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Abstract

In this paper we present an overview of our recent work on the rela-
tionship between description logics and disjunctive datalog. In particular,
we reduce satisfiability and instance checking in SHIQ to corresponding
problems in disjunctive datalog. This allows us to apply practically suc-
cessful deductive database optimization techniques, such as magic sets.
Interestingly, the reduction also allows us to obtain novel theoretical re-
sults on description logics. In particular, we show that the data com-

plexity of reasoning in SHIQ is in NP, and we define a fragment called
Horn-SHIQ for which the data complexity is in P. Finally, the reduc-
tion provides a basis for query answering in an extension of SHIQ with
so-called DL-safe rules.

1 Introduction

Although the main reasoning problems for SHIQ are ExpTime-complete, prac-
tical tableaux algorithms [11] and numerous heuristics [9] were developed that
make reasoning over SHIQ knowledge bases feasible in practice. These were
implemented in state-of-the-art DL reasoners, such as FaCT [10] and Racer [8],
and have successfully been applied in numerous practical applications.

Modern DL reasoners are optimized primarily for TBox reasoning. However,
some applications, such as metadata management in the Semantic Web, rely



mainly on query answering (i.e. instance checking), and not on concept satisfi-
ability or subsumption testing. Existing DL reasoning techniques often do not
exhibit satisfactory performance in such cases. We have identified three main
causes for that. Firstly, tableaux algorithms provide a refutation procedure, and
not a query answering algorithm so, to retrieve all ABox individuals which be-
long to a given concept w.r.t. a knowledge base, one potentially needs to run the
tableaux algorithm for each individual in the ABox. Secondly, it is difficult to
guide the application of tableaux inference rules to compute only consequences
relevant to the query. Thirdly, tableaux algorithms are non-deterministic, so
efficient indexing structures are difficult to develop. Namely, due to backtrack-
ing, the benefit of indexing is often outweighed by the overhead of constantly
updating the indices1.

These drawbacks have been addressed to a certain extent in (disjunctive) de-
ductive databases. Such systems usually compute query answers “in one pass”,
either bottom-up or top-down. Furthermore, techniques for binding propaga-
tion, such as (disjunctive) magic sets, have been developed to restrict reasoning
only to the part of the ABox relevant to the query. Finally, query answering
algorithms (e.g. bottom-up) are deterministic and allow for efficient indexing.

Above mentioned techniques have shown to be very useful on large databases,
so applying them to description logics promises to enable efficient reasoning with
large ABoxes. Motivated by this idea, in this paper we show how to reduce a
SHIQ knowledge base KB to a disjunctive datalog program DD(KB), such that
DD(KB) and KB entail the same set of ground facts. Thus, instance checking
in KB is reduced to query answering in DD(KB), which can be performed using
available techniques for disjunctive datalog. This reduction is relatively complex,
so due to space constraints we only provide a high-level overview; for details,
please refer to [13, 14]. In [12] we have presented extensions of this reduction to
description logics with datatypes, which we omit here for clarity.

As reported in [15], the reduction allows us to establish a tighter bound on the
complexity of our reasoning algorithms. Namely, if the TBox of a knowledge base
is much smaller than its ABox, a better estimate of the complexity of instance
checking is provided by the so-called data complexity, which is measured in the
size of the ABox alone. We show that satisfiability checking by our algorithms
is data complete for NP. Furthermore, for a Horn fragment of SHIQ, which
does not require disjunctive reasoning, our reduction produces non-disjunctive
programs, so data complexity becomes polynomial.

Finally, extending DLs with rule formalisms has been an important issue in
the development of ontology languages for the Semantic Web. We show that
our approach can be used as a basis for reasoning with the decidable DL-safe
fragment of the Semantic Web Rule Language (SWRL) [17].

1Private communication with Ralf Möller.



Table 1: Semantics of SHIQ by Mapping to FOL

Mapping Concepts to FOL
πy(⊤,X)=⊤ πy(⊥,X)=⊥
πy(A,X)=A(X) πy(¬C,X)=¬πy(C,X)

πy(C ⊓D,X)=πy(C,X) ∧ πy(D,X) πy(C ⊔D,X)=πy(C,X) ∨ πy(D,X)
πy(∀R.C,X)=∀y : R(X, y)→ πx(C, y) πy(∃R.C,X)=∃y : R(X, y) ∧ πx(C, y)

πy(≤ nR.C,X)=∀y1, . . . , yn+1 :
∧

R(X, yi) ∧
∧

πx(C, yi)→
∨

yi ≈ yj

πy(≥ nR.C,X)=∃y1, . . . , yn :
∧

R(X, yi) ∧
∧

πx(C, yi) ∧
∧

yi 6≈ yj

Mapping Axioms to FOL
π(C ⊑ D)=∀x : πy(C, x)→ πy(D,x) π(R ⊑ S)=∀x, y : R(x, y)→ S(x, y)

π(Trans(R))=∀x, y, z : R(x, y) ∧R(y, z)→ R(x, z)
π(C(a))=πy(C, a) π(a ≈ b)=a ≈ b

π(R(a, b))=R(a, b) π(a 6≈ b)=a 6≈ b

Mapping KB to FOL
π(R)=∀x, y : R(x, y)↔ R−(y, x)

π(KB)=
∧

R∈NR
π(R) ∧

∧
α∈KB

π(α)

X is a meta variable and is substituted by the actual variable. πx is obtained
from πy by simultaneously substituting x(i) for all y(i), respectively, and πy for πx.

2 Reducing SHIQ to Disjunctive Datalog

Our reduction to disjunctive datalog is based on translating a SHIQ knowledge
base KB into a first-order formula π(KB), by the operator π from Table 1. It
is well-known that KB is satisfiable with respect to the standard direct model-
theoretic semantics of SHIQ iff π(KB) is satisfiable in first-order logic [2].

A crucial issue in translating π(KB) into a rule-based formalism is how
to handle existential quantifiers. Usually, existentially quantified variables are
skolemized, i.e. replaced by function symbols which represent the missing in-
dividuals. This poses problems for known query evaluation algorithms, which
do not necessarily terminate if rules contain function symbols and are cyclic.
Therefore, our goal is to produce a (disjunctive) datalog program DD(KB) with-
out function symbols, but which entails exactly the same set of ground facts as
KB . Thus, any existing technique can be used for query answering in DD(KB).

We now overview the algorithm for computing DD(KB), which is schemati-
cally shown in Figure 1. In the first step, we encode KB into an equisatisfiable
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Figure 1: Algorithm for Reducing SHIQ to Datalog Programs



ALCHIQ knowledge base Ω(KB) by eliminating transitivity axioms from KB
similarly as this was done for modal logics in [19].

To translate Ω(KB) into first-order clauses, we apply the well-known struc-
tural transformation [18] to π(Ω(KB)). We thus avoid a potential exponential
blowup of the size of the resulting clause set, and also ensure that the structure
of clauses is not destroyed. We denote the obtained set of clauses by Ξ(KB).

We next saturate the TBox clauses of Ξ(KB) by basic superposition [1]—a
clausal calculus optimized for theorem proving with equality. In this key step,
we compute all non-ground clauses derivable from KB by basic superposition.
The saturation terminates because all clauses derived in the saturation contain
at most one variable and all functional terms are of depth at most two. This
yields an exponential bound on the number of clauses we can compute, and an
exponential time complexity bound for our algorithm so far.

The saturated set of clauses is next transformed into a function-free clause
set FF(KB). This is possible since the clauses are of a certain restricted form,
which enables simulating functional terms with fresh constants. It is possible to
show that all inference steps of basic superposition in Ξ(KB) can be simulated
in FF(KB), and vice versa, so FF(KB) is equisatisfiable to Ξ(KB).

The clauses in FF(KB) do not contain functional terms and are safe (i.e.
each variable in a clause occur in a negative literal), so they can be rewritten
into disjunctive rules. We denote the result of such rewriting with DD(KB).

The following theorem summarizes the properties of our algorithm (|=c de-
notes cautions entailment in disjunctive datalog, which coincides on ground facts
with first-order entailment for positive datalog programs [7]):

Theorem 1 For KB a SHIQ knowledge base and |KB | the length of KB
with numbers in number restrictions coded in unary, ( i) KB is unsatisfiable
iff DD(KB) is unsatisfiable; ( ii) KB |= α iff DD(KB) |=c α, for α of the form
A(a) or S(a, b), A an atomic concept, and S a simple role; ( iii) KB |= C(a)
iff DD(KB ∪ {C ⊑ Q}) |=c Q(a), for C a non-atomic concept, and Q a new
atomic concept; and ( iv) the number of rules in DD(KB) is at most exponential
in |KB |, the number of literals in each rule is at most polynomial in |KB |, and
DD(KB) can be computed in time exponential in |KB |.

3 Data Complexity in SHIQ

If the TBox of a knowledge base is much smaller than its ABox, then the data
complexity, measured in the size of the ABox alone, provides a much better
performance estimate than the combined complexity usually considered. The
reduction presented in Section 2 immediately provides an upper bound for the
data complexity of reasoning in SHIQ. Namely, a closer inspection of the re-
duction algorithm reveals that |DD(KB)| is exponential in |KB | only due to



the rules obtained by saturating clauses corresponding to TBox axioms. If we
assume a bound on the size of the TBox, then the size of the rules in DD(KB) is
bounded as well, and the size of the facts in DD(KB) is linear in the size of the
ABox. Therefore, data complexity of checking satisfiability of DD(KB) follows
from data complexity of positive disjunctive datalog [4], i.e. it is in NP. Intu-
itively, SHIQ has the nice property that TBox reasoning does not “interfere”
with ABox reasoning, so all non-ground consequences of KB can be computed
without taking the ABox into account. Combined with the lower bound from
[5], we obtain the following result:

Theorem 2 Let KB be a knowledge base in any logic between ALC and SHIQ
containing only atomic concepts in the ABox. Then ( i) deciding KB satisfiability
is data complete for NP and ( ii) deciding whether KB |= (¬)C(a) with |C|
bounded is data complete for co-NP.

Although still intractable, this is much better than the exponential combined
complexity of the same problem. Furthermore, it is easy to see that intractabil-
ity is due to the fact that DD(KB) is a disjunctive program. Dealing with
disjunction requires reasoning-by-cases, which requires “guessing” — an obvi-
ous source of non-determinism. Therefore, to provide a better estimate in the
non-disjunctive case, we propose a Horn fragment of SHIQ, where disjunction
is traded for P-complete data complexity. In Horn-SHIQ, apart from inverse
roles and role inclusion axioms, only axioms of the form

d
Ci ⊑ D are allowed,

where each Ci has the form A or ∃R.A, and D has the form A, ⊥, ∃R.A, ∀R.A,
≥ nR.A or ≤ 1 R. In [15] we give a more general, but also a rather technical de-
finition, which takes into account that some axioms which initially are not of the
form above can easily be transformed into the required form by standard equiv-
alences. For a Horn-SHIQ knowledge base KB , DD(KB) is a non-disjunctive
program, so it can be evaluated in polynomial time, giving a polynomial upper
bound for the data complexity. The lower bound follows easily by a reduction
from the Boolean circuit value problem, and we get the following result:

Theorem 3 For KB a Horn knowledge base in a logic between ALC and SHIQ
containing only atomic concepts in the ABox, deciding KB (un)satisfiability, and
deciding whether KB |= (¬)C(a) with |C| bounded, is data complete for P.

Due to polynomial data complexity, Horn-SHIQ is interesting for practi-
cal applications. In particular, our experience shows that it can be used to
model ontologies in metadata management applications, which are often light-
weight and consist mainly of a class hierarchy and simple, possibly functional,
relationships. Furthermore, Horn-SHIQ extends DL-lite [3]—a logic aiming to
capture most constructs of ER and UML formalisms—with qualified existential
quantification, conditional functionality and role inclusions.



Whereas results from Theorems 2 and 3 are encouraging, DD(KB) is still
potentially exponential in the size of the TBox of KB . Hence, it makes sense
to look for ways of restricting this exponential blowup as much as possible.
One possible approach might be based on the fact that tableaux algorithms
for DLs with acyclic TBoxes are self-terminating; similarly, rules obtained from
π(KB) are acyclic, so algorithms such as bottom-up evaluation terminate as well.
Therefore, it is interesting to investigate whether the reduction from Section 2
can be applied only to the cyclic part of the TBox, as this would introduce a
blowup which is exponential only in the size of the maximal TBox cycle. To
work out the details is part of our future research.

4 Extending SHIQ with Rules

Extending description logics with rules to obtain a hybrid knowledge represen-
tation system has been an important research issue in the past. Along the lines
of [16, 6], in [17] we introduce the notion of DL-safe rules. The DL SHIQ
and function-free rules are integrated as usual, by allowing concepts and roles
to occur in rules as unary and binary predicates, respectively. Contrary to pre-
vious proposals, we allow concepts and roles to occur in rule heads; however,
to achieve decidability, we require each variable in the rule to occur in a body
literal with a predicate outside of the DL knowledge base.

For example, if Person, livesAt , and worksAt are concepts and roles from
KB , the rule Homeworker(x) ← Person(x), livesAt(x, y),worksAt(x, y) is not
DL-safe, since the variables x and y occur only in concepts and roles from KB .
The rule can be made DL-safe by appending literals O(x) and O(y), where O
is a special predicate used to enumerate all individuals in KB. Semantically,
this makes the rule applicable only to explicitly named individuals, and not to
individuals introduced by existential quantification.

DL-safety ensures decidability of the hybrid logic, since the rules are applica-
ble only to finitely many explicitly named individuals. Notice, however, that it
does not require a closed interpretation domain: unnamed individuals can still
be introduced and reasoned with in the DL part of the hybrid knowledge base.

As it turns out, the reduction from Section 2 provides a basis for query
answering with DL-safe rules. Namely, for a hybrid knowledge base consisting
of a SHIQ knowledge base KB and a finite set of DL-safe rules P , we have
shown that π(KB) ∪ P |= α iff DD(KB) ∪ P |= α, for a ground atom α not
involving a simple role. Therefore, reasoning with rules can be performed using
well-known techniques from deductive databases. Furthermore, by assuming a
bound on the arity of the predicates in P , query answering can be performed in
single exponential time, and in double exponential time otherwise.



5 Conclusion

In this paper we present an overview of our recent work on novel algorithms for
reasoning in description logics. For a SHIQ knowledge base KB , we compute a
disjunctive datalog program DD(KB) which is equisatisfiable to KB and entails
the same set of ground facts as KB . This allows reusing deductive database
optimization techniques, such as magic sets, which, we hope, will make handling
large ABoxes feasible in practice. Furthermore, these algorithms exhibit better
data complexity: for SHIQ they run in non-deterministic polynomial time and,
if disjunctions are not used, in deterministic polynomial time in the size of the
ABox. Finally, the reduction algorithm provides a basis for query answering in
an extension of SHIQ with so-called DL-safe rules.

The main focus of our future work will be to validate the practicability of
these algorithms. Therefore, we are currently implementing KAON22, a new DL
reasoner. Since the implementation has not been finished yet, we are unable to
provide a comprehensive performance comparison; however, our initial results
are encouraging.
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