For linear systemswith large dimension, it is well-known that iterative methods are
most often the only feasiblesolution approades;direct methods for denseand sparseor
structured matriceswork well provided bandwidth/skyline is not too large, but if llI-in in
the computedtriangular factorsis too great sud methods are usually infeasiblebeyond
a certain dimension. Amongst the available iterative methods, multigrid approates
are extremely attractiv e for certain classesof problems (seefor example[11]), and in
more generality Krylov subspacemethods can be excellen solvers provided suitably fast
convergencecan be achieved: preconditioning is almost always required to achieve this.

For symmetric matrix systems,the Conjugate Gradient (CG) method ( [17]) for
positive de nite and minimum residual (MINRES) or SYMMLQ methods ( [24]) for
inde nite systemsare basedon short term recurrencesand are the Krylov subspace
methods of choice. The CG method is especially popular becauseof its e ciency. By
cortrast, for nonsymmetric matrix systemsthere is a large number of methods (GM-
RES,BICGSTAB, QMR, ... [26], [8], [14]) and various hybrid methods (GMRESR,
BICGSTAB("),... [30],[29]) re ecting that corvergenceis lesswell understood than in
the symmetric caseand the best method for any particular problem s usually not clear,
see[28] for a good overview and further references.This situation is rather unsatisfac-
tory. Certainly if it werecomputationally possibleto somehav cornvert a non-symmetric
systemto an equivalert one with a symmetric matrix sothat CG or MINRES could
be employed then this could be very attractive. Even in the caseof a symmetric and
inde nite matrix system,corversionto a symmetric and positive de nite matrix system
is attractiv e sinceit enablesuse of CG (the above caseof the Bramble and Pasciak
method is an example). Useof the normal equationsapproad | replacingAx = bwith
ATAx = ATb| isusually not soattractiv e becauseor other than a matrix which is very
well-conditioned this usually leadsto much poorer cornvergenceof iterative methods.

One can broadenthe possibilities by allowing non-standard inner-products | the
important/desirable matricesarethen the matriceswhich are self-adjoirt with respectto
sudh an inner product. The self-adjoirtnessin a non-standardinner-product can enable
the useof CG for positive de nite systemsand MINRES for self-adjoirt but inde nite
systems. A method like ITFQMR ( [13]) can be usedif only the self-adjoirtnessin a
symmetric bilinear form is given. For related considerations,in particular in connection
with Krylov subspacemethods, see[28], section13.

Here we resene the word symmetric when referring to matrices to meanthose ma-



trices V\{-_f,‘IiCh are self-adjoirt in the usual Euclidean inner product de ned by (x;y) :=
xTy = xy; ie. those matrices whoseertries satisfy a;; = a;. Correspndingly, by
AT(= B) we meanthe matrix with ertries b; = a;; ie. the adjoint matrix in the usual
Euclideaninner product.

3 Basic prop erties

Firstly we review the basic mathematics. We considerhere only real Euclidean vector
spaceswe seeno reasonthat our theory shouldnot apply in the complexcaseor indeed
for other vector spacesput we have not doneso.
We sa that
() R"xR" =R (3.2)
is a symmetric bilinear form if
o (X;y) = (y;x) for all x;y € R"

o ( X+y;z)= (X;2)+ (y;z) forall x;y;z€ R" andall €R:

With the addition of a non-degeneracyondition, Gohberg et al (cf . [16]) usethe term
‘inde nite inner product’; generalproperties of suc forms can alsobe found here.
If additionally, the positivity conditions

(x;x)>0forx # 0 with (x;x)=0ifandonlyif x =0

are satis ed, then (3.1) de nes and inner product on R".
For any real symmetric matrix, H, (-;-)» de ned by

(X y)3 = x"Hy (3.2)

is easilyseento be a symmetric bilinear form which is an inner product if and only if H
is positive de nite.
A matrix A € R"*" is self-adjoirt in (-;-) if and only if

(AX;y) = (x; Ay) for all x;y:
Self-adjoirtnessof the matrix A in (-; -)», thus meansthat
XTATHY = (AX;Y)r = (% Ay)y = XTHAY

for all x; y sothat
ATH = HA (3.3)

is the basicrelation for self-adjoirtnessof A in (-;-)». We emphasizethat (-;-), (-;-)»
must be symmetric bilinear forms here, but we do not require them to be inner prod-
ucts in order that we use the self-adjoirtness concept. For practical reasons,we will
consider positivity/non-p ositivity of symmetric bilinear forms and positive de nite-
ness/inde nitenessof self-adjoirt matrices separatelyfrom our considerationsof sym-
metry and self-adjoirtness. Wheneer we write (-; )y, H will be symmetric.

It is easyto ched that



Lemma 3.1 If A; and A, are self-adjointin (-;-), thenforany ; €R, A+ A
is self-adjointin (-; ).

Also

Lemma 3.2 If A is self-adjoint in (:;-),, and in (-;-)», then A is self-adjoint in
() 2+ n, fOr every ; €R.

Now if A is preconditionedon the left by P, then from (3.3), = P! A is self-adjoirt
in (-;-)y if and only if
(PrA)TH=HP'A (3.4)

which is
ATPTH=HP A
or
AP TH)= (PTTH)TA
since’H is symmetric. Thus if A is alsosymmetric we get
(PTH)T A= AP TH) (3.5)
and so

Lemma 3.3 For symmetric A, B=P-14is self-adjointin (-;-)4 if and only if P~TH
is self-adjointin (-;-) 4.

Pro of Follows directly from the above and (3.3).

Remark 3.4 Lemma 3.3 includesthe evenmore simple situations that P~ A4 is self-
adjoint in (-;-)» and AP~ is self-adjointin (-;-) 4 » whenhboth A and P are symmetric
since | is trivial ly self-adjointin any symmetric bilinear form. Clearly invertibility of P
and A respctively are needed in thesetwo cases.

Now for symmetric A, if P, and P, are sud that P ' A is self-adjoirt in (-;-)4;,
i = 1; 2 for symmetric matrices H,, Hs, then

(PTrA) Hy = Hi(PrPA)  and (Pt A) T Hy = Ha(Py LA): (3.6)
Using Lemma3.3, P H; is self-adjoirt in (-;-) 4 for i = 1;2 and thus by Lemma3.1
PrTH+ Py TH,

is also self-adjoirt in (-;-)4 for any ; € R. Now, if for some ; we are able to
multiplicativ ely split the matrix ( Py TH, + P, Hy) = P; ' Hs for somesymmetric
matrix Hs, then P; " H; is self-adjoirt in (-;-) 4 and a further application of Lemma 3.3
yields that P; ' A is self-adjoirt in (-;-)»,. We have proved



Lemma 3.5 If P; and P, are left preconditioners for the symmetric matrix A for which
symmetric matrices H, and H, exist with P; ' A self-adjointin (;-)5, and P, ' A self-
adjoint in (-; )5, and if

Py Hi+ Py Hy = Py Hs
for somematrix P; and somesymmetric matrix 73 then P; ' A is self-adjointin (-; ).

Lemma 3.5 shaws a possibleway to generatenew preconditionersfor A. In Section5
we show a practical exampleof its use.

The construction of P3, Hs in Lemma 3.5 also allows straightforward inheritance of
positive de niteness| for this to be a useful property it is essetial that (-;-),, de nes
an inner product ie. that H is positive de nite. It is trivial to construct examplesof
inde nite diagonal matrices A and H for which (Ax; x)3 > 0 for all non-zerox, but in
order to be able to take advantage of positive de niteness, for example by employing
Conjugate Gradierts, it is important that (x;x)» = xTHx > 0 for all non-zerox.

Lemma 3.6 If the conditions of Lemma 3.5 are satis ed and additionally if P, ' A is
positive de nite in (-;-)3,, i = 1,2 then P; ' A is positive de nite in (-;-)5, at least for
positive valuesof and

Pro of Positive de niteness of P ~'A in h; i meansthat
hP~'Ax; xiy > 0; for x 6 0

ie. that xTAP “THx > 0 sothat AP ~TH is a symmetric matrix with all eigervalues positive.
Thus eath of AP 7 TH; and AP ;" H is symmetric and positive de nite and it follows that

AP TH,+ AP, Hy= AP; H;

must also be symmetric and positive de nite at least for positive valuesof and

We commert that there will in generalbe somenegative valuesof or for which P; ' A
remains positive de nite but at leastoneof and needsto be positive in this case.
The preciselimits on the valuesthat and can take whilst positive de niteness is
presened depend on the extreme eigervaluesof AP; T H, and AP, ' H,. Unfortunately,
ewenif H; and H, are positive de nite there is no guarertee that 3 will be also.
We can also considerright preconditioning: if B = Ap-1is self-adjoirt in (-;)x
then
PTATH = HAP™! (3.7)

which is
(P HY(A"H) = (ATH)TPL: (3.8)
Thus

Lemma 3.7 If the right preconditioner P is symmetric and B = AP-! is self-adjoint
in (-;-)% for somesymmetric matrix H, then ATH is self-adjointin (-;-)p 1.



Lemmaa3.7 shonsthat we could cormbine problem matricesand symmetric bilinear forms
for the samepreconditioner. This is obviously more a theoretical than a practical result
comparedto obtaining new preconditionersfor a given problem as in the caseof left
preconditioning above. The splitting in P; T H; introduced in Section 5 will provide
not only a symmetric inner product matrix but also a symmetric preconditioner and
thereforeful lls the conditions of Lemma 3.7.

We now want to discussvery briey the eigervaluesof matrices which are self-adjoirt
accordingto our de nition which allows inde nite symmetric bilinear forms. Assume
that A"H = H.A holds and that (; X) is a given eigenpairof A. Thus,

AX = X; x Z 0 (3.9
Multiplying (3.9) from the left by x"H gives
XTHAX = X THX (3.10)

and using (3.3) we obtain
%XT (HA+ ATH)Xx = x"HAX = x THXx: (3.11)

Notice that the left hand side of (3.11) is the eld of values of a symmetric matrix
which is obviously real, seeChapter 8.1in [20]. The right hand sideis givenby x THx
where x" Hx is also real since H is symmetric. Therefore, the eigervalue must be
real. Furthermore, if the matrix H is de nite the eigervaluesof A are bounded. Note
that, a matrix H always exists suc that A"H = H.A sinceany matrix is similar to its
transpose,seefor example Chapter 3.2 in [18]. In the context of the above theory, the
interesting candidatesfor H are the real symmetric matrices.

Note that the above argumerts establishthat there is no symmetric bilinear form in
which A is self-adjoirt unless.A hasreal eigervalues.

It is alsoknown that for areal diagonalizablematrix .4 which hasonly real eigervalues
there always do exist inner products in which A is self-adjoirt.

Lemma 3.8 If A = R™! R is a diagonalization of .4 with the diagonal matrix  of
eigenvaluedeing real, then A is self-adjointin (-;-)grer for any real diagonal matrix

Pro of The conditions (3.3) for self-adjoirntnessof A in h; i are
RT R"TTH=HR™! R

which are clearly satised for H = RT R whenewr is diagonal becausethen  and
commute.

We remark that this result is not of great usein practice since knowledge of the
completeeigensystenof A is somewhatprohibitiv e.



4 Self-adjoin tness for saddle point systems
For the remainder of this paper we consideronly saddle-mint matrices .4 of the form

A BT
A= 5 5 (4.1)

that is asgivenin (1.1) with A = AT and C = 0. Using the sameblock structure, we
considerthe preconditioner
X YT

P 5w (4.2)
sothat T T
repias ATNE R
To de ne the symmetric bilinear form (-; -4, we take the symmetric matrix
H = E FGT : (4.4)

The main intention is now to identify suitable blocks of P and H sud that B is
self-adjoirt in (-; ). Using (3.3) this reducesto

AXT+BYT AzT+BTWT E FT _ E FT XA+YTB XBT . (4.5)

BXT BzT F G  F G ZA+WB zBT -~ '"
Expanding we get

AXTE+BTYE+AZTF+BTW'F = EXA+EY'B+F'ZA+FTWB (4.6)

AXTFT+BTYFT+AZTG+B"™W'G = EXBT+F'zBT 4.7

BX'TE+BZ'F = FXA+FY'B+ GZA+GWB (4.8)

BX'FT+Bz'G = FXBT+ GzB': (4.9)

in which the assumedsymmetry of H and therefore of E and G ensurethat (4.7) and
(4.8) are transposesof eat other and are therefore the same. Under the assumption
that H is block-diagonal (F = 0) this simpli es to

ATXTE+B'YE = EXA+EY'B (4.10)
ATZTG+ B"™W'G = EXBT (4.11)
BXTE = GZA+ GWB (4.12)
BZ'G = GzBT (4.13)

whereagain (4.11) and (4.12) are the same.

We will now descrike someexampleswhereit can be chedked that the above condi-
tions are satis ed. The descriptionswill be brief and we refer the readerto the original
papers[5,6,19,22] for more details.
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The rst exampleis the classicalmethod by Bramble and Pasciakalready mertioned
in the Introduction. The preconditioneris given by

— AO 0 —1 _ Ao_l 0
P= B | and P = BA;! —I (4.14)
and the symmetric bilinear form de ned by the matrix
H= A7A O (4.15)
0 I
In 2006Benzi and Simoncini gave a further example,see[5]. Namely,
e IO
P=P = 0 | (4.16)
and A | BT
H = B | (4.17)

Recertly, Liesenmadean extensionto this method taking a non-zeromatrix C in (1.1)
into accoun, see[22]. The preconditioneris again

P=P = (4.18)

but the symmetric bilinear form is now de ned by

A— | BT
H = B | _c - (4.19)
There are certain conditions which must be satis ed by the parameter in order
to guarartee positive de niteness of H sothat CG in the inner product (-;-);; can be
reliably employed { see[5], [22].
There are also extensionsto the classicalBramble-Pasciak casewhich are not re-
stricted to the caseC = 0in (1.1), see[19,23,27]. In [23] for example,a Scur comple-
mert preconditionerS, is introducedinto P giving

—1
Ao 0 and Pt Ao 0

P= B _s S;'BA;! —S7!

(4.20)

under certain conditions positive de niteness of the preconditionedsaddle-mint system
canstill be guararteed in a non-standardinner product similar to (4.15).

5 Combination preconditioning

Here we demonstrate just one example of how Lemma 3.5 can be usedto combine
preconditionersin order to create new ones. In the process,new symmetric bilinear
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forms are createdwhich sometimeshave the desirablepositivity property making them
inner products in which for exampleCG can be employed.

We considerP;; H; de ned by the classicalBramble-Pasciak method (4.14),(4.15)
and P,; H, de ned by the Benzi-Simonciniapproad (4.16),(4.17). From Lemma3.5we
get

( A"+ DA—( + I (AF'+ 1)BT

-7 —Tayy =
( Py Hit Py Ho)= _ B —( + )l

(5.1)
which is self-adjoirt V. ; € Rin (-;-) ,. If we are ableto multiplicativ ely split this into
a new preconditioner P; and a symmetric matrix 3, Lemma3.5 guarerteesthat P;* A
will be self-adjoirt in (-;-),,..

One possibility is

-1 _ + ~1 4 -1 T

PT = Ag 0+ I _0| and H = A—( )|(3 Ag 1) il
(5.2)
Numerical results for the CG solution of Ax = b with preconditioner P; and sym-
metric bilinear form (-;-);,, are presened here for various choicesof , and . The

test problem is a Stokes o w problem generatedusing the IFISS software in MATLAB
( [10]). We assumethat the conditions for in the Benzi-Simoncinicaseand for A, in
the Bramble-Pasciak caseare ful lled. The matrix generatedby IFISS is of dimension
659 and represetts the ow over a channel domain. Figure 6 shows the comparisonof
the Bramble-Pasciak CG method (solid black line) comparedwith the Benzi-Simoncini
CG (dotted blue line) and alsothe conbination of the two methods with conmbination
parameters = 1=2and = 1=2 (dashedred line). The slow convergenceof the Benzi
and Simoncini method can be explained by the ladk of preconditioning in this method
whereasthe results for the Bramble-Pasciak CG justify its popularity. Figure 6 showns
the sameconstellation with only a changein the conbination parameters = 15 and
= 0:1.

6 Conclusions

We have explainedthe generalconceptof self-adjoirtnessin non-standardinner products
or symmetric bilinear forms and in the speci ¢ caseof saddlepoint problemshave shovn
how a number of known examplest into this paradigm. We have indicated how self-
adjointness may be taken advantage of in the choice of iterative solution method of
Krylov subspaceypel|in generalit is more desirableto be able to work with iterative
methods for self-adjoirt matricesrather than generalnonsymmetric matrices becauseof
the greatere ciency in generalof symmetric iterative methods and certainly becausehe
understanding of the corvergenceof symmetric iterative methods is much more secure
and descriptive than for nonsymmetric methods.
The possibility of combination preconditioning by exploiting self-adjoirtnessin dif-

ferert non-standardinner products or symmetric bilinear forms has beenanalysedand
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an examplegiven of how two methods can be combined to obtain a new preconditioner
and a di erent symmetric bilinear form.

Our analysis may provide the basis for the discorery of further useful examples
where self-adjoirtness may hold in non-standard inner products and also shavs how
preconditioning can usefully be employed to create rather than destroy symmetry of
matrices.
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Figure 1: Combination preconditioningwith = 1=2and = 1=2comparedto Bramble-

Pasciakand Benzi-SimonciniCG .
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Figure 2: Combination preconditioningwith = 15and = 0:1 comparedto Bramble-
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