


2ond July, 1969

Jo o Reynolds, Teg.,

Applied Methematles Division,
Argonne Nablonel Teborateries,
lrgonne, 11linois, GOLEY,

1 'y Bed a

Pany John,

I enclosge & referce's weport on the encloged papsr, zs promised,

It seems 8 good and wowrthwhile paper, tackling e subject of some
importanes. I recomwend yublicstlon.

My mein sugpestions for chenge ave clarifieations, siylisitic changss,
snd the removel of miner ilvseouracies, One or dwo lacunee du the expositien
heve been peinted gut, and should pe fiilled. T thirk the incorvoration

» »

of oy sugzestlons will lzoveve resdsbility, but I wmould nob inzist on
them in thedr entirety.

I still think the »aper gees further than elther the vesder or the
practical lwrplementor lp ilkely e follow. The authors, slthough teey vefer
to the possibility (or even e eass) of implementeiion scem to have little
ides what an elsborate struclure ithey have gel up, snd camnot therefore
understand how pursuii of the ultlmate generality may make sstisfectory
implementetion dmpensible « & common faldling of theordsts who have hed no
implementeblon expeplenas.

I'm afrseid I hove switted the detelled checking of the technicsl
saterial between page 51 end pege 63 dnelusive. I just hoven't got the
tlue at the moment. IF you cen't get another referse to fo 1%, let we
knew, and T'11 have another baghl

T atdll baven't gobt the proofs of my own pever, thoush cromie

Yours sincerely,




1.

2.

GENERAL

T would suggest o chonge to the title of the paper, Yo express the
importance of its =zubleet matber more clesrly. Parhaps;

Winbrix calould snd thelr optimisetion for efficlent computation”
There 1 ne nesd to introduce the "puff® words "Date Sructure”

Fursheymors it is wisleading to entitle the pepsr "eomplete” celenld,
when the recommended eal@u%uﬁ is incewnplete.

in general the paper makes the practlce of introducing coneepts and
robations long befora they are neadeds For example sequences and
exbensions ere Antroduced on pages L and 5, bul arve not neeted until
poge h7. It would perdainly produce & move resdable paper 1f intya=
dustion of the more advenced concepts and rotabions could be post-
poned until they are vesded. '

"he interest and imvoriense of the veper, snd the general confidence
of the reader, would be miwh incressed if the suthors were shle to
include o few examples which have oscuvrred in Pyeal 1ife" tugether
with thelr normal fowrme; since this would give & chance to evaluate

the praeticel lmpast of the theoretical studies. ¢
Mnally, though it is probsbly toe labte mow, 1t is reaily quite a good

ides to give some mort of rigorous gynbactie definitlon of the cluss
of expressions which sre ¢ be considered In esch ealoulus. Without
such o definition, 4% is rether mesningless to quote rigoveus theorems
on the completensss of the ecaleuli, snd rother cruel to eak the reader
te convinoe himseld of thedir velddity.
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DETAILS

two lines from bebbom page 2,

for "Then similarly es in [4]"

read "Then as in [g}gﬁ

reason  atyle

page 3 after first senbence insert "The qyerators.a and p sre known as

“

extraction operators’

reascnr to introduce the technicsl term used on page 20
page & lines 4 and b

remove tﬁe inverted commas

Teason UNNeceRanry

page L middle

ead "The Concatenation o « o @

A
[stuiiatin

for "Concatenation.”
for "defined™: read "obtalued®

ressen stylistlc accurscy

page 4 botlom

run the last three pafagraphs into one.

page 5 six lines from bobtom

for ‘Pgiven operation We..'{to bottom of page)?

read "glven operation w. This is known as the cupulative operator arising

from w, ahd will be wriiten
U/[W*ﬁ = ((;An o {ﬁlwﬁg)w . 5 e }w&@)

We prefer lhe ratatiaibfé‘to the form w/ infroduced by imveraonia]i/fxwis
reason emphasise finibude of sequence '

elimingte double reference to Inverson.

elarify the definition of "eumulative®
Introduce broken lines and Jobs into the disgram to make it clear that it

is net shown in full,




Page 7o Jline 10

gﬁﬁgg ASCEBR8TY
insert , in the interests of speed or storage ecconomy,
reason to clarify the wotivatlon

7o line 16
for "in mabrixz concatenations which them , . o "
read ", freely using the matrix operatdons, inélu&iﬂg cagpatenaﬁicn, Bs
described above, Thesze expressions are then . & 7

7+ bottom paragraph

8. top pavagraph
omit these two paragraphs
reason they tend to confuse the main issue et this stage

8s line 11
omit "One must . . . voom for interpraﬁation“'
repgon the text 1s shoriter and more streightforward without these two
sentences, The point vhich they meke ls philesophical, and if ihtroﬁuae&
cannot be treated so lightly.

8. two lines from bottom
de not split the paragraph here

9. 1ine 9
new paragraph at ”Similar remarks « + o "

9. second line from botbom
for "0né yrites?
read “the origival assigament were to be transformed into"
reason emphasises that ﬁhé objective is to transiorn the exprossions
aubomatically, vot to gel the user to wrile them more efficiently

106 line 6

for "by assigoments®
rend "by sequences of assigrments®

reason more strictly acourate




Page 10, 1ine 12

£g£ "fhe range 2 specifiss?
read "The renge R in general specifies®
TEES0on ACCUracy

11, ldpe 1
after "such normal Torms"
insert "as will promoie efficlency of caltulation,®

11, no new parsgravh ol YL sipdlsr sltustion + - « 1

or gt Y& further complication . » . %
orat "iecell e o o o "

12 I would suggest that the defined words should be haken into the text rather
than displayed so emphetically.

12, seven lines from bobtbom
for an expression
reod any well-formed expression

13, line 1=2
For "one can be transformed into the other”
read "if they can both be transformed to the same normal form®
repson aceuracy, in view of the fect thet the transformation rules are
directional. 4

15, line 5
For "defining the transformation mule + o » {to end of pgragraph)ﬁ
reod ”méy have a mesningful velue, end the other may not, This is
because our transformation roles nay sometimes trensform a meaningﬁésé
expression into a_meaningful one . Hewerer,.éince our %ransformation
rules operate in one direction only, they will never trensform & meaning=

ful expression into & meaningless one. Thus whenever . o of




Paze 13,

Page 1 3.

13,

13

e

Yda

line 42

alber specify

insert in advance
line 14

for "The bulk « « « sbaseguent developments?

“Fead This set may be regarded as being defined as the set of expressions

which are formed by the nﬂrmalﬂmetheﬂ of composition of binary ané unary

operators, possibly omitting brackebs dn accordance with steted precedence

“rules. OF eourse, in the deslgn of an actual language based on the theéﬁy

expounded heve, it would be necasaéﬁy to give move strict symiaotlc definiitlons
of the well~formed expressions, using Backus Normel Form or some gimilar
technigue®

Por "Howeyer, We o « o

‘ read "We o o o

de not display "normal Fform"

Omit peragraph begimning "Our not formslly . . "

reason aveld umecessarily controversial stelements; avold dealling with same
(triviel) problem in twoe separated parvagraphs. Later on, i.c. bottom of page
ok, it is sssumed that the reader will know exactly the class of Wellwfofmeﬁ
expresslons,

line 5

replacs paragrapﬁ beginning'“Sinee every -

by It is importent to note that the term "@Xpresﬁiam"‘hsr@ is used in a .
broader éanae than in progreaning langueges: 1% includes complete assigmment
ghaténentd, and oven soguences of assignments. Since every assigmment
stotemont conteins = as dits oubermost operator, any assigmment stateménb
(or sequence of assigrments) in normel form must be free of concatenation

operator.




Fage 15,
15,

464

1767

18,

4184

mggﬁ

reasen (a) the originel persgraph is not quite accursbe in the cuse of

gequences of sssizpment statonents,
{B) it 4 necessavy to clordfy the use of the tewm "exprassion” In

this paper, sinoce it i3 glightly wider then nowmal.

ne ney peragraph on second Yo lasb llne.

_1@&5 15

dpsert “However, we assume thad-the extraction eperstors .  and 5 may sppesy

on the left of =, togebher with thelr apseolated range erpression.”

adi e new operator: P ) stobapent comptaliion,

As dn ALGOL 60, we use the pewicolon () to sepsrete ssplsrment shebtements
¥ _ ] il

=

- which are to be excouted in seguence. like = this is not & strict operstor,

glnoe ite "operends® own only be assignment statements, {or sequenses thereof),-
‘f:m-'é: for purpesss of syubolio meamipulstion 1t beohaves much like one.

the ghifi spw&i’;w o

fou heve alresdy usel o for the concatenstions of ldsts. The asbigulty

should be vemoved prefersbly by cheanging one of the mywbols, How sbout using
the PL/T anotebiens 14/% for concatanation?

Lineg 7

' for miaus 4

road, then ﬁn&l&y add 4,

reasen elerity

line 14
7%, kg . 2 _ & )
for first ccourrenge of A

g agxﬁ e

gepove primes from § and R

- Feeson oonfusing and unnocsssary

{B.‘

Line 14
Lor "very aim;;laﬁ saleglus?
road s simple wetrix seloulus shich omits the concept of o sequence and 1ts

“




18,

?&ge 1%

P&g@ 20,

224

226

-§ -

asaocleted operators, and ln which all rangss sre assumed Lo be monobtonie,*
Zeason the caleulus presents very considereble 'cémple;{ity for an implementor.
It seems thevefore misleading to call it "very gimple®.

four lines Trom botiom

add , to 1ist of matriz operators,

line 3

the © showld be mell veised aircle "

add ¢ to the end of the ligd

Noter dn general it 1ls better to allew certain operstors o have the same
priority, with a defined sssocistion (say from the left).

Thus the priority might be defined: extraction operators multiplication
operators, adding operstors, concatenation operveiors, sssigunent , H

range opesratora,

Line 44

pove paragraph beglmaing "he ldentities o o oF to the end of' B, on the next
rage

afber line L

dnsert o mile for ANB = ©

line 5

replace "We uss o o o Other expressions”

by "We use HEROS *i:fa gtond for a matr:_i.x consisting wheolly of zmeros; its
dimensions een reéﬁily be dei:émimd by context,

reazon (g) Farlier sugeested changes have already inﬁrz:ét;meét the 3 operabor
in s s&tisf&atory fashion

{b) some explanation of the term ZEROS iz in order.




Page 22

Page 23

Page 23

Page 24

Page 24

Page 25

for

Péga 25
w26

Page 25

Lline 10

omit "Let B, . , arbitrsry range"

line

for "neeessary that, , 1s monotonic"

read "sufficient that R be monotonic.' However, ¢ in the above rules eould
be an arbitrary range if desired."

reapon we have already aﬂmitﬁ;d that the caleulus as a whole 1s complete only
for nenctonlo ranges,

after line 11

insert Similar rules spply te - x‘an& /e

7 lines from bobtom

for "imply" read "simply"

4 lines from the botiom

omit “easily”

reason you gan put it back if you have done it, and found it easy!

line 6
for complete read complete with respect to the normal form defined in this

seotioﬁ

reason completensss is defined only in respect of a givén normal_farm.‘

the phrase "by Rn" should be right Justified on each cooasion of its osourrence

four lines from bobttom

 insert @ before b

Page 2

for "We then havei®
read Furthermore, if the original expression was an assignment or sequence of
assignments, the nowmal form will not contain any concatenation operator. Ve

then have: _ _
reason it seems Wdyth while to point out this useful fact about normal forms,




Page 25

Page 30

Page 29

Page 31

Page 32

Fage 33

Fage 34

Page 35

The avthor msy wish to contrast the code which would result from a direct
translation of the originel sxpresaion:

for i: = | atep | until rows (4) do

for J: = | step | wntil columas (A) do

begin 5: = O
for kt = | step | until rows (B) + rows (D) do

38 = 8 (if 1 € rows (B)Ajccolumns (B) Ehen B[1,5] + G[l,j]
slse if rows (B)<ircolums (B)<J then D[1,J] elss 0)

X (if js rows (&) then E[1,3] else P[i,J]);

ﬁ[i,j]: = 8

end
iine 1
insert missing subsceript w after LD#
lines 2~4
There is ﬁo need to put dashes on the x's and y's
lines 8~11
Propositions 6,7 and 6.4 can be comblned by the technique of the Jote d.e.
"symmefric (standard)®
line 8

(C4) doesn't exlsts You will need to insert some remerks on many operators
and their extensions, probably at the end of page 30,

One should choose a new symbol fcf concatenation 0? for shif'ting renges.
line &

for Pone”
RO

viread "a single®

reason Lo introduce the technisal term "single exbension”

lines 2,3, and 4
for *and siangle extensiona"

read "and their single extensions®




Pags 3% line 14
Lor identities
rend
35. line 15

omit the subtitle "Boosbing Bouelitiesg"

reason it is unnecessary and confusing.
36 line 44
It s hardly necessary bto insert (Ve), only to remove it again in step 3
We should deal ail the hothtom of page 35 w:i,"th astfiv monadlc opesvators 7 ,
say ) viil = (w ) [1}
4% lemst the problem of postfix H should be mentioned, even if it is solved
only be an appeal to the goond will of the veader,
36, four lines from end
It is far from clear vhat the inborpretation of these yrules willbe in the
case of ldentitles comtaining 1= emd ;. I think some special éiscussion
ahéuld be giv«an 0 these oasas snd the iht@rpraﬁa’sim of their exbengions, |
(eoge ®3 m3%)
35. before first line
imsext * 0) 5"
reagon in meny normel forms §; is the outermost operator.
19, befors line 9
insert ©) 3
m same ag above
38, line 5
 You should algo explain how to choose the variebles with respect to which the
rule should be boosted, o |
38, line &
no new paragraph at "Finding  » "
8. line 92

for simplificetion rules

read reduction rules ‘
reason the word "simplificabion", here and elsewhere is likely to proveke 2




Page 38, line 12 {cont.)

3B

38

38,

38e

39.

L3e

hollow leusgh.
lines 4314

Plrst two lires of this rule on a single line

1dne 14

for binsry cperator

read binary operator other thin® i=

line 15

insert brackets round (S« T)

after iine 20

dnsert E@t&rﬁhﬁ right extension s=¢ is meaningless. The wesning of the other
extensions of = nay be regarded as definsd by the reluction rples glven
gboye.

line 6=7 snd 9=10

omit also, 9480 ¢ o operator \

resgon surely, if w, axe exhensions already, *w andp® wiil go beyvond the
Timits of sur present caloulus,

line 4

read ils a cemplete ecaleoulus with respect to the normel form defined in this
sectlon.
lest 1ine

for “expression is thet

read "expression is either in noymal foxm, or is the®

at end

it mey be kind to insert a remrk:

"ihe provise thet both operators ave of height >0 ensures that the prosess
of Beflation, which involves distributing a subseript, will never lead Lo the

subseripting of an cxpression whieh is not e seguence®




Poee L3

ko

b4

Hle

Ylie

b7

4Te

sonevhers

I may be worthwhile Lo lssert o remsrk sgomehwers "We shell be using the fact that

the only opsybbor of helsht ¢ which may be velidly epvlied to a sejquende sye

wy A ond the unary epsrabor AU,
threughouts

Lor "renges”

resd "monobonic renpgest

The Poperator’ 5 #heuld not be galtted

)

bafore line &

. i @3 .gn

lines 42-14
for ;5 zesd
The use of 3 in these lists nmey be confused with
thengelvos.

Plve lines from bobbon

Por simplify

read roeduce

botton and second to botbom line

for siuplitication

Zepd reduction

fourih line from bothon

reed ie & complete calewlus with respect to the normsl form deflined in his seclion

end of seotion i,

The suthors wmay care i dnssyt o paresraph to the effeed:
®In view of tha comlexity of the deflsting snd beosting elgovithms, snd the time
end spses invelved in spesuding them, & prastical implementetion of & matrix

eoloulun way sebble for the single-extension saloulus &@gexﬁ}mé in gection B.

1'e seourzing in the expressions




‘”"12"

Page 49. four lines from botton
Ts 4t worth nobting that  pan be applied only to sequences of maﬁrig?

50, ine 9
add at the end of the sentence,
#, upless both rangss are null e

SO‘ befora line 42 ‘
add 1ine " 0) 3"

82, three lines from bobhom
for analogue
Eﬁﬁg &ﬁ@l@gﬁus

54e 8 B7e ﬁ% sevaral pLaces
fox simplificstion
yead redustion

5#; top
another alterrstive is bo extend the class of normal Forums.

5k, line 6
g&g‘pwincipal
resd prineiple

Sl line 9
omit Yat thig timels
gg@gggris this judgement likely to vary*with time?

57« The problen of the non-uniquenese of the normel form cannot really be éisﬁiaaad
so lightly. The use of the work Yoomplete® in comnection with & calowlus is
justified only if theve is » decislon procedure (2.8, reduction to the seme
normal form) which ean be meéh&nieally applied té decide the equivelence of any
two welleformed expressions of the calculus. I an expression cen be reduded to
two Qlfferent noxmel forms, 4% 18 no longer possible to establish even the

squivelence of an sxpression with itself!




Page 57. (cont.)
| The easgiest way of Ycuring" this problem Is simply o omit all reference to

conpleteness, and to emphasise thet the purpose of reduction is to opbimise an
expression for sonpubation, rather then to solve the decision 'preblem_fbr
sguivalence.

58@ de notb éisﬁl&j'the defined tewms “permutaition range" and "identity rvange"

6#.‘1inel2 ﬂ
I think vefervence should also be mede to GR3

&0, line 6
Lor "conlecture'
read "eonjecturs, which turns oub o be justifi@ﬁ?H
resson If the last paroagrarh of pege 63 is valia,jit seens important %o aveid
discouraging the reader at thils stage with the thought that he 1s only

fellowing up & conjecture,




