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Abstract
We considerthe language inclusionproblemfor timedautomata:

giventwo timedautomataA andB , are all thetimedtracesaccepted
by B also acceptedby A? While this problemis knownto be un-
decidable, we showhere that it becomesdecidableif A is restricted
to havingat mostoneclock. This is somewhat surprising, sinceit is
well-knownthat there exist timed automatawith a single clock that
cannotbe complemented.Thecrux of our proof consistsin reducing
the language inclusionproblemto a reachability questionon an in�-
nitegraph;wethenconstructa suitablewell-quasi-orderonthenodes
of thisgraph,which ensurestheterminationof our search algorithm.

We also showthat the language inclusionproblemis decidableif
theonly constantappearingamongtheclock constraintsof A is zero.
Moreover, thesetwocasesareessentiallytheonlydecidableinstances
of language inclusion,in termsof restrictingthevariousresourcesof
timedautomata.

1. Intr oduction

Timedautomatawereintroducedby Alur andDill in [5] and
havesincebecomeastandardmodelingformalismfor real-time
systems.Unfortunately, the algorithmicanalysisof timed au-
tomatais limited by the undecidabilityof the languageinclu-
sion problem(given two timed automataA andB , areall the
timedtracesacceptedby B alsoacceptedby A?)[5]. In spiteof
this hindrance,therehasbeenmuchresearchin thelastdecade
onvariousaspectsof timedlanguageinclusion—see,e.g.,[29],
[20], [18], [10], [13], [24], [6], [27], [12], [7], [22], [26], [25].
In this paper, we show that, if the timed automatonA is re-
strictedto having a singleclock, the languageinclusionques-
tion of whetherL (B ) � L (A) becomesdecidable.

Thisis somewhatsurprising,sincethevastmajorityof decid-
ableinstancesof languageinclusionamongbothtimedandun-
timedcomputationalmodelsproceedby complementationand
emptinesscheckingof the intersection[16]: L (B ) � L (A)
iff L (B ) \ L (A) = ; . However, it is well-known that there
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exist timedautomatawith asingleclockthatcannotbecomple-
mented,which precludesany (direct)useof theabove equiva-
lence.

We solve the timed automatonlanguageinclusionproblem
L(B ) � L (A), in which A is assumedto have at most one
clock, by converting it to a reachability problemon an in�nite
`joint statespace'of A andB . Thisprocedurerequiresusto de-
terminizeandcomplementA on-the-�y, creatinganunbounded
object. Fortunately, we are able to constructa suitablewell-
quasi-orderon thestatespace,whichensurestermination.

We alsoshow that the timed automatonlanguageinclusion
problemL(B ) � L (A) is decidableif the only constantap-
pearingamongtheclock constraintsof A is zero(in this case,
of course,both timed automataare allowed arbitrarily many
clocks). Interestingly, no othersetof `reasonable'restrictions
on theresourcesof timedautomata(numberof clocks,number
of locations,magnitudeof clock constraints,andsizeof alpha-
bet)yieldsadecidablelanguageinclusionproblem.

The resultspresentedin this paperpaint a fairly complete
theoreticalpictureof thelanguageinclusionproblemfor timed
automata.We believe that they alsohave promisingpractical
applications,aswenow argue.

In softwareengineering,it is commonto have severalrepre-
sentationsof asystemunderdevelopment,atdifferentlevelsof
abstraction.Oneof themostwidespreadabstractionandspec-
i�cation formalismsis that of �nite-state machines—see,e.g.,
[11], [19], [21], [8]. Theintentionis thatmoreconcreterepre-
sentationsof the system,including in particularany proposed
implementation,shouldalwaysconformto theabstractspeci�-
cation. A standardnotionof conformanceis thatof (untimed)
languageinclusion: every traceof thesystemshouldalsobea
traceof the speci�cation. Unfortunately, �nite-state machines
aretime-abstract, in thatthey donot incorporatetiming details.
However, for many systems(suchascommunicationprotocols
or plantcontrollers),timing considerationscanbecrucialto en-
surecorrectness.For thisreason,many researchersadvocatethe
useof timed �nite-state machinesto representspeci�cations,
with timedlanguageinclusionastheconformancerelationbe-
tweenimplementationandspeci�cation—see,e.g.,[29], [10],
[6], [25], [18].

Although this notion of conformancebetweenan imple-
mentationanda timed speci�cation is easyto state,verifying



whetherit holds, as discussedabove, is in generalundecid-
able. The main result of this paper, which providesan algo-
rithm to checktimedlanguageinclusionbetweenimplementa-
tions and single-clock timed speci�cations,opensthe way to
theformal hierarchicalmodelingandautomatedveri�cation of
a largeclassof systems;onesuchexampleis theprotocolTCP,
usedto transmitinformationovertheInternet,whosefunctional
speci�cation can be given as a �nite-state machineequipped
with asingleclock [17, pages15–23].

Related work. The �rst paperto considerthe timed au-
tomatonlanguageinclusionquestionL(B ) � L (A) was [5],
in whichtheundecidabilityof thegeneralcasewasestablished.
Although the proof wasonly sketched,it clearly showed that
theproblemis undecidableevenif A is restrictedto having two
clocks. On the otherhand,the paper's region automatoncon-
struction,drawing onearlierwork [4], showedthattheproblem
is decidableif A is not permittedtheuseof any clock. There-
mainingcase—A having asingleclock—has,to thebestof our
knowledge,never beenstudiedbefore.

Several researchershave investigatedtimed automatonlan-
guageinclusionundervariousotherassumptions.Amongoth-
ers, we note the useof (i) topologicalrestrictionsand digiti-
zationtechniques:[12], [7], [26], [22], [25]; (ii) fuzzy seman-
tics: [10], [13], [24]; (iii) determinizablesubclassesof timed
automata:[6], [27]; and(iv) timedsimulationrelationsandho-
momorphisms:[29], [20], [18].

Most decisionalgorithmsfor timed automataare basedon
clock region constructions[4], [5]. Clock regionspartition the
dense(in�nite) statespaceof clocksinto �nitely many pieces,
in suchawaythattheresultingquotientexhibits thesamequal-
itativebehavior astheoriginalsystem.Unfortunately, this rela-
tionshipis notstrongenoughto preservequantitativeproperties
suchastimedlanguageinclusion.

Although theconstructionswe usein this paperrely in part
on clock regions, they give rise in generalto objectsthat are
intrinsically in�nite . We areableto ensureterminationof our
algorithmby carefullymanufacturingandexploiting a suitable
well-quasi-order (wqo)on our statespace.Theuseof wqosto
provide terminationguaranteesfor algorithmsthat operateon
in�nite structuresis certainly not new: other decidability re-
sults includequestionsof reachability, maintainability, termi-
nation, coverability/sub-coverability of markings(in Petrinets),
andsimulationby/of �nite-statemachines. We refer thereader
to theexcellentsurveys [3], [9] for moredetailson thesemat-
ters.To our knowledge,however, our work is the�rst to apply
thetheoryof wqosto a language inclusionproblem.

Thewqoweusein thispaperreliesonHigman's lemma[15]
andis obtainedthroughanelaborateprocessin which, among
others,we demonstratethe wqo's compatibility with the deci-
sionproblemathand.Otherapplicationsof wqosbasedonHig-
man's lemmaincludereachabilityalgorithmsfor lossychannel
systems[1] andparameterizednetworksof timedprocesses[2];
additionalexamplescanbefoundin thetwo surveys citedear-
lier.

Structur eof the paper. Thenext sectionbrie�y reviews the
necessarymaterialon well-quasi-ordersandHigman's lemma.
Section3 thencarefullypresentsthemodelof timedautomata
we shall usein this paper, along with relatedde�nitions and
conventions.We alsogive anexampleof a single-clocktimed
automatonthatcannotbecomplemented.In Section4, westate
andprove both of our languageinclusiondecidability results.
Section5 thenpresentsanumberof undecidabilityresultsabout
theuniversalityproblem,a specialcaseof languageinclusion.
Together, Sections4 and5 essentiallycharacterizethe decid-
ableinstancesof the languageinclusionproblemasa function
of theresourcesallocatedto timedautomata.Lastly, Section6
offersconclusionsanddiscussesfuturework.

2. Well-Quasi-Ordersand Higman'sLemma
Givena setQ, a quasi-order1 on Q is a re�exive andtransi-

tive relation4 � Q � Q.
An in�nite sequencehq1; q2; : : : i in Q is saidto besaturating

if thereexist indicesi < j suchthat qi 4 qj . A quasi-order
4 is a well-quasi-order (wqo for short)on Q if every in�nite
sequencein Q is saturating.

Let v bea quasi-orderon � . De�ne the inducedmonotone
dominationorder 4 on � � , the setof �nite wordsover � , as
follows: a1 : : : am 4 b1 : : : bn if thereexistsa strictly increas-
ing function f : f 1; : : : ; mg ! f 1; : : : ; ng suchthat, for all
1 6 i 6 m, ai v bf ( i ) .

Thefollowing resultis known asHigman's lemma[15]:
Lemma1: If v is a wqo on � , thenthe inducedmonotone

dominationorder4 is alsoawqoon � � .
Example2: Let � = f A; B ; : : : ; Z g be the standardRo-

man alphabet,and de�ne the relation v on � to be equal-
ity: x v y iff x = y. v is clearly a wqo since � is
�nite. The induced monotonedomination order 4 on � �

is then none other than the `subword' order. For example,
HIGMAN 4 HIGHMOUNT AIN sinceHIGMAN is a sub-
wordof HIGHMOUNTAIN. Higman's lemmastatesthat4 is a
wqo: if onestartswriting down anunendingsequenceof words,
onewill eventuallywrite down a superword of anearlierword
in thesequence.

3. Timed Automata
Let C be a �nite setof clocks,denotedx; y; z, etc. We de-

�ne the set � C of clock constraintsover C via the following
grammar, wherek 2 N standsfor any non-negative integer,
and./ 2 f = ; <; >; 6 ; > g is acomparisonoperator:

� ::= true j x ./ k j : � j � ^ � j � _ �:

De�nition 3: A timed automaton is a six-tuple
(� ; S; S0; Sf ; C; E), where

� � is a �nite set(alphabet)of events,
� S is a �nite setof locations,

1Also sometimescalledapreorder.



� S0 � S is asetof startlocations,
� Sf � S is asetof acceptinglocations,
� C is a �nite setof clocks,and
� E � S � S � � � � C � P(C) is a �nite setof transitions.

A transition(s; s0; a; �; R) allows a jump from locations
to s0, communicatingeventa 2 � in theprocess,provided
theconstraint� on clocksis met. Afterwards,theclocks
in R areresetto zero,while all otherclocksremainun-
changed.

Remark4: One�nds many variantsof thede�nition of timed
automatonin theliterature:allowing diagonalclockconstraints
(of the form x � y ./ k); allowing rational, ratherthan inte-
ger, boundsin clock constraints;addinginvariant clock con-
straintsto locations. It is however not dif�cult to verify that
our main resultsextendstraightforwardly to any combination
of thesevariants.

For the remainderof this section,we areassuminga �x ed
timedautomatonA = (� ; S; S0; Sf ; C; E).

A clock valuation is a function � : C ! R+ , whereR+

standsfor the non-negative real numbers. If t 2 R+ , we let
� + t betheclockvaluationsuchthat(� + t)(x) = � (x) + t for
all x 2 C.

A stateof A is a pair (s; � ), wheres 2 S is a locationand�
is aclockvaluation.

A run of A is a �nite alternatingsequenceof statesandde-

layed transitionse = (s0; � 0)
t 1 ;� 1� ! (s1; � 1)

t 2 ;� 2� ! : : :
t n ;� n� !

(sn ; � n ), wheret i 2 R+ and� i = (si � 1; si ; ai ; � i ; Ri ) 2 E ,
subjectto theconditions:

1) for all 0 6 i 6 n � 1, � i + t i +1 satis�es� i +1 , and
2) for all 0 6 i 6 n � 1, � i +1 (x) = � i (x) + t i +1 for all

x 2 C n Ri +1 , and� i +1 (x) = 0 for all x 2 Ri +1 .
Eacht i is interpretedas the time delaybetweenthe �ring of
transitions,andeachstate(si ; � i ), for i > 1, recordsthe data
immediatelyfollowing transition� i . We often abusenotation

andwrite runsin theform (s0; � 0)
t 1 ;a 1� ! (s1; � 1)

t 2 ;a 2� ! : : :
t n ;a n� !

(sn ; � n ) to highlight therun's events.
An A-con�guration is a �nite setof statesof A. Given an

A-con�gurationG, aG-initialized run is a runwhose�rst state
belongsto G. An acceptingrun, on the otherhand,is a run
whoselaststatebelongsto Sf .

A timedevent is a pair (t; a), wheret 2 R+ is a delayand
a 2 � is anevent. A timedtraceis a �nite sequenceof timed
events,in which eachdelayrepresentsthe time elapsedsince
theoccurrenceof thepreviousevent(or sincetime0 in thecase
of the �rst event). We write TT to denotethesetof all timed
traces.

Given a run e = (s0; � 0)
t 1 ;a 1� ! (s1; � 1)

t 2 ;a 2� ! : : :
t n ;a n� !

(sn ; � n ), we produce an associatedtimed trace tt (e) b=
h(t1; a1); (t2; a2); : : : ; (tn ; an )i .

Let G be an A-con�guration. We de�ne the G-initialized
timedlanguage of A to betheset

L (A[G]) b= f tt (e) j e is anacceptingG-initialized runof Ag

of dense-timetimedtracesacceptedby A, whenstartedin con-
�guration G. A very importantspecialcaseis that in which
G = S0 � f 0g, where0 is theclock valuationmappingevery
clock to 0. In thatcase,wewrite

L(A) b= L(A[S0 � f 0g])

to denotethetimedlanguageacceptedby A (from its standard
initial con�guration). Anothernotableinstanceis thatof a sin-
gletonA-con�guration G = f (s; � )g, in which casewe write
L(A[(s; � )]) ratherthan L(A[f (s; � )g]). Lastly, observe that
L (A[; ]) = ; .

Remark5: Thereaderwill have noticedthatour timedtrace
semanticsis weaklymonotonic, in that multiple eventsareal-
lowed to occur `simultaneously'(i.e., with no delay between
them). None of the resultsof Section4 are affected if one
adoptsinsteadastronglymonotonicsemantics,in whichall de-
laysarerequiredto bestrictly positive. Theeffectsof astrongly
monotonicsemanticson Theorem21 in Section5 arelisted in
a footnoteattachedto thestatementof thetheorem.

Example6: We reproducebelow from [5] an exampleof a
timedautomaton2 A, equippedwith a singleclock, thatcannot
be complemented:theredoesnot exist a timed automatonA0

suchthatL (A0) = TT n L(A).

A : //ONMLHIJK
@GFECD

a

••
a

x :=0
//ONMLHIJK a

x =1?
//

@GFECD
a

•• ONMLHIJKGFED@ABC
@GFECD

a

••
:

Thecomplementof L (A) containsall timedtracesin whichno
pair of a's is separatedby exactly one time unit. Intuitively,
sincethereis no boundon thenumberof a's thatcanoccurin
any unit-durationtime interval, any timedautomatoncapturing
thecomplementof L (A) would requireanunboundednumber
of clocksto keeptrackof thetimesof all thea'swithin thepast
onetime unit. A formal proof thatA cannotbecomplemented
is givenin [14].

4. DecidableCasesof LanguageInclusion

We now presenttwo decidableinstancesof the languagein-
clusionproblemL(B ) � L (A), whereA andB aretwo timed
automata.Themainresultis Theorem17 in Section4.1,which
assertsthat the problem is decidableprovided that A is re-
strictedto having atmostoneclock. Theorem20in Section4.2,
on theotherhand,statesthattheproblemis alsodecidableif A
doesnot make useof constantsother than0 in its clock con-
straints.

2Our representationof timed automatafollows standardpractice: start lo-
cationsare depictedwith an incoming arrow not originating from any other
location,andacceptinglocationsaredoublycircled.Clockconstraintsaredec-
oratedwith questionmarks(?), whereasclock resetsuseassignmentsymbols
(:= ). Therestof thenotationis self-explanatory.



4.1. Single-clockrestriction
The main result of this sectionis Theorem17, which we

presentafter somepreliminaries. We shall assumethrough-
out two �x edtimedautomataA = (� A ; SA ; SA

0 ; SA
f ; CA ; E A )

andB = (� B ; SB ; SB
0 ; SB

f ; CB ; E B ), with A having a single
clock x. Let usmoreover postulate,without lossof generality,
thatA andB sharethesamealphabet� = � A = � B , anddo
nothave any otherdatain common.

The overall strategy for decidingwhetherL (B ) � L (A) is
to explorea certain`joint statespace'of A andB , eithermak-
ing surethroughoutthat whenever B can accepta particular
timedtracethensocanA, or otherwiseansweringthelanguage
inclusionqueryin thenegative. As described,thisprocedurere-
quiresthatA bedeterminized,andthereforeinvolvesexploring
a potentially in�nite statespace.We ensureterminationboth
by determinizingA on-the-�y, asneeded,andby constructing
a suitablewell-quasi-orderwhich forcesus only to explore a
�nite portionof theentirestatespace.

SinceA hasonly one clock, statesof A are simply pairs
(s;u), with s 2 SA , and u 2 R+ representingthe value of
clock x. De�ne anA=B-con�guration to bea pair (G; (q; � )) ,
whereG is anA-con�guration (a �nite setof statesof A), and
(q; � ) is asinglestateof B .

Intuitively, anA=B-con�gurationwill beusedto representa
particularstatethatB canbe in having performedsometimed
trace� , togetherwith thesetof all statesthatA canbein hav-
ing performedthesametimedtrace� . A=B-con�gurationscan
thereforebeviewedasstatesof the`synchronousparallelcom-
position' of A andB , in whichA hasbeendeterminized.

For (q; � ) astateof B , t 2 R+ , anda 2 � , let

SuccB ((q; � ); t; a) b= f (q0; � 0) j (q; � )
t;a

� ! (q0; � 0)g

be thesetof (t; a)-successorstatesof (q; � ). A similar de�ni-
tion yieldsa functionSuccA for thetimedautomatonA, which
we lift to A-con�gurationsin theobviousway:

SuccA (G; t; a) b= f (s0; u0) j 9(s;u) 2 G � (s;u)
t;a

� ! (s0; u0)g:

Note that SuccA (G; t; a) is again an A-con�guration, albeit
possiblyempty.

Let � 1 = (G1; (q1; � 1)) and � 2 = (G2; (q2; � 2)) be two
A=B-con�gurations,andlet a 2 � be an event. Postulatean
a-transition from � 1 to � 2 (written � 1

a� ! � 2) if thereex-
ists t 2 R+ suchthat G2 = SuccA (G1; t; a) and (q2; � 2) 2
SuccB ((q1; � 1); t; a); moreover, if t = 0 is avalid suchwitness,
we saythatthea-transitionis immediate. In this way, we view
the collectionof all A=B-con�gurationsasan in�nite labeled
transitionsystemG. For � and � 0 two A=B-con�gurations,
we saythat � 0 is reachablefrom � if thereexists a �nite path
� a1� ! : : : an� ! � 0 from � to � 0 in G. Weincludepathsof length
0 in this de�nition, sothatany A=B-con�guration is reachable
from itself.

Let (G; (q; � )) be an A=B-con�guration. We say that
(G; (q; � )) is bad if both q is accepting(q 2 SB

f ), andnone

of the statesin G areaccepting(for all (s;u) 2 G, s =2 SA
f ).

We also say that (G; (q; � )) is doomedif some bad A=B-
con�gurationis reachablefrom (G; (q; � )) . In particular, every
badA=B-con�guration is doomed. An A=B-con�guration is
safeif it is notdoomed.

Lemma7: For any A=B-con�guration � = (G; (q; � )) ,
L (B [(q; � )]) � L (A[G]) if f � is safe.

Proof: Suppose �rst that � is safe, and let
h(t1; a1); : : : ; (tn ; an )i 2 L (B [(q; � )]) . Thereis thena corre-
spondingpath �

a1� ! � 1
a2� ! : : :

an� ! � n = (Gn ; (qn ; � n ))
in G, whereqn 2 SB

f . Since � is safe, � n cannotbe bad,
andthereforetheremustbe some(s;u) 2 Gn with s 2 SA

f .
We concludethat A must have a G-initialized run endingin
(s;u) thatyieldsthetimedtraceh(t1; a1); : : : ; (tn ; an )i , which
shows thatL (B [(q; � )]) � L (A[G]) asrequired.

The other direction proceedssimilarly and is left to the
reader.

Let us call any A=B-con�guration of the form (SA
0 �

f 0g; (q; 0)) , with q 2 SB
0 , an initial A=B-con�guration. (Re-

call that 0 standsfor the clock valuationthat mapsall of B 's
clocksto 0). Wenow have:

Corollary 8: L (B ) � L (A) iff all initial A=B-con�gura-
tionsaresafe.

Proof: Follows immediatelyfrom Lemma7.
Corollary 8 thereforereducesour languageinclusionques-

tion L(B ) � L (A) to a reachabilityqueryon the in�nite la-
beledtransitionsystemG. We now constructan equivalence
relationonGby encodingA=B-con�gurationsaswordsover a
certainalphabet.This will enableus to de�ne a suitablewell-
quasi-orderon theresultingquotientlabeledtransitionsystem.

Let K be the largestconstantappearingin any of the clock
constraintsof A andB . WepartitionR+ into a �nite collection
of one-dimensionalregionsREG b= f r 0; r 1; : : : ; r 2K +1 g, as
follows: for 0 6 i 6 K , r 2i b= f ig andr 2i +1 b= (i; i + 1), and
r 2K +1 b= (K ; 1 ).

Let � b= P
�
(SA � REG) [ (SB � CB � REG)

�
beanal-

phabet:the`letters' it containsare�nite setsof pairs(s; r ) and
triples (q; y; r ), wheres and q are locationsof A and B re-
spectively, y is a clock of B , andr is a region. Since� , be-
ing �nite, is clearly well-quasi-orderedby set inclusion,Hig-
man's lemmastatesthat the set � � of �nite words over � is
well-quasi-orderedby the inducedmonotonedominationor-
der 4 : � 1 : : : � m 4 
 1 : : : 
 n if thereexists a strictly increas-
ing function f : f 1; : : : ; mg ! f 1; : : : ; ng suchthat, for all
1 6 i 6 m, � i � 
 f ( i ) . Note that this orderis differentfrom
the`subword' orderseenin Example2.

We now explain how to associateto any A=B-con�guration
� = (G; (q; � )) a canonicalword H (�) 2 � � . Let usassume
thatthetimedautomatonB hasM clocksy1; : : : ; yM . If G =
f (s1; u1); : : : ; (sk ; uk )g, we can�rst equivalently represent�
astheset

f (si ; reg(ui ); ui ) j 1 6 i 6 kg [

f (q; yj ; reg(� (yj )) ; � (yj )) j 1 6 j 6 M g;



wherereg(t) 2 REG denotestheregionto whichtherealnum-
bert 2 R+ belongs,andt 2 [0; 1) representsthefractionalpart
of t.

Since every pair (si ; reg(ui )) and every triple
(q; yj ; reg(� (yj ))) correspondsto a (singleton) letter of
� , wecaninsteadwrite � as

f (� l ; vl ) j 1 6 l 6 k + M g;

whereeach� l is oneof the � -lettersin question(of the form
f (si ; reg(ui ))g or f (q; yj ; reg(� (yj ))) g), andeachvl is its as-
sociatedfractionalpart(of theform ui or � (yj )).

Finally, let usgrouptogether� -letterswhoseassociatedfrac-
tional partsareidentical,yielding a new setof � -letterspaired
with fractionalparts

f (� i ; wi ) j 1 6 i 6 pg

asrepresentationof � . Hereeach� i is a unionof � l 's, andthe
fractionalpartswi areall distinct; formally: � i =

S
f � l j vl =

wi g, andp is thenumberof suchnew pairs,i.e., thetotal num-
berof distinct fractionalpartsin � . Note thatsomeof the � i 's
maywell still besingletons.We thenlet

H (�) b= � i z 1
� i z 2

: : : � i z p
;

where z1 : : : zp is the permutation of 1: : : p that puts
wz1 : : : wzp in ascendingorder.

Example9: Let s1; s2 be two locations of the timed au-
tomaton A, and let q be a location of the timed automa-
ton B . Supposethat B has two clocks, y1 and y2. Let
G = f (s1; 0:0); (s1; 0:3); (s1; 1:2); (s2; 0:4); (s2; 1:0)g be an
A-con�guration,andlet (q; � ) bea stateof B , where� (y1) =
0:8 and� (y2) = 1:3. Finally, let � = (G; (q; � )) beanA=B-
con�guration.

Write r 0 to representthe region f 0g, r 1
0 to representthe re-

gion (interval) (0; 1), r 1 to representtheregion f 1g, andr 2
1 to

representtheregion (interval) (1; 2). ThenH (�) is the5-letter
word

n
(s1; r 0); (s2; r 1)

o n
(s1; r 2

1)
o

n
(s1; r 1

0); (q; y2; r 2
1)

o n
(s2; r 1

0)
o n

(q; y1; r 1
0)

o
:

Wesaythattwo A=B-con�gurations� and� 0areequivalent,
written � � � 0, if H (�) = H (� 0). We alsosaythat� is domi-
natedby � 0, written � 4 � 0, if (writing � 0 = (G; (q; � )) ) there
existsG0 � G suchthat � � (G0; (q; � )) . Theoverloadingof
4 is justi�ed in view of thefollowing:

Proposition10: For any A=B-con�gurations� and� 0, � 4
� 0 if f H (�) 4 H (� 0).

Proof: By straightforwardinspectionof therelevantde�-
nitions.

We earliershowedthattheassertionL(B ) � L (A) is equiv-
alent to showing that no bad A=B-con�guration is reachable

in G. Unfortunately, sincethereareuncountablymany A=B-
con�gurations, it is necessaryto reasonin termsof � -words
instead.In thenext few propositions,we develop the required
machineryto do this.

Webegin by showing that� is abisimulationrelation:
Proposition11: For any A=B-con�gurations � 1; � 0

1 and
eventa 2 � , if � 1 � � 0

1 then

1) for any � 2 suchthat � 1
a� ! � 2, thereexists � 0

2 with
� 0

1
a� ! � 0

2 and� 2 � � 0
2,

2) for any � 0
2 suchthat � 0

1
a� ! � 0

2, thereexists � 2 with
� 1

a� ! � 2 and� 2 � � 0
2.

Proof: Let � 1; � 0
1 beA=B-con�gurationssuchthat� 1 �

� 0
1, andlet � 2 beanA=B-con�guration with � 1

a� ! � 2. We
mustshow thatthereexistsanA=B-con�guration� 0

2 suchthat
� 0

1
a� ! � 0

2 and� 2 � � 0
2.

The transition� 1
a� ! � 2 can be decomposedinto a time

evolution from � 1 to � 1 + t (for somet 2 R), followedby an
immediatetransition� 1 + t a� ! � 2. Here� 1 + t representsthe
resultof addingt to all clock valuations(of bothA andB ) in
� 1.

Write � 1 = (G; (q; � )) and� 0
1 = (G0; (q0; � 0)) . Since� 1 �

� 0
1, we have q = q0. Moreover, � and� 0 mustagreeon (i) the

integer partsof all clocks(if no greaterthanK ), (ii) whether
or not clockshave null fractionalpart,and(iii) theorderingof
the fractional partsof all clocks. It easily follows that there
must exist t0 2 R+ suchthat � + t and � 0 + t0 are also in
similar agreement;moreover, sincethe relationship� 1 � � 0

1
alsorequiresthe global matchingof the integer andfractional
partsof theclock valuationsin bothG and� with thosein G0

and� 0, wecanin fact�nd t0 suchthat� 1 + t � � 0
1 + t0.

Theagreementdescribedabovebetween� + t and� 0+ t0en-
tails that,for any clockconstraint� 2 � C B , � + t satis�es� if f
� 0+ t0satis�es� (aformalproofof thisfactis aneasystructural
inductionon � ). Thesameof courseholdsfor clockvaluations
in G andG0 with respectto clock constraintsin � C A . Conse-
quently, � 1 + t and� 0

1 + t0 enableexactly thesametransitions
of thetimedautomataA andB .

Let us thereforede�ne � 0
2 to be the A=B-con�guration ob-

tained from � 0
1 + t0 upon immediately taking the samea-

transitionsasthoseassociatedwith thejump� 1+ t a� ! � 2. Ob-
serve that,upontaking thesetransitions,correspondingclocks
in � 1 + t and� 0

1 + t0 are(in both� 1 + t and� 0
1 + t0) eitherleft

unchanged,or resetto zero. Since� 1 + t � � 0
1 + t0, it easily

follows that� 2 � � 0
2, asrequired.

Corollary 12: Therelation� preservesbadness,doom,and
safety: for any A=B-con�gurations� � � 0, � is badiff � 0 is
bad,� is doomediff � 0 is doomed,and� is safeiff � 0 is safe.

Proof: Thecaseof badnessis immediate,whereasdoom
andsafetyfollow from thepreservationof badnessandPropo-
sition11.

We are thereforeonly interestedin A=B-con�gurationsup
to � -equivalence,andthusde�ne a quotientlabeledtransition



systemH � � � asfollows:

H b= G=� b= f H (�) j � is anA=B-con�gurationg;

and,for W1; W2 2 H anda 2 � , postulateatransitionW1
a� !

W2 if, for all � 1 2 H � 1(W1) thereexists� 2 2 H � 1(W2) with
� 1

a� ! � 2. Lastly, let

H 0 b= f H (�) j � is aninitial A=B-con�gurationg

denotethe(�nite) setof initial wordsof H .
Corollary 13: For any W1; W2 2 H anda 2 � , W1

a� ! W2

if f thereexist A=B-con�gurations� 1 2 H � 1(W1) and� 2 2
H � 1(W2) with � 1

a� ! � 2.
Proof: Follows immediatelyfrom Proposition11.

GivenawordW 2 H, let

Succ(W ) b= f W 0 2 H j 9 a 2 � � W a� ! W 0g

denotethesetof successorsof W in H.
Proposition14: For any word W 2 H, thesetSucc(W ) is

�nite andeffectively computable.
Proof: Given W , it is easy to construct an A=B-

con�guration � suchthatH (�) = W . Then,givenany a 2 � ,
note that thereare only �nitely many A=B-con�gurations� 0

with transition� a� ! � 0 immediatelyenabled,thelist of which
canreadilybecomputed.

Next, observe that, for any t 2 R+ , H (� + t) is a word
with the samenumberof lettersasW , the �nite collectionof
which is alsostraightforward to enumerate.For eachof these
words,andfor every event a 2 � , computingthe immediate
a-successorscanagain be doneeffectively by simply examin-
ing a correspondingA=B-con�guration. Note that, according
to Corollary 13, the particularchoicesof A=B-con�guration
we make to computesuccessorsare unimportant. Since the
functionH , which convertsA=B-con�gurationsbackinto H-
words,in clearlycomputable,whatwehavejustdescribedis an
effective algorithmto generatethesetSucc(W ).

Next, weshow thatthewqo4 onH is asimulationrelation:
Lemma15: Let W1; W 0

1 2 H betwo wordssuchthatW1 4
W 0

1. Then,for any a 2 � , W 0
2 2 H, andtransitionW 0

1
a� !

W 0
2, thereexists a word W2 2 H suchthat W1

a� ! W2 and
W2 4 W 0

2.
Proof: Let W1, W 0

1, andW 0
2 be asabove, andlet � 1 2

H � 1(W1), � 0
1 2 H � 1(W 0

1), and� 0
2 2 H � 1(W 0

2) besuchthat
thereis a transition� 0

1
a� ! � 0

2. By Corollary13, it suf�ces to
show thereexists� 2 4 � 0

2 suchthat� 1
a� ! � 2.

Write � 1 = (G1; (q1; � 1)) , � 0
1 = (G0

1; (q0
1; � 0

1)) , and
� 0

2 = (G0
2; (q0

2; � 0
2)) . Since� 0

1
a� ! � 0

2, by de�nition there
must be somet 2 R+ suchthat G0

2 = SuccA (G0
1; t; a) and

(q0
2; � 0

2) 2 SuccB ((q0
1; � 0

1); t; a). SinceW1 4 W 0
1, � 1 4 � 0

1,
i.e., there exists G00

1 � G0
1 such that � 1 � (G00

1 ; (q0
1; � 0

1)) .
Write � 00

1 = (G00
1 ; (q0

1; � 0
1)) , G00

2 = SuccA (G00
1 ; t; a), and� 00

2 =
(G00

2 ; (q0
2; � 0

2)) . We thenhave � 1 � � 00
1 and� 00

1
a� ! � 00

2 . Wecan

let ToExplore = H 0

let Explored = ;
repeat forever

repeat
if ToExplore = ; return ` L (B ) � L (A)'
remove some W from ToExplore
if W is bad return ` L (B ) * L (A)'

until 8 V 2 Explored � V 64 W
let ToExplore = ToExplore [ Succ(W )
let Explored = Explored [ f W g.

Fig. 1. Algorithm to decide whether L (B ) � L (A)

thereforeinvokeProposition11 to concludethatthereexistsan
A=B-con�guration� 2 with � 1

a� ! � 2 and� 2 � � 00
2 .

Now noticethat,sinceG00
1 � G0

1, G00
2 = SuccA (G00

1 ; t; a) �
SuccA (G0

1; t; a) = G0
2, andhence� 00

2 4 � 0
2. Combiningthis

factwith � 2 � � 00
2 , weeasilyseethat� 2 4 � 0

2, asrequired.
(Notethat< is alsoasimulation,but wewill notneedthis.)
Let W 2 H be a word and let � 2 H � 1(W ) be a corre-

spondingA=B-con�guration. We attachthe expressionsbad,
doomed, andsafeto W accordingto whetherthey respectively
apply to � . (Note that, in doing so, the particularchoiceof �
is unimportant,thanksto Corollary12.) If W is doomedandif
i 2 N is thelengthof ashortestpathfrom W to abadword, let
ussaythatW is i -doomed. Thus,in particular, badwordsare
0-doomed.

Proposition16: Let W; W 0 2 H be two words such that
W 4 W 0. If W 0 is i -doomed,thenW is j -doomedfor some
j 6 i .

Proof: Follows immediatelyfrom Lemma15andthefol-
lowing observation: for any A=B-con�gurations� and � 0, if
� 4 � 0 and� 0 is bad,thensois � .

Figure1 givesan algorithmfor decidingwhetherL (B ) �
L (A). This algorithm usestwo set variables,ToExplore and
Explored, in which to storewords.Its correctnessis thesubject
of Theorem17.

Theorem17: Let A andB be two timed automata,with A
having atmostoneclock. Thenthelanguageinclusionquestion
of whetherL (B ) � L (A) is decidable.

Proof: From Corollary 8, we know that L (B ) � L (A)
iff all initial words are safe. We now show that the latter is
preciselywhatthealgorithmgivenin Figure1 decides.

We �rst observe that the algorithmterminates:indeed,if it
did not, sinceToExplore is alwaysa �nite set,an in�nite col-
lectionW1; W2; : : : of wordswould over time beaddedto Ex-
plored, eachnew wordhaving thepropertythatit doesnotdom-
inate any of its predecessors.This would constitutean in�-
nite non-saturatingsequence,directly contradictingHigman's
lemma.

Next, it is clearthatif thealgorithmreturns̀ L (B ) * L (A)',
then that statementis accurate:somebad word is reachable
from oneof theinitial wordsin H 0. Ontheotherhand,if ToEx-
ploreevercomesto containabadword,thenthealgorithmwill
inevitably return`L (B ) * L (A)'.



We now claim that, if ToExplore ever comesto containa
doomedword, then eventually the algorithm will also return
`L (B ) * L (A)'. Suppose,on the contrary, that in a given
completeexecutionof the algorithm, the lowest doom index
achieved by ToExplore is somei > 1; i.e., at somepoint, an
i -doomedword W belongedto ToExplore, andfor every other
word V to have belongedto ToExplore, V waseithersafeor j -
doomed,for somej > i . SinceW is i -doomed,oneof its suc-
cessorsin Succ(W ) mustbe(i � 1)-doomed.ThuswhenW was
examinedin theinnerrepeat loop,it cannothavesatis�edthe
exit condition8 V 2 Explored � V 64 W , otherwiseSucc(W )
would have beenaddedto ToExplore, contradictingour mini-
malchoiceof i . It followsthattheremusthavebeensomeword
V 2 Explored with V 4 W , from whichwededuce,according
to Proposition16, thatV is j -doomedfor somej 6 i . But V 's
presencein Explored implies thatSucc(V )—which containsa
(j � i )-doomedword—wasat somepoint addedto ToExplore.
This again contradictsour minimal choiceof i andshows that,
if any initial word in H 0 fails to besafe,thenthealgorithmwill
return`L (B ) * L (A)', asrequired.

Remark18: WhydoesTheorem17 fail whenA is allowed
two clocks? As discussedearlier (andseealsoTheorem21),
Alur andDill showed in [5] that the languageinclusionprob-
lem of whetherL (B ) � L (A) is in generalundecidableif A
is allowed two (or more)clocks. It is thereforeinstructive to
point out wheretheconstructionandproof of our single-clock
decidability result breakdown when A is a timed automaton
with two clocks.

Recall �rst that, when A hasonly one clock, a stateof A
is a pair (s;u), wheres is a locationandu is a real number
representingthe value of A's single clock. When examining
a con�guration of A—i.e., a �nite setof statesof A—it is es-
sentialto know theorderingof thefractionalpartsof theclock
valuesof statesin thecon�guration: without this information,
it wouldbeimpossibleto accuratelypredicthow thecon�gura-
tion will tranformastimeelapses.In theconstructionandproof
of Theorem17,wekeeptrackof thisorderingby simply repro-
ducingit astheorderof thelettersin theword thatencodesthe
con�guration.

If A is now a timed automatonequippedwith two clocksx
andy, astateof A is a triple (s;u; v), wheres is a locationand
u andv are real numbersrepresentingthe valuesof clocksx
andy respectively. A con�gurationof A is again a �nite setof
statesof A. Note,however, that in orderto accuratelypredict
how a given con�guration will transformastime elapses,it is
necessaryat a minimumto know theorderingof thefractional
partsof thevaluesof clock x of statesin thecon�guration,as
well astheorderingof thefractionalpartsof thevaluesof clock
y of statesin thecon�guration.3 Noticenow that if eachstate
in the con�guration is representedby someletter, the order-
ing of theseletterscancaptureeitherthe orderingof the frac-
tional partsof clockx, or theorderingof thefractionalpartsof

3 It is in factalsonecessaryto know theglobalorderingof thefractionalparts
of all clockvalues,but let usdisregardthisadditionalburdenhere.

clocky, but notboth. It is thereforenotpossibleto encodetwo-
clockcon�gurationsaswordsandat thesametimepreserveall
necessaryinformationto accuratelypredicthow con�gurations
evolve over time.

Naturally, otherdiscretestructures(suchasdirectedgraphs
with colorededges)could easilybe usedto encodetwo-clock
con�gurations and retain the necessaryinformation. But no
suchstructurescouldthenbeequippedwith a wqo compatible
with thedominationorderoncon�gurations,aswenow demon-
strate.

Let A be a timed automatonwith two clocksx andy, and
let statesandcon�gurationsof A be de�ned asabove. Let us
saythat two A-con�gurationsG andG0 areequivalentif there
is a bijection from G to G0 thatpreservesboth theorderingof
thefractionalpartsof clock x of states,andtheorderingof the
fractional partsof clock y of states.4 We also say that G is
dominatedby G0, written G 4 G0, if thereexists G00 � G0

suchthatG is equivalentto G00.
It turns out that the dominationorder for two-clock timed

automata is not a wqo, so that any hope of guarantee-
ing terminationof an algorithm similar to that presentedin
Figure 1 is doomed. We illustrate this by exhibiting an
in�nite non-saturatingsequenceof two-clock con�gurations
G1; G2; G3; : : : . Thecontrol locationof all thestatesin these
con�gurationsis thesame,andmoreover all x andy clock val-
ueslie strictly between0 and1. As a result,eachcon�guration
can be representedas a �nite subsetof the openunit square
(0; 1) � (0; 1). For i > 1, con�guration Gi consistsof 2i + 2
points(states),arrangedon i distincthorizontallevels,or lines,
in aseesaw manner. Eachhorizontallevel holdstwo points,and
an extra point is addedto both the lowestandthe highestlev-
els.Thissequenceof con�gurationsis inspiredfrom anin�nite
antichainof permutationsdescribedin [28].

Ratherthangive a precisede�nition of our in�nite sequence
of con�gurations,we illustratein Figures2 to 4 thecon�gura-
tionsG3, G4, andG5, from which thegeneralpatternis easily
deduced.Note thatdottedlines indicatethevarioushorizontal
levels,whereassolid seesaw linesareonly usedasa visualaid
to highlight thegeneralpattern.We leave to thereadertheeasy
taskof checkingthat,for i 6= j , Gi 64 Gj , whichshowsthatthe
sequenceG1; G2; G3; : : : indeednever saturates.

4.2. Null-constant restriction
We now show that the languageinclusionquestionL(B ) �

L (A) is decidableevenif bothA andB areallowedarbitrarily
many clocks,providedthatA never comparesits clocksto any
constantotherthan0.

A timed automatonis said to be deterministicif it has a
uniquestart location,andif, whenever two transitionsfrom a
commonlocation are labeledwith the sameevent, then their
clockconstraintsaredisjoint.

4For simplicity, we areomitting in this de�nition otherrequirementssuchas
the preservation of control locationsand integral partsof clocks,etc., which
havenobearingonourmainargument.
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Fig. 2. Con�gur ation G3 of an in�nite non-saturating sequence of con-
�gur ations of a timed automaton with two clocks
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Fig. 4. Con�gur ation G5
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Fig. 3. Con�gur ation G4

The following resultmakesuseof a constructionsimilar to
thatgivenin [30].

Lemma19: Let A beatimedautomatonwith 0 theonly con-
stantappearingamongits clockconstraints.Thenonecancon-
struct a deterministictimed automatonA0 which acceptsthe
sametimed language:L (A) = L(A0). (In addition, A0 has
a single clock and usesonly the constant0 in its clock con-
straints.)

Proof: Let A beasabove. The ideais to constructa de-
terministicversionof the region automaton5 of A. We will in
additionequipthis region automatonwith a singleclock, soas
to keeptrack, on any transition,of whethera strictly positive
amountof time haselapsed(sincethe �ring of the last transi-
tion) or not. SinceA is itself unableto make any �ner timed
distinctions,theresultingautomatonwill beequivalentto it.

Let A = (� ; S; S0; Sf ; C; E), with C = f x1; : : : ; xM g the
setof clocksof A. A clock regionof A is simplyanM -tupleof
bits, with eachbit recordingwhetherits correspondingclock
has current value 0 or not. Let REG denotethe set of all
clock regions. De�ne a basiclocation to bea pair (s; r ), with
s 2 S a location of A, and r 2 REG a clock region. For

a 2 � , postulatea basictransition(s; r )
0;a
� ! (s0; r 0) if an im-

mediatetransitionbetween(s; r ) and(s0; r 0) is consistentwith
someimmediatetransitionof A, andpostulatea basictransi-

tion (s; r )
1;a
� ! (s0; r 0) if adelayedtransitionbetween(s; r ) and

(s0; r 0) is consistentwith some(strictly positive) time-delayed

5Theregionautomatonconstruction,introducedin [5], takesasinputatimed
automatonA andproducesanuntimedautomatonthatacceptstheuntimedlan-
guageof A : theverysamesequencesof events,without thedelays.



transitionof A.
Wenow constructadeterministictimedautomatonA0 asfol-

lows: its alphabetis thesameasthatof A, � . Its setof locations
is P(S � REG)—in otherwords, locationsof A0 aresimply
setsof basiclocations. Its uniquestart location is S0 � f ~0g,
where~0 representsthe region consistingentirely of null bits.
Theacceptinglocationsof A0 arethosewhich containat least
onebasiclocationwhose�rst componentis accepting(belongs
to Sf ). A0 hasa singleclock,z, which is reseton every transi-
tion. Lastly, for Q; Q0 two locationsof A0 anda 2 � , de�ne a

transitionQ
0;a
� ! Q0 if Q0 = f (s0; r 0) j 9(s; r ) 2 Q � (s; r )

0;a
� !

(s0; r 0)g, and likewise for Q
1;a
� ! Q0. In writing Q

1;a
� ! Q0

we denotethea-labeledtransitionfrom Q to Q0 which is con-
strainedby z > 0 andwhich subsequentlyresetsz, whereas

Q
0;a
� ! Q0 representsthe sametransition,but constrainedby

z = 0 ratherthanz > 0.
It is readilyseenthatA0 is deterministic,andthat it accepts

thesametimedlanguageasA. Thelatterrestson theobserva-
tion that,whenever A acceptsa timed trace� , A alsoaccepts
any timed tracewhich is identical to � except for the precise
non-zerovaluesof all strictly positive delays.

Theorem20: Let A and B be two timed automata,with 0
theonly constantappearingamongtheclock constraintsof A.
Thenthelanguageinclusionquestionof whetherL (B ) � L (A)
is decidable.

Proof: Follows immediatelyfrom Lemma19, the fact
that deterministictimed automatacan be complemented,the
fact that timed automataare closedunder intersection,and
the well-known fact that languageemptinessis decidable[5].
(Alternately, onecould directly invoke Theorem17, sinceby
Lemma19A is equivalentto a timedautomatonequippedwith
asingleclock.)

5. Undecidability of Universality with Minimal
Resources

In Section4, we examinedtwo decidableinstancesof the
languageinclusionproblembetweentimed automata.It turns
out that theseare, for all practicalpurposes,the only decid-
able instances,at leastin termsof placing restrictionson the
resourcesof timedautomata(numberof clocks,numberof lo-
cations,magnitudeof clockconstraints,andsizeof alphabet).

To make this statementmoreprecise,we considera special
caseof languageinclusion, namely the universality problem
(whethera timed automatonacceptsevery timed trace). For
arbitrarytimedautomata,this problemwasshown to beunde-
cidablein [5]. Wesharpenthis resultin thefollowing theorem:

Theorem21: For A a timed automaton,the universality
questionof whetherL (A) = TT remainsundecidableunder
any of thefollowing restrictions:

1) A hastwo clocksandaone-eventalphabet6, or
2) A hastwo clocksandusesasingle(non-zero)constantin

clockconstraints,or
6Overstronglymonotonictime,we requiretwoeventsin A 'salphabet.

3) A hasasinglelocationandaone-eventalphabet6, or
4) A hasa singlelocationandusesa single(non-zero)con-

stantin clockconstraints.
Remark22: Werecallthatdiagonalclockconstraints(of the

form x � y ./ k) arenot allowed in our modelof timed au-
tomata.This restrictionconsiderablycomplicatescases(3) and
(4), sincemultiple locationscannotsimplybeencodedthrough
theorderingof clockvalues,asis otherwisestandard[30].

Proof: (Sketch.) In all four cases,the ideaof the proof
is similar to that presentedby Alur and Dill in [5]. Given a
two-countermachineM , oneconstructsa timedautomatonA
satisfyingthe relevant restrictionsandwhich moreover rejects
preciselythosetimed tracesthat correspond(via a certainen-
coding) to the halting computationsof M . It follows that M
haltsiff L (A) 6= TT . Sincethehaltingproblemis undecidable
for two-countermachines,sois theuniversalityproblemfor the
correspondingtypeof timedautomata.

Note that Alur and Dill' s result imposesno restrictionson
timed automata,contraryto Theorem21. Our encodingsand
constructions—inparticularthosepertainingto cases(3) and
(4)—arethereforesigni�cantly moreintricate. Full detailscan
befoundin [23].

Note, of course,that the assertionL(A) = TT reducesto
L(B ) � L (A), if B is chosento beany timedautomatonthat
acceptsevery timedtrace.

An interestingconsequenceof Theorem21 (cases(1) and
(3)) is that the `communication'structureof timed automata
playsnorolein theundecidabilityof universality. Thissuggests
thatthetypeof questionsconsideredin this paperareno easier
to handlein anevent-lesstimedframework thanthey arehere.

6. Conclusionand Futur eWork
Themaincontributionof thispaperis analgorithmto decide

the timed automatonlanguageinclusion questionof whether
L (B ) � L (A), providedA hasatmostoneclock. Wehavealso
shown thattheproblemis decidableif theonly constantappear-
ing amongtheclock constraintsof A is zero. Moreover, these
two casesare essentiallythe only decidableinstancesof lan-
guageinclusion,in termsof restrictingthe resourcesof timed
automata.

From a practicalpoint of view, our main decidabilityresult
enablesthe automatedveri�cation of timed systemsagainst
functional speci�cations expressedas �nite-state machines
equippedwith asingleclock. Webelievethisto beasubstantial
improvementin expressivenessover (untimed)�nite-state ma-
chines,althoughthefeasibility andusefulnessof this approach
will needto bedemonstratedthroughcasestudies.

Finally, let us list three interesting directions for future
work:

� Whatis thecomplexity of ouralgorithm?
� Canwe extendour decidabilityresultto Büchi timed au-

tomata?
� Are therealternate(e.g., logical) characterizationsof the

languagesacceptedby single-clocktimedautomata?
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