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Abstract

T erms suc h as c onversational and stateless are widely used in the taxonom y of

w eb services. W e giv e formal de�nitions of these terms using the CSP pro cess al-

gebra. Within this framew ork w e also de�ne the notion of Servic e-Oriente d A r chi-

te ctur e . These de�nitions are then used to pro v e imp ortan t scalabilit y prop erties

of stateless services. The use of formalism should allo w recen t debates, concerning

ho w and whether w eb services pro vide standardized access to state, to progress more

rigorously .

1 In tro duction

There is curren tly a debate within the w eb services and Grid comm unities o v er

whether, and ho w, w eb services should allo w for access to state. One view is \w eb

services. . . ha v e no notion of state" [V og03 ] while others ha v e argued that the critical

role that state pla ys in distributed systems requires that it b e addressed within the

w eb services arc hitecture [FKNT02 ].

The debate is hindered b y a lac k of formalit y and clarit y in its discourse. This

pap er con tributes b y de�ning some of the k ey terms used in the debate, within

the Comm unicating Sequen tial Pro cesses (CSP) [Hoa85 ] formalism. W e hop e more

principled comparisons b et w een di�eren t prop osals to standardize access to state can

b e made in the ligh t of these de�nitions.

1.1 Ov erview

In section 2 w e quote the existing natural language de�nitions used in the taxonom y of

w eb services. The follo wing section giv es a series of de�nitions in CSP culminating in

a formal v ersion of the same taxonom y . Section 4 discusses some of the implications of

this formalized taxonom y . Section 5 concludes with a summary of the main �ndings.

The �rst app endix presen ts our de�nitions in an alternativ e form that can b e used

with the CSP mo del c hec k er, FDR. The second app endix presen ts pro ofs of theorems

used in the pap er.

2 A taxonom y of state and services

In [FF GT03 ] the follo wing taxonom y of w eb services is giv en:

� A stateless servic e implemen ts message exc hanges with no access or use of infor-

mation not con tained in the input message. A simple example is a service that

compresses and decompresses do cumen ts, where the do cumen ts are pro vided in

the message exc hanges with the service.

� A c onversational servic e implemen ts a series of op erations suc h that the result

of one op eration dep ends on a prior op eration and/or prepares for a subsequen t

op eration. The service uses eac h message in a logical stream of messages to

determine the pro cessing b eha viour of the service. The b eha viour of a giv en

op eration is based on pro cessing preceding messages in the logical sequence.

Man y in teractiv e W eb sites implemen t this pattern through use of HTTP ses-

sions and co okies.
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� A servic e that acts up on stateful r esour c es pro vides access to, or manipulates

a set of logical stateful resources (do cumen ts) based on messages it sends and

receiv es.

[FF GT03] con tin ues:

When w e talk in the third mo del ab out a servic e that acts up on stateful

r esour c es w e mean a service whose implementation executes against dy-

namic state, i.e., state for whic h the service is resp onsible b et w een message

exc hanges with its requesters. A service that acts up on stateful resources

ma y b e describ ed stateless if it delegates resp onsibilit y for the manage-

men t of the state to another comp onen t suc h as a database or �le system.

Substan tial mo di�cations of the w ording used in the de�nitions o ccurred b et w een

v1.0 and v1.1 of [FF GT03 ], p erhaps indicating the di�cult y of de�ning these concepts

in natural language.

A related de�nition is that of a service in the con text of Service-Orien ted Arc hi-

tecture (SO A). [PWWR03] giv es the follo wing:

A service is a w ell-de�ned set of actions, it is self-con tained, stateless,

and do es not dep end on the state of other services. . .

Here, stateless means that eac h time a consumer in teracts with a W eb

Service, an action is p erformed. After the results of the service in v o cation

ha v e b een returned, the action is �nished. There is no assumption that

subsequen t in v o cations are asso ciated with prior ones.

[W3C] adds:

The description of a service in a SO A is essen tially a description of

the messages that are exc hanged. This arc hitecture adds the constrain t of

stateless connections, that is where all the data for a giv en request m ust

b e in the request.

3 W eb services in CSP

In this section a series of de�nitions is giv en whic h builds our mo del of w eb services

and their taxonom y .

De�nition 3.1.

Stateless

0

( P ) , 8 s : tr ac es ( P ) � P = P = s

Our �rst attempt to de�ne the notion of statelessness of a pro cess P sa ys that

after comm unicating an y ev en ts, the pro cess returns to its initial state.

This de�nition is satisfactory only so long as a t ypical request-resp onse op eration

is mo delled as a single ev en t. But w e w an t to consider the in teraction of the serv er

with bac k-end stateful resources, whic h usually o ccurs b et w een the request and re-

sp onse messages and therefore ha v e to mo del the request and resp onse as separate

ev en ts.
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3.1 Threads

W e �rst de�ne a CSP pro cess W , whic h is willing to accept an y ev en ts on the c hannels

r esp onse and r e quest , pro vided the ev en ts alternate b et w een request and resp onse and

b egin with request.

De�nition 3.2.

W = r e quest ? x ! W

0

W

0

= r esp onse ? y ! W

W e also de�ne for con v enience � W as all request and resp onse ev en ts.

De�nition 3.3.

� W = f j r e quest ; r epsonse j g

W e no w de�ne a thr e ad .

De�nition 3.4.

Thr e ad ( P ) , P = P j [ � W ] j W ^

initials ( P ) � f j r e quest j g

Th us if a pro cess P is a thread, it alternates b et w een request and resp onse ev en ts,

and can do nothing un til its �rst request is receiv ed. Other than that, ev en ts ma y

o ccur at an y time.

3.2 Stateless Threads

Our de�nition of a stateless thr e ad is as follo ws, where where last ( s ) returns the last

ev en t in the trace s .

De�nition 3.5.

Stateless ( P ) , Thr e ad ( P ) ^

8 s : tr ac es ( P ) j last ( s ) 2 f j r esp onse j g � P = s = P

Th us a thread P is stateless if it alw a ys returns to its initial state after comm u-

nicating a resp onse ev en t.

3.3 Scalable Threads

W e de�ne a further prop ert y threads ma y exhibit w e refer to as sc alability .

De�nition 3.6.

Sc alable ( P ) , Thr e ad ( P ) ^

P = ( P j j j P ) j [ � W ] j W

This sa ys in the presence of W , whic h has the e�ect of limiting the n um b er of

outstanding requests to one, t w o copies of P b eha v e lik e a single one.

In B.8 w e sho w that it follo ws from this de�nition that P = ( P j j j P j j j P ) j [ � W ] j W .

Indeed when an arbitrary n um b er of P 's are in terlea v ed in the presence of W the

resulting com bination is iden tical to P
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W e also sho w in B.6 that Stateless ( P ) ) Sc alable ( P ). In terestingly the con v erse

do es not hold. Consider:

P ( n ) = r e quest : up ! r esp onse : ok ! P ( n + 1)

2

( n > 0)& r e quest : down ! r esp onse : ok ! P ( n � 1)

P (0) is scalable but not stateless. W e note that although P (0) = ( P (0) j j j P (0)) j [

� W ] j P (0), a request to the in terlea v ed com bination m ust b e forw arded to the righ t

thread i.e. the one whic h can accept the ev en t, and this feature of the in terlea ving

op erator seems hard to realize in practice. Of course if P is stateless, requests can

b e forw arded to either thread, since b oth alw a ys accept the same ev en ts.

3.4 Examples

The follo wing de�nes a pro cess P for whic h Stateless ( P ) holds:

P = r e quest ? name ! if Cle ar e d ( name ) then

( stor e : name ! r esp onse : ok ! P )

2

( ful l ! r ep onse : faile d ! P )

else

r esp onse : faile d ! P

This pro cess mo dels a thread used in a v ery simple airline b o oking system. A b o oking

request is made with the passenger's name, then a securit y c hec k is made with the

function Cle ar e d . If the passenger clears securit y , an attempt is made to add them

to the passenger list (an auxiliary pro cess), via the ev en t stor e : name , otherwise they

are rejected. The passenger can still b e rejected if the 
igh t is full.

The follo wing de�nes a pro cess P (0) for whic h Thr e ad ( P (0)) holds, but

Stateless ( P (0)) do es not:

P ( x ) = r e quest ? n ! if Cle ar e d ( name ) then

(( x < MaxPassengers )& r esp onse : ok ! P ( x + 1))

2

(( x = MaxPassengers )& r ep onse : faile d ! P ( x ))

else

r esp onse : faile d ! P ( x )

This pro cess mo dels the same b o oking system, but with no need for an auxiliary

pro cess to k eep trac k of b o okings. This pro cess is not scalable: a single cop y of P (0)

p ermits only MaxPassengers successful b o okings whereas t w o copies of P (0) migh t

p ermit more.

3.5 Services

W e no w build a mo del of services. W e will assume that the set Session con tains

a n um b er of session iden ti�ers. Compared to to a single thread, ev ery request and

resp onse to a service con tains the session iden ti�er as an additional parameter. If P

is a thread, w e form a servic e made of threads with P 's b eha viour b y de�ning the

function Servic e .
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De�nition 3.7.

Servic e ( P ) =

j j j

s : Session � P [ r e quest  r e q : s ; r esp onse  r esp : s ]

Our mo del is delib erately simplistic in that w e do not sho w ho w clien ts acquire

sessions. W e also assume there is a thread a v ailable for eac h session, so that clien ts

nev er blo c k w aiting for a v ailable threads whic h is p ossibly unrealistic. An extra la y er,

mo delling ho w sessions are assigned and limits on the n um b er of concurren tly activ e

sessions could easily b e added but is b ey ond the scop e of this pap er.

If P is scalable, then an ob vious consequence is Servic e ( P ) is scalable in the sense

that:

Servic e ( P ) = ( Servic e ( P ) j j j Servic e ( P )) j [ f j r e q ; r esp j g ] j Servic e ( W )

where Servic e ( W ) mo dels the constrain t that there is nev er more than one request

outstanding p er session.

In our example airline b o oking system (Sec. 3.4) w e can see that building a service

with the stateless thread v ersion w ould b e adv an tageous if the function Cle ar e d tak es

considerable resources; the w orkload can b e spread across m ultiple serv ers.

W e mo del the stateful r esour c es up on whic h a service ma y act simply as another

pro cess whic h is forbidden to comm unicate directly with clien ts. The follo wing pred-

icate determines if a pro cess R is a resource.

De�nition 3.8.

R esour c e ( R ) , Chaos (� � f j r e q ; r esp j g ) v R

(where � denotes the set of all ev en ts.)

The follo wing diagram sho ws the comm unication c hannels and comp onen t pro-

cesses in our general mo del of a a service that acts up on stateful resources

Resource

.

.

.

Presp.n

req.n

Presp.2

req.2

Presp.1

req.1
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3.6 F ormalized taxonom y

Using our preceding de�nitions of thread, stateless thread, service, and stateful re-

source, w e rede�ne the [FF GT03 ] taxonom y of w eb services formally .

� A stateless servic e is a service made of stateless threads.

� A c onversational servic e is a service made of threads (stateless or not).

� A stateless servic e that acts up on stateful r esour c es is a stateless service in

parallel with one or more stateful resources.

� A c onversational servic e that acts up on stateful r esour c es is a con v ersational

service in parallel with one or more stateful resources.

This taxonom y can b e made disjoin t, b y de�ning eac h category to exclude the

ones whic h precede it in the ab o v e list. e.g. a con v ersational service is a service made

of threads whic h are not stateless.

W e can also formalize the de�nition of service in the con text of Service-Orien ted

Arc hitecture giv en in [PWWR03], [W3C]. Suc h services corresp ond to stateless ser-

vices and stateless services that act up on stateful resources (the �rst and third t yp es

in the ab o v e taxonom y).

4 Discussion

Key to our distinction b et w een stateless services that act up on stateful resources

and con v ersational services that act up on stateful resources, is that the threads from

whic h they are comp osed are not a w are of whic h session they serv e. That is although,

eac h clien t mak es requests of the form r e q : s : x , where s iden ti�es the session, only the

x comp onen t of the ev en t is passed to the receiving thread. Supp ose alternativ ely

that s is also passed to the thread, so that the session can b e iden ti�ed. The threads

from whic h a con v ersational service is comp osed, can b e mo di�ed to load their state

(indexed b y eac h session s ) from bac k-end stateful resources immediately after receiv-

ing a request, and to sa v e their state to stateful resources immediately b efore eac h

resp onse. Th us (under our extra assuption), for ev ery con v ersational service that

acts up on stateful resources there exists a stateless service that acts up on stateful

resources with the same b eha viour.

In fact this is a w ell-kno wn tec hnique for ac hieving what is in e�ect a con v ersa-

tional service in the con text of Service-Orien ted Arc hitecture, kno wn as c ontextual-

ization [PWWR03]: ev ery message passed b et w een the service and its clien t con tains

a unique con text iden ti�er.

This b eing the case w e ma y ask is if the distinction w e dra w matters? As a `blac k

b o x' there is little b et w een a stateless service that acts up on stateful resources and a

con v ersational one. Ho w ev er, a stateless service has imp ortan t `white b o x' prop erties

that the con v ersational service do es not: the abilit y to replicate its stateless fron t end

to ac hiev e scalabilit y . The use of stateless services ma y also impro v e the mo dularit y

of a design.

W e note also, that statelessness is not preserv ed b y re�nemen t e.g.

P = r e quest ? x ! ( r esp onse : 1 ! P

u

r esp onse : 2 ! P )
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is a stateless thread, whilst:

P

0

= r e quest ? x ! r esp onse : 1 ! r e quest ? x ! r ep onse : 2 ! P

0

is not, ev en though though P

0

re�nes P . W e argue that one should b e concerned only

with the statelessness of sp eci�cations and not implemen tations. F or supp ose SPEC

is a stateless thread and IMPL is a re�nemen t of it, whic h is not stateless. Although

( IMPL jjj IMPL ) j [ � W ] j W 6= IMPL in general, it still holds (b y monotonicit y) that

SPEC v ( IMPL jjj IMPL ) j [ � W ] j W . IMPL still has the prop ert y that it can b e

replicated as required for scalabilit y whilst satisfying its sp eci�cation.

5 Conclusion

W e ha v e giv en formal de�nitions of stateless and con v ersational services and Service-

Orien ted Arc hitecture, and explained their relationship. If con textualization is p er-

mitted, the distinction b et w een stateless and con v ersational services, that act up on

stateful resources cannot b e determined b y external b eha viour; rather is it an in ter-

nal prop ert y that can b e used to ac hiev e scalabilit y . Finally w e ha v e explained ho w,

in the presence of non-determinism, it is p ossible to ha v e a stateful implemen tation

of a stateless service sp eci�cation, and th us it is only whether a service's sp eci�ca-

tion is stateless that matters. W e hop e the ongoing debate in to services and state is

informed b y these observ ations.
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A Chec king thread prop erties with FDR

W e ha v e used in our de�nition of threads and stateless threads prop erties whic h can-

not b e readily c hec k ed with the FDR mo del c hec k er for CSP . W e here giv e alternativ e

de�nitions whic h can.

T o c hec k initials ( P ) � f j r e quest j g w e can ask FDR:

r e quest ? x ! R UN

�

v

T

P

W e no w consider ho w to c hec k 8 s : tr ac es ( P ) j last ( s ) 2 f j r esp onse j g � P = s = P .

Without loss of generalit y w e assume to ck is an ev en t in the alphab et whic h is not

used b y the pro cess P . (W e can alw a ys enlarge the alphab et with a spare ev en t if

required.) W e de�ne:

S = ? x : (� � f j r esp onse j g ) ! S

2

? x : f j r esp onse j g ! to ck ! STOP

Th us Q = P j [ � � f to ck g ] j S b eha v es lik e P up to and including the �rst resp onse

ev en t, and then b ecomes to ck ! STOP . So the pro cess ( Q j [ f to ck g ] j to ck ! P ) n

f to ck g similarly b eha v es lik e P up to and including the �rst resp onse ev en t, and then

b eha v es lik e P . Th us w e c hec k whether P is stateless b y c hec king P is a thread, and

then asking FDR if:

( Q j [ f to ck g ] j to ck ! P ) n f to ck g = P

B Pro ofs of theorems

Let P b e a thread.

The follo wing predicate holds exactly when pro cess X can div erge immeadiately .

De�nition B.1.

diver ges ( X ) , X = X

u

div

Lemma B.2.

8 s : tr ac es ( P ) � # s � f j r e quest j g � # s � f j r esp onse j g

Pr o of. This is an easy consequence of Thr e ad ( P ).

De�nition B.3.

Write Q

s

for P = s if s : tr ac es ( P ) ^ # s � f j r e quest j g = # s � f j r esp onse j g

Write R

s

for P = s if s : tr ac es ( P ) ^ # s � f j r e quest j g > # s � f j r esp onse j g

Lemma B.4.

initials Q

s

\ f j r esp onse j g = ;

initials R

s

\ f j r e quest j g = ;
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Pr o of. This is an easy consequence of Thr e ad ( P ).

Convention B.5. The in terface of the parallel op erator ( k ) is � W unless stated oth-

erwise. The in terlea ving op erator ( j j j ) binds more tigh tly than than the parallel

op erator. e.g. P j j j P k W stands for ( P j j j P ) j [ � W ] j W

Theorem B.6.

Stateless ( P ) ) Sc alable ( P )

Pr o of. Supp ose Stateless ( P ). W e sho w that under our assuptions, for ev ery trace t

of P j j j P k W and ev ery trace t of P :

( P j j j P k W ) = t = ( P = t ) j j j P k W = P = t

if t = hi _ last ( t ) 2 f j r esp onse j g

( P j j j P k W ) = t = ( P = t ) j j j P k W

0

= P = t

otherwise

and hence ( P j j j P ) k W = P , i.e. Sc alable ( P ).

T o pro v e the ab o v e equalit y , w e sho w that the initials, refusals and initial di-

v ergences of the terms are equal, and that after eac h initial ev en t the result states

are also equal if w e assume the ab o v e statemen ts. This can b e formally justi�ed b y

reference to the theory of constructiv e recursions and unique �xeds p oin ts (UFPs) in

CSP [Ros98 ].

W e note that due to Stateless ( P ) if x 2 f j r esp onse j g then Q

s

a

h x i

= Q

hi

.

Case (i) P 1 = Q

hi

^ P 2 = Q

hi

j j j Q

hi

k W .

initials ( P 1) = initials ( P 2)

r efusals ( P 1) = r efusals ( P 2)

diver ges ( P 1) , diver ges ( P 2)

8 x : initals ( P 1) � P 1 = h x i = R

h x i

8 x : initials ( P 2) � P 2 = h x i

= ( R

h x i

j j j Q

hi

k W

0

) 2 ( Q

hi

j j j R

h x i

k W

0

)

= R

h x i

j j j Q

hi

k W

0

Case (ii) P 1 = R

s

^ P 2 = R

s

j j j Q

hi

k W

0

.

initials ( P 1) = initials ( P 2)

r efusals ( P 1) = r efusals ( P 2)

diver ges ( P 1) , diver ges ( P 2)

8 x : initals ( P 1) � P 1 = h x i =

if x 2 f j r esp onse j g then Q

s

a

h x i

else R

s

a

h x i

=

if x 2 f j r esp onse j g then Q

hi

else R

s

a

h x i

8 x : initials ( P 2) � P 2 = h x i =

if x 2 f j r esp onse j g then Q

s

a

h x i

j j j Q

hi

k W

else R

s

a

h x i

j j j Q

hi

k W

0

=

if x 2 f j r esp onse j g then Q

hi

j j j Q

hi

k W

else R

s

a

h x i

j j j Q

hi

k W

0
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Theorem B.7.

P j j j P j j j P k W = P j j j ( P j j j P k W ) k W

Pr o of. The pro of of this theorem is based on the a similar tec hnique to the previous

one. W e co v er all reac hable states b y sho wing the follo wing equalities:

Q

s

j j j Q

t

j j j Q

v

k W = Q

s

j j j ( Q

t

j j j Q

v

k W ) k W

R

s

j j j Q

t

j j j Q

v

k W

0

= R

s

j j j ( Q

t

j j j Q

v

k W ) k W

0

Q

s

j j j R

t

j j j Q

v

k W

0

= Q

s

j j j ( R

t

j j j Q

v

k W

0

) k W

0

Q

s

j j j Q

t

j j j R

v

k W

0

= Q

s

j j j ( Q

t

j j j R

v

k W

0

) k W

0

That is, w e sho w the initials, refusals and initial div ergences of the terms are equal

and that the result states are also equal if w e assume the ab o v e statemen ts.

Case (i) P 1 = Q

s

j j j Q

t

j j j Q

v

k W ^ P 2 = Q

s

j j j ( Q

t

j j j Q

v

k W ) k W .

initials P 1 = initials Q

s

[ initials Q

t

[ initials Q

v

= initials P 2

r efusals P 1 = r efusals Q

s

\ r efusals Q

t

\ r efusals Q

v

= r efusals P 2

diver ges P 1 , diver ges Q

s

_ diver ges Q

s

_ diver ges Q

v

, diver ges P 2

8 x : initials P 1 � P 1 = h x i =

u

i : f s ; t ; v g j x 2 initials ( P = i ) �

if x =2 f j r e quest j g then

( i = s )&( Q

s

a

h x i

j j j Q

t

j j j Q

v

k W )

2

( i = t )&( Q

s

j j j Q

t

a

h x i

j j j Q

v

k W )

2

( i = v )&( Q

s

j j j Q

t

j j j Q

v

a

h x i

k W )

else

( i = s )&( R

s

a

h x i

j j j Q

t

j j j Q

v

k W

0

)

2

( i = t )&( Q

s

j j j R

t

a

h x i

j j j Q

v

k W

0

)

2

( i = v )&( Q

s

j j j Q

t

j j j R

v

a

h x i

k W

0

)

8 x : initials P 2 � P 2 = h x i =

u

i : f s ; t ; v g j x 2 initials ( P = i ) �

if x =2 f j r e quest j g then

( i = s )&( Q

s

a

h x i

j j j ( Q

t

j j j Q

v

k W ) k W )

2

( i = t )&( Q

s

j j j ( Q

t

a

h x i

j j j Q

v

k W ) k W )

2

( i = v )&( Q

s

j j j ( Q

t

j j j Q

v

a

h x i

k W ) k W )

else

( i = s )&( R

s

a

h x i

j j j ( Q

t

j j j Q

v

k W ) k W

0

)

2

( i = t )&( Q

s

j j j ( R

t

a

h x i

j j j Q

v

k W

0

) k W

0

)

2

( i = v )&( Q

s

j j j ( Q

t

j j j R

v

a

h x i

k W

0

) k W

0

)

10



Case (ii) P 1 = R

s

j j j Q

t

j j j Q

v

k W

0

^ P 2 = R

s

j j j ( Q

t

j j j Q

v

k W ) k W

0

.

initials P 1 =

( initials R

s

[ initials Q

t

[ initials Q

v

) � f j r e quest j g =

initials P 2

r efusals P 1 =

f r : r efusals R

s

j r � f j r e quest j g 2 r efusals Q

t

\ r efusals Q

v

g =

r efusals P 2

diver ges P 1 ,

diver ges R

s

_ diver gesQ

t

_ diver gesQ

v

,

diver ges P 2

8 x : initials P 1 � P 1 = h x i =

u

i : f s ; t ; v g j x 2 initials ( P = i ) �

if x =2 f j r esp onse j g then

( i = s )&( R

s

a

h x i

j j j Q

t

j j j Q

v

k W

0

)

2

( i = t )&( R

s

j j j Q

t

a

h x i

j j j Q

v

k W

0

)

2

( i = v )&( R

s

j j j Q

t

j j j Q

v

a

h x i

k W

0

)

else

( Q

s

a

h x i

j j j Q

t

j j j Q

v

k W )

8 x : initials P 2 � P 2 = h x i =

u

i : f s ; t ; v g j x 2 initials ( P = i ) �

if x =2 f j r esp onse j g then

( i = s )&( R

s

a

h x i

j j j ( Q

t

j j j Q

v

k W ) k W

0

)

2

( i = t )&( R

s

j j j ( Q

t

a

h x i

j j j Q

v

k W ) k W

0

)

2

( i = v )&( R

s

j j j ( Q

t

j j j Q

v

a

h x i

k W ) k W

0

)

else

( Q

s

a

h x i

j j j ( Q

t

j j j Q

v

k W ) k W )

Case (iii) P 1 = Q

s

j j j R

t

j j j Q

v

k W

0

^ P 2 = Q

s

j j j ( R

t

j j j Q

v

k W

0

) k W

0

.

initials P 1 =

( initials Q

s

[ initials R

t

[ initials Q

v

) � f j r e quest j g =

initials P 2

r efusals P 1 =

f r : r efusals R

t

j r � f j r e quest j g 2 r efusals Q

s

\ r efusals Q

v

g =

r efusals P 2

diver ges P 1 ,

diver ges R

s

_ diver gesQ

t

_ diver gesQ

v

,

diver ges P 2

11



8 x : initials P 1 � P 1 = h x i =

u

i : f s ; t ; v g j x 2 initials ( P = i ) �

if x =2 f j r esp onse j g then

( i = s )&( Q

s

a

h x i

j j j R

t

j j j Q

v

k W

0

)

2

( i = t )&( Q

s

j j j R

t

a

h x i

j j j Q

v

k W

0

)

2

( i = v )&( Q

s

j j j R

t

j j j Q

v

a

h x i

k W

0

)

else

( Q

s

j j j Q

t

a

h x i

j j j Q

v

k W )

8 x : initials P 2 � P 2 = h x i =

u

i : f s ; t ; v g j x 2 initials ( P = i ) �

if x =2 f j r esp onse j g then

( i = s )&( Q

s

a

h x i

j j j ( R

t

j j j Q

v

k W

0

) k W

0

)

2

( i = t )&( Q

s

j j j ( R

t

a

h x i

j j j Q

v

k W

0

) k W

0

)

2

( i = v )&( Q

s

j j j ( R

t

j j j Q

v

a

h x i

k W

0

) k W

0

)

else

( Q

s

j j j ( Q

t

a

h x i

j j j Q

v

k W ) k W )

Case (iv) P 1 = Q

s

j j j Q

t

j j j R

v

k W

0

^ P 2 = Q

s

j j j ( Q

t

j j j R

v

k W

0

) k W

0

.

Similarly .

Corollary B.8.

Sc alable ( P ) ) P = P j j j P j j j P k W

Pr o of.

Sc alable ( P ) ) P = P j j j P k W = P j j j ( P j j j P k W ) k W

P j j j ( P j j j P k W ) k W = P j j j P j j j P k W

Sc alable ( P ) ) P = P j j j P j j j P k W
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