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A135TRACT 

This paper describes the programming language ALGOL 60 

(omitting own declarations) by using the Scott-Strachey mathematical 

semantics. A separate commentary on this description is provided, in­

cluding an indication of the correspondence bet'.. een the semantic 

dt?scription language and the ),,-calculus. 

Familiarity ,",'ith previous publications on mathematical 

semantics, e.g. [I}'~J10,13J. and l'lith the A-calculus, is assumed. 



C:C1NTE~ns 

?{I'oe 

Referen·::es 2 

Introduction 3 

Acknoh' Ie dge men ts 4 

Syntax 5 

Domains 8 

Semantic functions 12 

Auxiliary Functions 23 

Index 27 

[The commentary is hound separately. J 



2 

REFEREI1CES 

[1]	 Allen, C.D.; Chaprran, O.K.; fl Jones, C.B., A Formal 
Defin-i.t-ion or /iLGOL f>D~ IB~·l U.I:. Technical Report TR12.1ilS. 

[2]	 Knuth, D., T~e pp~aining Trouble Spots in ALGOL 60,
 
Camm. AOI .!.2. (1%7). pp. 611-618.
 

[ 3J	 Landin. P.J., A COl'}'[,8pondence BetuJeen ALGOL 60 and
 
~hurch's La~bdQ-Notation, Camm. ACM 8 (1965). pp. 89-101.
 
158-165. ­

[4 ] Lauer, P .• FOl'r'!aZ Definition of ALGOL 60, rm1 l.:>!:J. ricnna. 
Technical Report TR,25.088 (1968) 

[ S ]	 ~aur. P. (Ed.) PelJiseci F:eport on tlw Algor!~thm'Lc Limguage 
ALGOL 60~ Camm. ACM &. (1963), pp.1-17 • 

•	 [6] Scott, D., Jutline of a Mathematical Theory of computation,
 
Proceedings of the Fourth Annual Princeton Conference on
 
Information Sciences and Systems (1970), pr. 169-176.
 

[7]	 Scott, D., Lambda ('alcu~)~G and FleC)~rs1:0ri ~'~eoJ'!JJ Pri\'i1te
 
Communication .
 

•	 [8] Scott, D; Strachey, C. 'I'oiJal'd." a iVathematicaZ Serr:ant-ics ,-'c!' 
Computer Languages J Proc. Symposium on Computers and Autolnata . 
.llicro.... aVe Institute SyMposia Series 21, Polytechnic Institute 
of Brooklyn. 

[9J	 Scott, D; Strachey, C. Da.ta 7'?peB cs Latt£ces~ (in
 
preparation) .
 

• [10]	 Str chey, C. F(1l'l~et1.·es o:~ Prog:r>cl""1"ing Language, Proc • 
lnt rnational Computing Symposium, Cini Foundation, \'cnicC' 
(19 2), pp.222-233. 

[11]	 Strachey. C. An ALstract Model for StorageJ (in preparationl. 

[12]	 Strachey, C.; \\adsworth, C.p.~'(o'1tinua+:·o~iS: A :.'at;,eniat·(C'al
 
Semantics ,,-,,:tl: FuZ~ ~T)~l""p"J I-'rogramming Research Group
 
Technical Monograph PRG-ll.
 

[13J	 TE'nnent, R.D., ~·'a 1:e"'2-::~:·a.? .':';o,rQntic{; C'.~~ TJ'ogY'Qr."I'iing Langu.c.'.ges 
Technical Report 3-15 ("1ny 1973) Dept. Computing fl Information 
Science, Queen's niversity, King5ton, l'ntario. 

[14]	 Utman, l{.E. [Chairman ASA X3.4.2) SuaaRstions Q~ A~G0L Fe
 
(Rome) IssueS J Camm. ACM ~ (]963) pp:~n-23.
 

~ also availah1e as a Progra~rning iZesenrcll r;rollp Tecl'nical \'ono~rapll. 



3 

INTRODUCTID!I 

This paper presents the' semantic clauses' of ALGOL fin, using 

t}18 methods developed at Oxford 1):, Professor r. :::trachey and others. 

The language clescrihcd is that specified in the Peviscd HepoTt on ALGOL 

60 [5J (referred to helO1.,' as "the Report"), except that 'own' declara­

tions have heen omitted - this ,,"'ill he discussed below. 

The dividing. lines hetween syntax and sCl'lantics, and semantics 

and il!lplel'lentation, are rather hazy - especially those between the 

latter two. T}lC policy taken here has heen to define primitive opera­

tions, such as ~"0pl.')T"'r. and ~TlU""0. in a minima~ fashion, ano to give only 

axioms about the storc-manarrement functions. A.n imnleJllentation of this 

semantics eculd stipulate new definitions of these operations, but 

should preserve any theorems de~ucible from the original definitions 

and axioms (i.e. under so~e suital)le formalism. e.g. that of the 

language LAMBDA [7]). 

The ~0the~atics and the comments upon it are presented 

separately .....,ith the aim of exhibiting the structure of the se~antic 

functions more clearly. In the commentary. 1': ••• refers to a section 

of the "Report. The commentary on a function is headed hy the name of 

that function. and an index is given to a11 functions, together with 

an indication of thei r types. 

As in any large prorram before 'clebugginr.'. there will pro­

bably be several syntactical and semantical errors in this description. 

However, the author hopes soon to have a !co~piler' for semantic des­

criptions, the use of which should increase one's depree of belief 

in their correctness - this project is to form part of the author's 

thesis. to he submitted in supplication for the degree of n.Phil. 

for the mathematical justification of the anproach used here, 

see [6. 8. 9. In, IlJ. Also of interest as tutorial papers. in using 

and understandinE semantic clauses. arc [12. l~]. 

In connection with the omission of !own! declarations. see 

[2. 14]. The douhts expressed in [14], ahout the lac}; of initialisation 

of 'own' iclentifiers. seem ....·ell-founc1ed. as the seMantics of the J\LGC'L 

60 construction is very untidy. A More natural construction might be 

to alIa...' initialised dcfjnitions in procedure headings. so that the scope 
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of the definition is the body of the procedure, whilst its extent 

is the same 35 that of the procedure identifi~r. This 5upgestion 

was made hy Landin in [3]. and can be incorporated into the ~iven syn­

tax and semantics at al~ost no cost. 

This report is here put forward less as 'the la~t ....·ord r on 

ALGOL 60 semantics. than as an experiment in using the Scott­

Strachey semantic method to descrihe practical programming languages. 

Any comments on the report. or suggE'stion~ for its iTTlprov€ment, 

will he very welcome. 

AC Kt\Oh'LDlGEMENTS 

The original inspiration for this report came from reading 

[1] and [3], as it was felt that a shorter and less algorithmic 

Jescription of ALGOL 60 could be formulated in the Scott-Strachey 

semant ics. 

~lany thanks are due to the memhers of the Progr<lmming Research 

Group. O;.:ford University, who studied earlier versions of thi~ YI?port 

and made many helpful comments. 

Tl1is report was written whilst the autbor was being supported 

by an SRC Research Studentship. 
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SYNTAX 

Prog -+	 Sta 

Sta -+ begin PeeL DefL St~L end 

begi n StaL end 

-+ if [xp then Sta else Sta 21 
+ Ide , St. 

-+ goto E:xp 

-+ Var : == AssL 

-+ for Var := ForL do Sta 

-+ IdeCLxpL) 

+ I. 

StaL -..	 St3 StaL 

Sta 

DecL -+	 Dec {; nec}'" I .II. 

Dec	 -+ Type I del 

-+ Type I deL [BdsL] 

IdeL -+	 rue {, Ide}* 

BdsL -+	 Bds {. Rds}* 

Bds -+	 [xp 1 Exp 2 

DefL -+	 Def {; Def}* I A 

nef	 -+ switch Ide := ExpL 

-+ lype I de (ParL); St;l 

Pari. -+	 Par {,Par}* ~ 

PRT I)'pc Ide na~e 

-+ lyre Ide value 
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Type -+ real I integer I boolean 

array I Type array 

-+ procedure I Type procedure 

label I string I switch 

AssL Var AssL 
-0­ Exp 

ForL -+ For {. For}* 

FaT -+ Exp 

-+ EXPl wh i 1e EXP2 

EXP 1 step EXP2 un til EXP3 

ExpL	 -+ Exp {, Fxp}* I A 

~Exp	 if EXP1 then EXP2 else FXP3 

-+ EXPl	 Op EXP2 

Or Exp 

-+ lde(ExpL) 

-+ Ide[ExpL] 

-+ I de 

Const 

.... Str 

(Exp) 

Var	 -+ Ide[ExpL] 

.... I de 

Op -+	 LogOp 

RelOp 

-+ NumOp 
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DO,~AINS 

(i) Standard llomains: 

I (identifiers) 

N (integers) 

o (empty domain) 

Q (strings) 

T {true, false] 

Oi) Syntactic Domains: 

AssL 
Sds 

Bds L 

Const 
Dec 

Decl 

Def 

DefL 

E1 = Bds + Dec + Ilef + Exp + Ide + Par 

Exp 

ExpL 

For 

ForL 
[DE (undefined) 

Ide 
IdeL 
INT (undefined) 

List'" BdsL + DecL + DefL + ExpL + IdeL + ParL 

LogOp 

NumOp 
Op 

Par 

ParL 
Prog 
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C 

REAL (undefined) 

Rel0p 

Sta 

StaL 

Str 
STRING (undefinen) 

Type 
Var 

(iii) Semantic Domains: 

ActiveFn = MakeActiveFrdPesLoa>i:Locn, F,,:~n) 

Area (indicating locations in use) 

Array '1akeAT'l"oy (BdeL: Bds '*. Loa'lr,: L 0 en"") 

Bd, MalceBds(LBi:N, Ub'd:rn 

S + S 

o lacn + Array + Switch + Fn + ActiveFn + Rt + Label + String 

+ NalTlp 

Den (D. Typ) 

!J + V + Bds 

Fn Param* -+ vi 

G c -+ C , F + C 

L abe 1 !-1akeLabelCPr'operAY'ea :Area. Code: C) 

Lacn (addresses of real.integer and boolean values) 

M '" {"evil, "jv". "lv", " rv "} 

Mar (associating locations wjth values) 

Name M -+ \1 

Parafl1 Tyn ~, -+ \~ 

R (real numbers) 

Rt Param* -+ G 

S MakeS (SJ,r'ea:Area, Cj1/'ap :Map) 

String (ALGOL nil strinp) 

Switch N -+ H 
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Typ 

TY01 

TYP2 

TYP3 

TYP4 

TYP5 

TYP6 

TYP7 

U 

V 

W 

X 

X, 

X, 

X
3 

X. 

X, 

X6 
X7 

TYPl + TYD 2 + ••. + 1Y"7 

\I~keTyp{nain:Xl' ,,",uat:0 1 

va"keTyp(Main:X2" QiWZ: TYP 1) 

NakeTyp{Na1:n:X Qual.:O)
3

, 

'takeTypLl.fain:X/+, Qu.aZ:TYP1) 

,~fakeTyp(Main:X5' QuaZ:O) 

MakeTyp(Main~X6' QuaZ:TYP1+TYP2+TYP3+TYP4+TyPS) 

HakeTyp(Main: X7 , (illat ;TYP4) 

I --- Den 

N + R + T 

, + C 

Xl + X2 + .•• + X7 

{Ureal". "integer". "boolean", "num"} 

("array") 

{"label"} 

{" fn"} 

{"ri". "string", "switch"}
 

["name")
 

{"active"}
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(ivJ Denotation Domains of Bound variahles: 

a Locn 

B T 
y G 

6 D 

, £ Bas; c 

untyped 

Area" e C 
I 

K : K + [E* ~ C] 

CA) 

M" , v tI 

tI + R 

( 0) 

Param" 
p U 

0 S 

T Typ 

u M ~ W 

j untyped 

X X 

~ Bds 

w W 

t denotes a "deduction tree" belonging to a syntactic dOT'ain. 
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SE~AtnIC FUNCTIONS 

compiler 1.t:Prog. \po· ~P~. 

1et 1 Ya~e:yp("fn". Ua}eTyp(Hreal". ?)) in 
1 

1et MakeTypl"fn L
'. ~a~e?!p("inteaer". ?)) in1 2
 

let 1"1 Po[Abc/'l/ id "ahs'"
1 
[Rirn/T2/id"si~n"J 

[~art/Tl/id"sqTt"J 

[~inITl/id"sinl'J 

[COS/T /id"cos"J
1

[Arctan/ '1 / id"~rctan"] 

(~nITl/id"ln"] 

[FXp/T 1Jid"exn "J 
[[ntiQp/T /id"entier"12

; n
 

switch lahelof t in
 

case"Sta":!P r StaE °180
 

l
 

def~[t:Sta]pe 

let (l*,T*) = (.1iabntL J?abH~) in 
lc r~~a II 

All_ t~t]pr (fix 0*. ';~tnp[O*/T*/t*lT),C) /T*/l*J II e 

def'e*[t:StaL]p8 = switch lahelof tin 

§ 

case"Sta; StaL": t'nSta~f1 II l:*UStaL~p 118 

case"Sta": e[Sta~(;e 
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def'elt:Sta~DG switch label of t in 

case"begin DecL DefL StaL end": 

let(l~.T~) {f*. [DecLL J"': ~ PecU> in 
~ec 0~c 

let (1'2,''2) (1*. "JDefU. J~ ,J l)('fLr) in 
a.e. _e" 

let (1 ;"3) <'JZcbrStaU. JfatrStaUJ in
 

Iniistir:.ct (1; cat 1; cat l~) -.. ?
 

,Lrea Ii 

;I,!"]l.iJ*[necL~o[?1 ?/ 11cat I; cat I;'
 
lQ~. ) 1'",~::; It
 

~n~. let ~1 - o[o!!,!!,!] in
 
let 8 " SfJtAreaCJ;l){A} in


1 
't:. ..... [StaL~ol[(fix 0*. let P2 '" (\110*/T;cat-r~/l;catl;J in 

1t.*nUcfLDp2 cat '!f"'!St<l[,Dc 6 ) 

I ,; cat T; I 1'2 cat t;l II \ 
2n2 1 

case"begin StaL end": ~*[StaL]p8 

case"i~ Txp then S~81 else Sta~": 

Jt[Exp]p"boolpaTl" OB. B -+ 'enStal~P8J ~nSta2~P8} 

case"Ide: Sta": let (O.T) = pDdd in Hor(a) 

case"qoto rxp": ~IJE:xp~p"label" 11 \6 . .TUl'1p(o) 

case"l,'ar := l\ssL": 

let X '" NaidT [Var]p) inJ(p]px(} II 8
va" 

case"for Var := ForL do Sta": 

let <: "7 )Var]p in .'1a{nT " "boolean" -> ? va

'f*iForLBp(?-!air.T)WIVarBPT)(~ISta~p) II 8
 

case"lde(ExpL)": 

CoeI'~e(d Ide]) ('··:J.K.e':"y?C"rt".?»" ev " 

1,6. ApplyP.tCo )1'tL*~ExpL~C'H>'" 

case"f,": e 
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defl)*! t:DecL]PK '" n(".l2[qpt~.£)l"tlnp)) if I( 

defilUt:DeclpK " switch labf'lof t in 
§ 

Case"Type IdeL": 

let T =:J'[TypeJ inn(~1[IdeU(At1' NeWT)) II I( 

caSe"Type IdeL[BdsLJ": 

1e t T "'- J~ Type] in 

~n BdsLi P II Alii .... rr(~l ~ I deL~ (A t • NewAl'rayT1jJ*)) II K
1 

def7C.*rt:DefL~p:. 'l}tlOt ,:tl.Jt )p)1 1

defJt[t~.nef]p '" switch labelof t in 
§ 

case"switeh Ide :'" ExpL": 

let w* = ":l}ExpL] (H " !lt ]plllabel") ;n ),v. uj'*+v1 1
case"Type Ide(ParL); Sta": 

switch labelof "Type"of t ;n 
§ 

case"procedure": 
A'll"'. ),6.
 

Area It
 

),11. at *[ ParL] Tr* II
 

),,8*. -"r5ta]p[8*/7/* [ParL]/1* ffParL»J
 
par pal'
 

SetAl'ea(n) II e
 
case"Type nrocedure":
 

let <C,T) = pnJdeD in
 

'~*. AI(.
 

Are a II
 

ATj. New(QualT)
 

:\a:. let (6 1 ,T 1) =(f.1akeA~tiveFr!(a.o). !-'akeTyr("i1ctive",T» in 

Q*(ParL]-rr* II 

H*.~rrSta]p[6,pre8*/ T preJ* .rrParL]/ ,1[lde]pre1* JPn rLn II 
1 DO'" 1'(11 

C'onte"!ts(C/.) Ii . ­

'\S. SetAl'ea(n) II K(6) 
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defQ.*~t:ParL]1T*K "'TT(~~tJ("]T*)(Q») I! K 

defQ.~t:Par]1fK sl.,.itch labelof t in 

§ 

case"Type Ide name": K(1T(:J~ Typei) 

case"Type Ide val ue": 

let 1 = J[Ty-pe] in 

lVairn "1 a be 1" n(T)"jv" K • 

t1a;:nT "arrav" n(l)"rv" A~. CoryArray61 fi K • 

n(l)"rv" A.E •.'l"".'l II Ail. SetaE II K(a) 

def "g*[ t:StaLli PilE) " s\"ritch labelof t in 

case"Sta ; StaL": ~[Stalpn(t*fStaL]p8) Cilt 'S*rrStaL]pnD 

casli'''Sta": ~[Sta]pn8 

def~~t:Sta]pne switch labelof t in , 
case"begin DecL DefL StaL end": () 

case"begin StaL end": -g*[StaUPrJ8 

case"if Ex-p then Sta else 5ta 2 ": '5mStal~pne cat :fnSta2hne1 
case"Ide: Sta"; MakeLahd(n. effSta]p8) pre '5USta1pn8 

case"goto EXp": 

case"Var :'" AssL": 

case"for ¥aT := ForL do Sta": 

case"Idp(ExpL)": 

ca 5 e" It" : ( ) 

defJll~t:AssUP"XC(*e" switch labelof tin 

case"Var ~= AssL": ;l[Vadox II A'l.~l,"ssLDrJx(u pre u-) II " 

case"Fxp": ~!ExpDox II \r. S,ct"dO;!:I (ed{r) II (' 
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def'1*Ut:ForLDoxuy8 = ~[t]Otl' :Htl~OXVY) II e 

def ::1[ t: ForJpXvy8 switch labelof t in 
§ 

case"Exp"= V"1v" II 

Aa • .fl(Exp]px II 

X~. Seta~ II 8 

case"ExPl whil e EXP2 ": 

fix E • 1)"111" II 

::i.a. JHExPl]PX 

' 

\4. Seto..E; II
 

~[ EXP2] oX )',
 

AB. B ->- y{8'}. 9 

case"ExPl step EXP2 until EXP3": 

u" 1v" \', 

\aoRfEXP11ox II 

\(1' Seta!:l ',\ 

fix 8 ' • TT(IJ"rv".~[FxP2]PX. JUExr3~()x) II 

A(I:J2'~3)' Finished(t"F,2'~3) -+ e, 
y {v" 1v" II 

ACI'. TT<u"rv". ~[ExP2UPX) 

J..<F,'.E;? 8et(a')(Plus(~'.F,2») II G'} 

def 1 [t: IdeW = IdeVal( "lDE"of t) 

def 5deo H:DeCl] = ~[t](~decJ 

def fdealt:Decl • ,\IIdeLJdl 

def 1de ,lt:Defll = 'l',ltl(9'def) 

def 5derlt :Def] = 11 Idel . 

defg· It:Parll=">'ltld )pap ~ par 
def 5 )t:par] = 1~ [deWpa2

def ~rab[t:Stal] = switch labelof t in 
§ 

case"Sta ; StaL": 1Zab [ Sta~ cat 1~ 1-[StaU 
~a. 

case"Sta": 1lab' St. 1 
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clef 1Iac~t:Sta~ switch labelof t in 

j 

case"begi n ned OefL StOlL end": () 

case"begin Stal end": g~,abrr StaL) 

case"if E:xp then Sta1 else St82": '1ablStal] cat jZabl5ta2J
 
case"Ide: S1:a": HIdel pre SZa9~ St3~
 
case"goto Exp":
 

case"Var ~= :'1551.":
 

case"for Var := ForL do Stan:
 

case"lde{ ExpL} ":
 

case"!,": ()
 

defJIt,Typel swi:ch labelof tin , 
case"real" :
 

case"inteqer":
 

case"boolean": MakcT!.,'p(Jabelof t,?)
 

cas e" array" : Ifa/teTyp (n array" • .'1akeT!:,p (" real".?;)
 

case"Type array": MakeTyp("arraY",'1ITYfJe~)
 

case"procedure": MakeTyp("rt".?}
 

case"Type procedure": MakeTy?("fn". 7lTypd)
 
case"label" :
 

case"string":
 

case"switch": _l.!akel'yP (labelof t, ?)
 

defJaecR"t :DecLl = '.r2KtJ(Jde~)
 

def'Jdee'!t:Dec~ = let T=7HypeJ in ''l}IdeU{>..t '. T)
 

defJdef'Ut:OefLD = ~1UtiCldef)
 
def7de'f'~t:Defl = 71 TypeD
 

def'J* "It,PacU "'}" lflO )

par 1 paT" 

def'1 (t:Par~ = switch labelof t in
pa!' 

case"TY!J(' rde name": MakeTyp("narne". :HType~) 

case"I'YTJ€' Ide Yblue": 'JITypeJ 
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I 

def:riab~t:StaU =:: 5witcn lahelof t in , 
case"Sta ; StaL": JIab~ Sta] cat -:ria) StaL! 
case"Sta": Jla,,,K 5ta] 

clef J~ab~ t :StaD switch labelof t in
 

§
 

case"begin DecL DefL StaL end": ()
 

case"begin Stal end": JIaf}StaU
 

cdse"if Exp then 5t3 1 else Sta2":'1Zab(St31] cat Jlab!~ta21
 

case"lc1e: <::ta": MakeT!iP(II1abel". 1) pre JtahlSta]
 

case"goto EXp":
 

case"Yar := AssL":
 

case"for Var :~ ForL do Sta":
 

case"Ide(ExpL)":
 

case"A": ()
 

defJ Jt:\lar!p =' let<6,"[) -= plIdd in BasicTyp(T)
va1

clef Jl'es[ t:Op! switch labelof t in 
§ 

case"LDgOp":
 

case"RelOp" : MakeTyp("boolean'·. 1)
 

case"NumOp": MakeTyp("num", ?)
 

def"1 ,,,OPI switch labelof t in 
arq 

§ 

case"LogOp": MakeTyp("boolean". 1) 

case"RelOp" : 

case"~urnOr": MakeTyp(" num", ?) 
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Idp.f 7Co"Bt~ t:Const~ '" slolitch lahelof t in 

case"P lU::AL": lI1a;-eT"p("real",?)
 

casc"P !NT": ~1ak(!Typ("integpr".?)
 

case"true"
 

case" false": Ma~t''f'yp(''booleiln". ?)
 

def-V[t:EXP~PT11.1K 

1et Xl " f.1ai n 1 i n
1 

switch \.l in 

case"ev": 

switch lane/of t in 

case"Ide": ['o"'l'cefr,~ Ide~ ~Tl\.lK 

case"Str": x1*" s tring" -+ ? K(-<S~Strn) 

cast!"jv" : 

switch labelof t in 

case"if EXPl then :8X1"2 elsl:! [.x.o ";
3

~ [EXP1] p" boo 1e an" OC. e -+ -v'~ hP2 ~ PT 1~K. -V~ EXP3 ]pc l uK} 

case"Ide(ExpLJ": 

x #-"l atJeJ" "'?, r;oeI'ce(p~IdeJ)(MakeTyp("switch".?)"ev"
1 

A8~[ExpL]p II ),\I. O('J){K} 

case" Ide": C02!"ce(r[ Ide] l1: 1 \lK 

case"lv" 

switch labelof t in 

cas e" I deC ExpLJ": Coerce (p[ I de] ) (fAakeTyp (" a rrav" •T1) ) Ole v" 

),,8.JI*rExpL!p II \'.1*. dAC"C"l?s,rh.*) 

case" Ide": coerce(o[IdeJ)T \.lK
1
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case"rll": 

let K : (x ="real"v x ","integer") .... KoTrans/Qryl' K in 
1 1 1

switch labelof tin 

case"i f EXP then EXP2 else EXP3":
1 

.f{[ EXP1~pllboolean"{A.8. S .. -VU Exp:,MpT1UK, -n EXP2]PT1\.1K} 

case"ExPl Op EXP2": 

let (x.x') : (Mahl("'j IOPP, Main{J [Op]» in 
res aro 

-Good XX1 1J -+ ? , • 

!rCSl([EXP1'PX' • .5tIExP2]PX') II Klo~IOp~ 

case" Op Exp": 

let (X.x ' ) = (Ua1:n(] IOpl). Maird"] lop]) )in
res arQ
 

-Goodxx 1 \.l -+ ? • •
 

JU Ex:p] px I II K 1o~« op] 

case"Ide(ExpL)" : 

Coerce (on I de] ) (t1akeTyp (" fn II ,T:1 ) )11 

::ui. ApplyF7l(!5){1l*[ExpL]P)[K }
1 

Case"Ide[ExpLJ": 

Coerce (pi Ide I ) (UakeTyp (" array" • T:1 ) )11 

H.Jf*IExpL]p II A\!*. ContentaCAccess6\l*) II K
1 

case" Ide" : 

Coerce(p(Ide]) T lJ K
1 1 

case"Const" : 

-Good(Main(7 [Canst) »)X 11 1<:1 (1([ Consq)
oonst '1 

case" CExp)": 

--VI Exp~ pT 1 ill<: 
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def 3~t:[Xpnp\K =it"'~t~ri"~-. -::--(" .7')"iv". ­


defi.[t:Var~p:,,, =-V~qSI"'::~";7';,!(Y.?I)"lv"~
 

def"Ht:ExrJHnc:," '" 1fKt~P'~!(J,?",!,p(I...?)"rV"K
 

def$*rt:BdsLncl< =- n:r-,(~l~t](\t~.j5!tllr)\' I<
 

def.£l~t:l3dsr p..:: == r(rj{~bp<~p.J{rrExp~~[\ Il K0"'11<,-~F1t;
 

de f jf"'n t ~ Ex P L ]c'i<: ~ 17, ('~) t] 0. t 1. JfH 1h) II I(
 

de f )/r t : Ex p J PI<" = 't[ ti 0" i nt" K
 

defj{l~t:ExpL~cl< = dimof t t ->- ?,...v~ 1 of tfolC
 

defU*lt:ExDL~c == ".llcrt]()tJ."\i-it~]n)
 

def~ft:Strn -= Stl'inal'aZ.("~TRIJ'l:G"of t) 

defJc! t:Constl == switch labelof t in 

C<lse"P REAL": RcalVal("REAI,"of t)
 

case"P I!\l''': ;r,t:"l("T\T"of t)
 

case"true": true
 

case"false" false
 

defiV n t:Op]c = switch laryelcf(l of t) in
1

§ 

case"~": Dot E 

case"+": s 

case"_": Negate E 

def'\,{ U t:OpD(E '£1) switch ;abelof(l of t) in
2 ~ 

§ 

caSe"::"; EqlJ(£.E: )
1 

case"=>": I"1p(c,E: )
1 

cate"v: 01"(10'£1) 

case",,"; A'1d{E.E: }
1 

case"<": LtCF;,E: )
1 

case"~": Le{ E: .E )
1
 

casp"",": r;q (£,E )
 
1 

case"i": NeC"'l) 

case";.": Ge(E,E )
1 

case">": Ct (E'£1) 
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case"+": PIlIs( C '£1) 

case"-": :'ir:r~$(£.El) 

case"x": ";,~t;(E.El) 

case" I" :~',-iiv( E,'C )
1
 

case";.": I;;!":'ts '" I$I>;tE
 
1 

let c' " Pl!1~'J(~"£1) in 

'!I~it(P::qr;E'. [~~tieY'(Fl:sE"I). 

case"+": I LTntc 
1 

Ec(ZeI'o,E i 
1 

{Nc(Zero,£) + ]ne. ? }. 

rlet c' " :t<'Y'(I~!t(.4h)El l)IAC;-" l/u7tCE::,E))('1r;e) in 

l~t(ZeY'o'<:l) .... c', PJ~·[)(One.E')}, 

':-.~:)ealtl -. 

Po(Zero,EI .... 

{0t(Zer9'£1) .... F p alIZero).7} • 

.;t(tjero.£l + 

E:rr(;"ult(£l J-r:c)). 

de f ~1 [ t : Lis t] Q " 'X,.,ff tff! H _ .1 <¢ITt ~) 11 

def~21 t:LisO d' ('"t."Q'1(dimof til ),\J. Ijl~',) of tll 
def9EJ ~t :PHL lrr*¢ diwof t -; diwo-f ii* ;. ? 

rat"n:-::,(dirno-f t)("J. (rt,~,) of t ~(lT*+v 111 

def'Xl.,. h:Fnrl Mr, tor~roun(;(dirnof t)(}.\ 6[v of't]}i;) 
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AUXILIARY FUNCTIONS 

(i) Defined: 

def ;ppZyFd (\: Fn)7T*oc 01T*K 

def ~pply?t(o:Rt)~·8 = 6~*e 

def Al'eaKO == K(.'c"l1l'erl(o))(J) 

de f ')as1~c?YP(T) == s .... itch ',:a~nT in 

case"name" :
 

case" acti '{e":
 

case"fn" :
 

case"array": fjas-ic~-yp(Qualt)
 

cas e" real ":
 

case"integer"
 

case"boolean": T
 

defaul t:
 

def coerce(f"T)T1J1IC = 

let (X.T I 
) :: (M::l7·JIL. Quat,) in 

let<xi,T? = (f 1a{n'1' QualT1) in
 

switch X in
 

case"name": 6(p)O,o'. ('oel'Ce(6:T')T1lJK 

case"active": p="ev" v ~J="rv" -+ co('.~ce(Fro,T')Tl':' 

1-1="1'0''' -+ COr?l'ceCr,ocno.Qual-T')'lK,? 

case"fn": lJ,,"ev" " x ="fn" "G~1:;Jd(MainT')(Ma1:nT{}(p) -+ K(O).
1

fl="ev" A x =" r t" -~ Krl,1T*.:\El. 61T*{,\£.f\)1.
1 

I-l","rv" A Good(Ma1>/T')(X )j.l -+ ApplyFn(c}() {K},
j 

case"array": (lJ="ey"V )J="rV")A X1"'''array'' '" GCCd(Ma:r;r')C~fain~;!(~l) 

-+ K ( Ii). ? 

case" rea 1":
 

case"i nteger":
 

case"boolean": ~="lv" '" ~oodXXlu K( f,).
 

jJ"'''rv'' '" ;CCl'XX
1 

).l "ontents6 Cd. ? 
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case"label": U·"jv" A X1="la~el" ..... ~(6). ? 

case"rt": 

case"string": 

case"switc".": u="ev" /\ X
1
·X -+ K(Il). ? 

def .~ini8he~ (r,1'~2'£3) • ~t<'.\:'ult("'inus(C3.E;,1)' r'if"Cf 2 ) •. :e)"o) 

def Goodxx:~ := switch u in 
§ 

case"ev":
 

case"lv" : X·X I
 
case"rv": x="boolean" ~ Xi-X.
 

x="integer" v X·ureal" • (x 1="integer"vx 1="real"vx 1="num"l, 

false 

default: false 

def Hop(o:Label) = Cotie(o)
 

def IntCU " Entier(Plud£,.'laZ.-"))
 

def JUMp(6:label) = [,'et,1rea(Pl"'Qr'el'.iJr·en6) II Codele)
 

def SetArean8a " 9(YakeS(n,SPapa»
 

def	 SetMO':ya*[JJ = COr'1pcu>Jc(dirrof a"'\(~v. ':et.(i)."'i-v)(f;»(O) 

def	 'T'ransfl?!'X~ 

x="real" ..... PealE. 

x="integer" ..... Intf, 

(i i) Informally defined: 

def Ca"t"ap(v)(¢) = ¢(1) cat ,}(2) cat , .. cat cr,lv) 

def Compound('J)(cj)HEl) := 1>(1) II ¢('2) II .•• II ~,(\,,) II ro 

def	 Indist::-"'c~t (1*) := let 'J := cii]1'Of '.* in 

(1*~1:=1*-.l-2) (1*11=1*-.1-3) v v (1*-.1-1"'1*"») 

V (1.*";~''''1*''3) v v Il*"2"'1*.'J) 

(,*~ I\'~-'-)"l*;' 
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dl?f .. ':Gi(.e~!*\J*	 let '= dimof 'J* in 

:."i'( ~""~:'I -- v*+l :iP!r'."*}l) 

J,Bd(:J'*"2) ~ -·J*-).2 ~ U5c!(il'*+2) 

£Sci"(:';'*i-V') ~ 1.1*+\" ~ :'2:('~*'\I') 

def Iter(v)(rp:8ds;c-+Bas;c)(lC)	 ¢(¢( .•• ¢(t:). •• )) 

\I occurrences of ~. 

defTTw*K	 1 et "\' dimof w* in 

1et p SomePpr~oflto(V) in 

w*+P(l)	 ),J;P(l)' w*+P(2) n )(,P(2)" , •• w*+p(v), n Al;p(\I)_ 

K( 1;1 • 1;2" ••• i:;\1 ) 

de f TTOW*K let \I '" dimof w* in 

w*ll II 111: w*+2	 II 1..1;:2' ••. w*+\1 II As\!. K(L;1.i:;2 ••••• t;\I)1 , 

(iii) ncstTictinr axioms: 

1'.'e abbreviate as	 follows. 

(a) <1'_ eq E	 asserts that thf" argument of 1 is true. i.e. that 

axiom FIT!'!'] '" I:[K/<1J]
 

where
 

T = AS. 6-+ 1, ?
 

K == ;I, B.
 

;1,0. (J 

(b) ax; om E -E denotes1 2 
axiomn(E ,E ) = TI (E ·E ) (Le. £1 and commute).1 2 o 1 2	 E2 

(c) Free variables aTe universally quantified over their domains. 
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¢-eq NeolT: Aa. Ir:Arecta Ii \8. ¢(G)
 

~-eq NeWT ),(1. C:ol'itents'l II ),c;. ¢(£~?)
 

1> - eq InAreaa II AS. Ner,)T II }''ll' 11(6::J 0."'0. 1 ) 

<}.eq InAre,;(1 II F, •.ret"',- II 'o'!te>:ts0: I, \1:: 1 ' 'He::'::l) 

f-eQ In)!Tc,1C1 II AG. ~ontenti!Ci II A£. ,C:cntelitSCl. I: AC 1 , ~ (C::C;l) 

4>- eq I'lAreaa II AG. Ne7';'1rraYT~'* Ii As. NG ::J (.Tr:.~idel~*·,,'" :' .:_,(', f'scv*"a))
 

¢-eq NewA;n:»:2yT1j.J* II \0. I!'rT':;sJ:(o)=\~*)
 

¢'-eq NewArraYT~* II ),,6. t(InBide~*v* A InRidev*v~ A AcaeBs~v*=;cceSS~J~)
 

::J V*"')-) ­
1 

¢-eq NewAn'ay-r\!J* II ;"0. JnA7'ea(J,ccasllc'J"') AG. ¢(inside~,*v* , B) 

,f>-eq NeWAI'l'o.yT1)J* (I AO. Cv ntents(Accessov*l \c;. ¢(.!",",s-i,'e~I*\!* J <.:=?) 

<t>-eq InAreaa 11 ),,6. .!;''<1JArI'aYT'~· II ;"0. 1J( f\ :;> (Ir;s-ic:'d'*\"* J A('cet:sov*",C1.)) 

o!'-eq Ccpy/L1'rayo:! 1" II AS. ¢(PdsL(o)=EdsL(8 »
1 

¢-eq Copy.!.'f'ray6 '"[ )5. I,:A!'ea(.l1cce8.<:Gv*) II AI? '1;(Ir.s£dr"\1*\;* -, I~) 
1

iI>-eq CcPu Ai'ray6 '"[ A6. :'c'ntentsL:ccc.'lsc-v*) II >..,~. Conte";':Bc-;c~<:'r:sCl\!*)
1

).. E: 1 • H In2'>-![' (P-':h;L (,")) (v*) ::J s='!'ra"','> .T~ "r- ( f'(I~1··7':)!') ( [1») 

Q - eq InArtao. II ALL cDPY)Y'ray6 , II AO. r}(B::> (]nf'-ide(Hds[,(o))(\l*l J 
1

)C'c,,',~.~6\)*"'l'.I) 

ax; om I)."'a. Co"tr."tsa h. 5cta,c{K(?1} 

axi om C/;;J:a Contel1tso In.';reao 
1 

axi om a",'\:;l Co>'-te"lU:a 7onte":'sCt
1 
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1NDE 'I, 

Jlt Ut : ,!l.s sU 0>:(1*8 g' IS, (14 

jHt:Bds~PK · e 21, C17 

~·~t:Bdsl~rl( 8 21. C16 

e~ eStal 08 u' 13. [9 

t:.*1 t: Stall 08 A ' 12. C9 ,.lH t:Defi DK J 4. ell 
08*[ t: lJefL] .')K o 0 14, ell 

r~t:For«C)XL)yf] o 8' 16, C14 

-:1*rt:ForL]pxuY~ e' 16. C14 

~lt:Sta]:Jr;e 5*:Label* 15. C13 

'!;*~t:StaUpnA c*:label* 15 • (13 

JOt:Deno 6: Fn+Rt+S\~i tch 14, C12 

1e*[ t:Declip 6*:fFn+Rt+Switchl* 14 • Cl 

9' ~ t : Ide n 16, CIS· 
:J de~~ t: nec]	 , ,* 16. CIS 

· , * 9de<J~ t:DecL)	 16. C15 
,~ 1 ..ITt:DefTh	 16. C15(.e, 
,:f;je.rff t:DefL] ,* 16. Cl5 

3
Za 

J t:5ta] 17. CIS" 
:f1a,J.,[ t :StaL] ,* 16, CiS 

1pa7'~ t:ParU 
, 16. Cl5 

:J* fft:ParL~ 
, ,* 16. Cl Spar' 

j~t:ExD]rXK	 21. C16• e 
XWt:Constj K

, e 21 • C17 

iKt:Var]oxK 21, (16• 8 

.KIJ t:Exp~r< ' 8 21,07 

)/*nt:ExpLD rK' , g 21. n 7 

K 
1
ITt:ExpL] OK • A 21, Cl7 

PI t:Sta]p8 8 ' ] 2. 1:9 

~IT t:ParDTK · 15. C12 

Q* IT t: P a rl 11 TI* ,; D ] 5, el2 
,~~t:EXP~r:;XK e 21 • elf, 

.&nt:StrJ 8: Stri nq 21. n 7 

,"",U t: I vpei , 1 - , u; 
'1 ~ t:O O ] , 1 g. (lS 

c11'[' 
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,0)~onst:~ t:Const] 19, CIS 

7deC'~ t:Dec~ 0 ,* 17, CIS 

Jde~~ t: DedI 17, OS '" ,. 
07

def
, t: Defl , 17. 05 

Jdej.U t :Defl] 17 , CiS· " 
JZabat:Stal · ,* 18, OS 

J"lab[ t :StaLj = T" 18, CIS 
J ,[ t: Pa rl , 17, CISpaI · 
'J* pap fft:ParLi · ,* 1 i • US 

,0J.l"es[ t: 0rl 18, CIS 

JVQ.l"ff t : Va rl p · , 18, CJ s 
1L*! t: ExpLb = 11* 21 , en 

-\1"[ t: Exp~ D'UK , 19> c: 1 5 0 

;..,(, It: 0 Pic · £ ' 21, C17 

--w;~ t :Op] (r-l£1) 0 £ ' 21, el7 

lSX1! t:Listt¢ w· 22 • el70 

cs;I(2[t:listH = IJl* 22, en 
~I t: ParLh*¢ = w* 22, Cl7 

~4U t:ForL~¢e ,' 22, (170 

oAbs t.- ,"
Access ov* = 0 C20 
And(R,G 

1 
)= e ' 

AppZyFn (6:Fn)n*K . 0 23, OS 

AppZyPt (E:Rt)rr*e , ' 23. ClB 
Al'c"tan~ . S' 
ApeaK = I') 23, Cl B 

BacicTyp" = T' 2:'> • CIS 
BC.flL ((; :Arra.v) '" ':i* 0 

Catlfap \11: = r: * 24, 

Code (0 :Lahel) • p 9, 

Cocl'ce {5,T)T1lJK = 8 Z.3 • C18 

COl"lpound\l¢f1 . , ' 24 , 

Content,](lK . n CO 

CopY/l"Y'c-j c;-rK . e r::~ D 

Cos S E, , 
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~ vEntierf, 

F"'!(C/';l) '" ('. 

!':'IV ( S , B:l) .: B' 
rxr r. V~ 

Fini$hel·:1!~1'~2'':3) = B 24. C18 

Fn(o:ActiveFn) '" <5: Fn 9. 

GdCt,l ) ~ R 

GcodXX ).J R 24. C18 
1 

GtC Cl';l) '" e 
~ (Half 

1!o!,Ui:label) '" A 24. C18 

Ide1'al(t:IDE) [3,~ 

ImpCE.f\ ) = fI' 
InAl'eaal( ~ e C20 

IrlcHstirJct( 1.*) ~ B 24 

Insic'e\f!*\!* ~ B 25. (20 

In tf, ~ v 24, (19 

In.t'lal(t:ltlT) \I [3'" 

IsInt[, ~ G 

~[sFeal~ G 

ItFl'V¢£ = E' 2S 

Jump(a:label) ~ e 24, C19 

LEe( ~,) = \) 9 

LeCC€l) ~ G 

Ln( .: r,' 
£0011[,( 0: Array) = Cl* 9 

LtU':.t 1 ) ~ S 

~hi7ZT 10X 

gakeActil.'eFn(o: Fn,et)=o 9 

MakeAr~ay(~*,~*) = Ii 9 

Ml'lkeBd,<;(v,v ) ~ ~ 9 
1 

MaJ./eLa.l-,.;1 (fl. y) = -5 9 

Make,':Cn,¢: Map) = a 9 

MakeTyp(x,"T) , 10~ 

~ ( ,~""i'ius(r,·t:l )
 

YUZt(S.Sl ) = t'
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Ne CC,( 1 ) " S 
Negates " 
NewTK [20"e" 
NewArrayTl!J*K e (20" 
Note, S'" 
One V" 

01'(13.1\) s'" 

Plus(s·t:. ) " 1 
P1"ope1"Area(6:Label )= " 9 

QualT " " T' 10 

RDiv(C·t:. 1 ) "
 
RealE,
 "
" 
RealVal(t:REAL) ," C3" 
ResLocnC8:ActiveFn)= a 9 

SomePermoflto( v) l;: ~-+N" 
SAreacr 9" " 5e tetE 8 " e' 
SetAreaT]8 , ' 24, C19" 
SetManya*£8 e' 24, C19" 
Signt:, " v 

SinE;, " SO
 
SMapa ¢:Map 9
" 
Sqrtt;, " 
StringVaZ It: 5T RI Nr,) = ," C3 

TI'ansfeI'X~ (' 24, C19" 
UBdljJ v 9" 
Zero " v 

TTW*K " 8 2$. 09 

IToW*K e 25, 09" 


