NLAOpt — p.1/1:



Iterative Numerical Linear Algebra/lterative
Matrix Computations:
Krylov Subspace methods



Iterative Numerical Linear Algebra/lterative
Matrix Computations:
Krylov Subspace methods

Suppose A € R™"*™ n large = O(n3) complexity and
memory required for the standard LU, QR factorizations is
Infeasible BUT Ar easy to compute for a general vector

r € R™ because

e A is structured eg. Toeplitz, Hankel, Circulant,. ..
e A Is sparse - typically O(1) non-zero entries per row

then it is easy to compute Ar, A(Ar),...and so by taking
linear combinations it is easy to compute vectors in the
Krylov Subspaces

Ki(A,r) = span{r, Ar, A%r,..., A" 1}, k=1,2,..

[ ]
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In particular if want to solve linear system
Ax =0b
Take Initial guess xq, define residual rg = b — Axg then

K1 (A, To) = soan{ro},
KZ(A, ’l“()) oan{ro, A’l“()}
Kg(A, ’l“()) — SOan{To, A’I“(), Az’ro}

|
%

Ki(A,r9) = span{rg, Arg, A%rg,..., A¥"1ry}

are sequentially computed with 1 further matrix x vector
product.
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Krylov subspace:

Kk(A, To) = Span{To, A’ro, AZ'rO, c oo Ak—l’ro}

xrr € o + Kr(A,r0) &

rr = xo+ qr—1(A)To
r—xp = T— 29— qr—1(A)ro
A(x —xp) = A(x— xz0) — Agr—1(A)ro
b— Axy = b— Axg—Aqr_1(A)rg

\ . J/

Pr(A)To

so T = Pr(A)rg with p, € 1, pie(0) = 1,

IT;, = real polynomials of degree < k.
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Krylov subspace:

Kk(A, To) = Span{To, A’ro, AZ’I“(), c oo Ak—l’ro}

xrr € o + Kr(A,r0) &

rr = xo+ qr—1(A)To
r—xp = T— 29— qr—1(A)ro
A(x —xp) = A(x— xz0) — Agr—1(A)ro
b— Axy = b— Axg—Aqr_1(A)rg

\ . J/

Pr(A)To

so T = Pr(A)rg with p, € 1, pie(0) = 1,

IT;, = real polynomials of degree < k.
For the same polynomial: e, = px(A)eg, ex = x — xy, As
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Krylov subspace methods for solving Ax = b:
want r; small = want py(A)re small

eg. If ro = Z?:l o;v;, Av; = Nvj,t=1,...,1n
n
rk = Y aipr(A)v;
1=1

= ) aipr(Xi)v;
i=1

so if pg Is small at the eigenvalues = r;, small ...
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Krylov subspace methods for solving Ax = b:
want r; small = want py(A)re small

. n .
eg. ifro =) ., o4vu;, Av; = Avg,t=1,...,n

n
rk = Y aipr(A)v;

1=1

= ) aipr(Xi)v;
i=1

so if pg Is small at the eigenvalues = r;, small ...

Krylov subspace methods for Ax = b define/compute
xy € To + Kr(A,70), k=1,2,...

residual r, = b — Ax;, So that x;, is best approximation of
x IN SoMe sence < ri IS minimal.
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ed. Conjugate Gradient method for A SPD:

|l — zx|la = [Tkl a2 minimal

(lyll4 = yT Ay = (y, Ay))

eg. minimum residual method:

|7kllr = ||z — zx||ar4 Minimal

for
zy € To + Kr(A,70) < 1 = pr(A)ro
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A symmetric (= orthonormal eigenvectors), Minimum
Residuals:
|7%||r minimal for ¢y, € x¢9 + Kr(A,10), k=1,2,...

n
= 1Y cpr(X)vill
i=1

= Y ciapr(A)pr(A)vT v,
i g

= > aipp(N)
1=1

minimal

Krylov subspace methods for Az = Ax:

pr. Small at the eigenvalues of A — roots of p;, approximate
eigenvalues.
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Even though
Ki(A,r) = span{r, Ar, A%r,..., A1}, k=1,2,...
the basis

{r, Ar, A%r,..., A* 1}

IS for practical purposes a poor basis for these vector

subspaces because A*r tends to the eigenvector
corresponding to the dominant eigenvalue as k gets large:

r = Z?:l o;v;, Av; = Nvj,t=1,...,1n with |)\1| Iargest

= Akr = Za,,;)\fv,,;

—0 aS k— oo _ NLAOpt — p.9/1:



Arnoldi’s Algorithm

Set vy =7r/||r|
fork=1,2...n
w = Avg
forg=1,...,k
T

hj,k == ’Uj w

w =w — hj,kvj

end hgi1k = [|w]|
Vi1 = W/hgt1k
end

computes an orthonormal basis {vi,v2,...,vg} for
ICk (A, ro) for each k
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Conjugate Gradient Algorithm

choose xg, 7o = b — Axg = pgandfork =0,1,2,...

877
Ll+1
Trk+1

B
Pk+1

pi Tk /D ADk
T + Pk
b — A.’Dk_|_1

—p;, Ar11/py, Apy,
rr+1 + BkDk

computes iterates {x }, corresponding residuals {rx } and
search directions {px } so that as long as x; # « we have

:'r,rf'rj:O,j<k (1)

0 7]<k ’ (pkApk¢O)(2)

span{po, P1y-.-sPk—1}
Kr(A,ro) (3)

NLAOpt — p.12/1:



NLAOpt — p.13/1:



	
	
	
	
	
	
	
	
	
	
	
	
	

