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Abstract

e considerthe language inclusion problemfor timed automata:
giventwo timedautomataA andB, are all thetimedtracesaccepted
by B also acceptedoy A? While this problemis knownto be un-
decidable we showhere that it becomesiecidableif A is restricted
to havingat mostoneclodk. Thisis somevhat surprising sinceit is
well-knownthat there exist timed automatawith a single clodk that
cannotbe complementedThe crux of our proof consistsin reducing
the language inclusionproblemto a readability questionon anin -
nite graph; wethenconstructa suitablewell-quasi-oderon thenodes
of this graph,which ensuestheterminationof our seach algorithm.

e also showthat the language inclusion problemis decidableif
the only constantappearingamongthe clock constaintsof A is zeo.
Moreover, thesetwo casesare essentialljthe only decidableinstances
of language inclusion,in termsof restrictingthe variousresoucesof
timedautomata.

1. Intr oduction

Timedautomatavereintroducedby Alur andDill in [5] and
have sincebecomea standaranodelingformalismfor real-time
systems.Unfortunately the algorithmic analysisof timed au-
tomatais limited by the undecidabilityof the languagenclu-
sion problem(giventwo timed automataA andB, areall the
timedtracesacceptedy B alsoacceptedby A?)[5]. In spiteof
this hindrancetherehasbeenmuchresearchn thelastdecade
onvariousaspect®f timedlanguagenclusion—seee.g.,[29],
[20], [18], [10], [13], [24], [6], [27], [12], [7], [22], [26], [25].
In this paper we shawv that, if the timed automatonA is re-
strictedto having a single clock, the languagenclusionques-
tion of whetherL(B) L (A) becomeslecidable.

Thisis someavhatsurprising sincethevastmajority of decid-
ableinstance®f languagénclusionamongbothtimedandun-
timed computationamodelsproceedby complementatioand
emptinesscheckingof the intersection[16]: L(B) L(A)
iff L(B)\ L(A) = ;. However, it is well-known that there
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exist timedautomatawith asingleclock thatcannotbecomple-
mentedwhich precludesary (direct) useof the abore equiva-
lence.

We solwe the timed automatorlanguageinclusion problem
L(B) L(A), in which A is assumedo have at mostone
clock, by convertingit to a readability problemon anin nite
“joint statespace'of A andB . This procedurgequiresusto de-
terminizeandcomplemen# on-the- y, creatinganunbounded
object. Fortunately we are ableto constructa suitablewell-
guasi-ordeonthe statespacewhich ensuregermination.

We alsoshawv thatthe timed automatorlanguagenclusion
problemL (B) L (A) is decidableif the only constantap-
pearingamongthe clock constraintof A is zero(in this case,
of course,both timed automataare allowed arbitrarily mary
clocks). Interestingly no othersetof “reasonabletestrictions
ontheresoucesof timedautomatgnumberof clocks,number
of locations,magnitudeof clock constraintsandsizeof alpha-
bet)yieldsa decidabldanguageanclusionproblem.

The resultspresentedn this paperpaint a fairly complete
theoreticapictureof thelanguagenclusionproblemfor timed
automata.We believe thatthey alsohave promisingpractical
applicationsaswe now argue.

In softwareengineeringit is commonto have severalrepre-
sentation®f a systemunderdevelopmentat differentlevels of
abstraction.Oneof the mostwidespreadbstractiorandspec-
i cation formalismsis thatof nite-state madines—see,e.g.,
[11], [19], [21], [8]- Theintentionis thatmoreconcreterepre-
sentationsof the system,including in particularary proposed
implementationshouldalwaysconformto the abstractspeci -
cation. A standarchotion of conformances thatof (untimed)
languagédnclusion: every traceof the systemshouldalsobe a
traceof the speci cation. Unfortunately nite-state machines
aretime-abstact, in thatthey do notincorporatdiming details.
However, for mary systemgsuchascommunicatiorprotocols
or plantcontrollers) timing considerationsanbecrucialto en-
surecorrectnessk-or thisreasonmary researcheradwcatethe
useof timed nite-state machinesto represenspeci cations,
with timedlanguagénclusionasthe conformanceelationbe-
tweenimplementatiorand speci cation—seeg.g.,[29], [10],
[6], [25], [18].

Although this notion of conformancebetweenan imple-
mentationand a timed speci cationis easyto state,verifying



whetherit holds, as discussedabove, is in generalundecid-
able. The mainresultof this paper which providesan algo-
rithm to checktimed languagédnclusionbetweenimplementa-
tions and single-clo& timed speci cations,opensthe way to
theformal hierarchicaimodelingandautomatedreri cation of
alargeclassof systemspnesuchexampleis the protocolTCR,
usedto transmitinformationoverthelnternet whosefunctional
speci cation can be given asa nite-state machineequipped
with asingleclock [17, pagesl5-23].

Related work. The rst paperto considerthe timed au-
tomatonlanguageinclusion questionL (B) L(A) was[5],

in whichtheundecidabilityof thegeneraktasewasestablished.

Although the proof was only sketchedi,it clearly shoved that
the problemis undecidablevenif A is restrictedto having two
clocks. On the otherhand,the papers region automatoncon-
struction,drawing on earlierwork [4], shavedthatthe problem
is decidabldf A is not permittedthe useof ary clock. There-
mainingcase—A having asingleclock—hasto the bestof our
knowledge,never beenstudiedbefore.

Several researcherbave investicatedtimed automatoran-
guageinclusionundervariousotherassumptionsAmong oth-
ers, we notethe useof (i) topologicalrestrictionsand digiti-
zationtechniques[12], [7], [26], [22], [25]; (ii) fuzzy seman-
tics: [10], [13], [24]; (iii)) determinizablesubclassesf timed
automata[6], [27]; and(iv) timedsimulationrelationsandho-
momorphismsf29], [20], [18].

Most decisionalgorithmsfor timed automataare basedon
clodk region constructiong4], [5]. Clock regionspartitionthe
denseg(in nite) statespaceof clocksinto nitely mary pieces,
in suchaway thattheresultingguotientexhibits the samegual-
itative behavior astheoriginal system.Unfortunatelythisrela-
tionshipis notstrongenougho presere quantitativeproperties
suchastimedlanguagenclusion.

Althoughthe constructionave usein this paperrely in part
on clock regions, they give rise in generalto objectsthat are
intrinsically in nite. We areableto ensureterminationof our
algorithmby carefully manufcturingandexploiting a suitable
well-quasi-oder (wqo) on our statespace.The useof wqosto
provide terminationguaranteegor algorithmsthat operateon
in nite structuresis certainly not new: other decidability re-
sultsinclude questionsof readability, maintainability, termi-
nation, coverability/sub-cwerability of markings(in Petrinets),
andsimulationby/of nite-state madines We referthereader
to the excellentsuneys [3], [9] for moredetailson thesemat-
ters. To our knowledge,however, our work is the rst to apply
thetheoryof wgosto alanguage inclusionproblem.

Thewqgowe usein this paperrelieson Higman'slemma[15]
andis obtainedthroughan elaborategprocessn which, among
others,we demonstratéhe wqo's compatibility with the deci-
sionproblemathand.Otherapplicationsof wgosbasednHig-
man's lemmaincludereachabilityalgorithmsfor lossychannel
systemg1] andparameterizedetworksof timedprocessep];
additionalexamplescanbe foundin thetwo suneys cited ear
lier.

Structur e of the paper. Thenext sectionbrie y reviewsthe
necessarynaterialon well-quasi-orderandHigman's lemma.
Section3 thencarefully presentghe modelof timed automata
we shall usein this paper along with relatedde nitions and
conventions. We alsogive an exampleof a single-clocktimed
automatorthatcannotbe complementedin Sectiord, we state
and prove both of our languagenclusiondecidability results.
Sectionb thenpresentsa numberof undecidabilityresultsabout
the universality problem,a specialcaseof languagenclusion.
Together Sections4 and5 essentiallycharacterizehe decid-
ableinstance®f thelanguageanclusionproblemasa function
of theresourcesllocatedto timed automata Lastly, Section6
offersconclusionsanddiscussefuturework.

2. Well-Quasi-Ordersand Higman's Lemma

GivenasetQ, aquasi-oder! onQ is are exive andtransi-
tiverelation4 Q Q.

Anin nite sequencéq; gp;:::iin Q issaidto besatumating
if thereexist indicesi < j suchthatg 4 ¢ . A quasi-order
4 is awell-quasi-oder (wqo for short)on Q if every in nite
sequencén Q is saturating.

Letv beaquasi-ordeon . De ne theinducedmonotone
dominationorder 4 on , thesetof nite wordsover , as
follows: a; :::am 4 by:::h, if thereexistsastrictly increas-
ing functionf : f1;:::;mg! f1;:::;ng suchthat,for all
1616 mavVv bf(i)-

Thefollowing resultis knowvn asHigman'slemma[15]:

Lemmal: If v isawgoon , thentheinducedmonotone
dominationorder4 is alsoawgoon

Example2: Let = fA;B;:::;Zg bethe standardRo-
man alphabet,and de ne the relationv on to be equal-
ity: x v yiff x = y. v is clearly a wgo since is
nite. The induced monotonedomination order 4 on
is then none other than the “subword' ordet For example,
HIGMAN 4 HIGHMOUNT AIN sinceHIGMAN is a sub-
word of HHGHMOUNTAN. Higman'slemmastateghat4 isa
wgo: if onestartswriting down anunendingsequencef words,
onewill eventuallywrite down a supervord of anearlierword
in thesequence.

3. Timed Automata

Let C bea nite setof clocks,denotedx; y;z, etc. We de-
ne theset ¢ of clock constraintsover C via the following
grammay wherek 2 N standsfor ary non-neative integer,
and./ 2 f=;<; >; 6;>gisacomparisoroperator:

s=true jxJkijooj]o N ]

De nition 3: A timed automaton is a

( 3S;S0;St;C;E), where
isa nite set(alphabetpf events,
Sisa nite setof locations,

six-tuple

1 Also sometimesalleda preorder.



Sy Sisasetof startlocations,

St Sisasetof acceptindocations,

C isa nite setof clocks,and

E S S ¢ P(C)isa nite setof transitions.
A transition(s;s% a; ; R) allows ajump from locations
to s°, communicatingventa 2 in theprocessprovided
the constraint on clocksis met. Afterwards,the clocks
in R areresetto zero,while all otherclocksremainun-
changed.

Remarkd: One nds mary variantsof thede nition of timed
automatonn theliterature:allowing diagonalclock constraints
(of theform x vy ./ k); allowing rational, ratherthaninte-
ger, boundsin clock constraints;addinginvariant clock con-
straintsto locations. It is however not dif cult to verify that
our main resultsextend straightforvardly to any combination
of thesevariants.

For the remainderof this section,we areassuminga x ed
timedautomatoA = ( ;S;Sg; St C;E).

A clock valuationis a function : C ! R*, whereR*
standsfor the non-ngative real numbers.If t 2 R*, we let

+ t betheclockvaluationsuchthat( + t)(x) = (x)+ t for
allx 2 C.

A stateof A isapair(s; ), wheres 2 S is alocationand
is aclock valuation.

A run of A is a nite alternatingsequencef statesandde-
layed transitionse = (so: o) 1% (s1; 1) 217 i
(Sn: n), wheret; 2 R* and ; = (si 1;si;a; i;Ri) 2 E,
subjectto the conditions:

1) forall06i6 n 1, +tj, satises j+1,and

2) forall06 i 6 n 1, js1(X) = j(X)+ tj+1 forall

X2 CnRjs,and j+1 (X) = Oforall x 2 Rjsq .
Eacht; is interpretedasthe time delay betweenthe ring of
transitions,andeachstate(s;j; i), fori > 1, recordsthe data
immediatelyfollowing transition ;. We often akusenotation
andwrite runsin theform (so; o) 1P (s1; 1) 2102 o:: it
(sn; n) tohighlighttherun's events.

An A-con guration is a nite setof statesof A. Givenan
A-con gurationG, aG-initialized runis arunwhoserst state
belongsto G. An acceptingrun, on the other hand,is a run
whoselaststatebelongso S; .

A timedeventis a pair (t; a), wheret 2 R* is adelayand
a2 isanevent. A timedtraceis a nite sequencef timed
events,in which eachdelay representshe time elapsedsince
theoccurrencef the previousevent(or sincetime 0 in thecase
of the rst event). Wewrite TT to denotethe setof all timed
traces. _

Givenarune = (Sg; o) (s1; 1) 212
(sn; n), we produce an associatedtimed trace tt(e) $
h(ts;a1); (t2;az); 00 (th; an)i.

Let G be an A-con guration. We de ne the G-initialized
timedlanguage of A to betheset

tnin

tl'la]_ tnian

L(A[G]) b ftt(e) j eis anacceptings-initialized run of Ag

of dense-timdimedtracesacceptedy A, whenstartedn con-
guration G. A very importantspecialcaseis thatin which
G =Sy fO0g, where0 is the clock valuationmappingevery
clockto 0. In thatcasewe write
L(A) b L(A[Sy fO0q])

to denotethe timedlanguageacceptedy A (from its standard
initial con guration). Anothernotableinstances thatof a sin-
gletonA-con guration G = f(s; )g, in which casewe write
L(A[(s; )] ratherthanL (A[f(s; )g]). Lastly, obsere that
L(AGD = .

Remarks: Thereademwill have noticedthatour timedtrace
semanticds weaklymonotonic in that multiple eventsare al-
lowed to occur “simultaneously'(i.e., with no delay between
them). None of the resultsof Section4 are affectedif one
adoptdnsteada stronglymonotonicsemanticsin which all de-
laysarerequiredto bestrictly positive. Theeffectsof astrongly
monotonicsemanticoon Theorem21 in Section5 arelistedin
afootnoteattachedo the statemenbf thetheorem.

Examples: We reproducebelov from [5] an exampleof a
timedautomatoR A, equippedwith a singleclock, thatcannot
be complementedtheredoesnot exist a timed automatonA°
suchthatL (A% = TT nL(A).

x=17?

Thecomplemenbf L (A) containsall timedtracesin whichno
pair of a's is separatedy exactly one time unit. Intuitively,
sincethereis no boundon the numberof a's thatcanoccurin
ary unit-durationtime intenal, arny timedautomatorcapturing
the complemenbf L (A) would requirean unboundedumber
of clocksto keeptrackof thetimesof all thea'swithin thepast
onetime unit. A formal proofthatA cannotbe complemented
is givenin [14].

4. DecidableCasesof Languagelnclusion

We now presentwo decidablenstanceof the languagen-
clusionproblemL(B) L(A), whereA andB aretwo timed
automataThemainresultis Theoreml?in Section4.1,which
assertsthat the problemis decidableprovided that A is re-
strictedto having atmostoneclock. Theoren0in Sectiord.2,
ontheotherhand,stateghatthe problemis alsodecidabldf A
doesnot male useof constantotherthanO in its clock con-
straints.

20ur representatiomf timed automatafollows standardpractice: start lo-
cationsare depictedwith an incomingarrov not originating from ary other
location,andacceptindocationsaredoublycircled. Clock constraintsaredec-
oratedwith questionmarks(?), whereasclock resetsuseassignmensymbols
(:=). Therestof thenotationis self-explanatory



4.1. Single-clockrestriction

The main result of this sectionis Theorem17, which we
presentafter some preliminaries. We shall assumethrough-
outtwo x edtimedautomata = ( A;S”;Sf;SA; CAEA)
andB = ( B;SB;S§;SP;CB;EB), with A having asingle
clock x. Let usmoreoer postulatewithout lossof generality
thatA andB sharethesamealphabet = # = B anddo
nothave ary otherdatain common.

The overall stratgyy for decidingwhetherL(B) L(A) is
to explore a certain’joint statespace'of A andB, eithermak-
ing surethroughoutthat whenerer B can accepta particular
timedtracethensocanA, or otherwiseansweringhelanguage
inclusionqueryin thenegative. As describedthis proceduree-
quiresthatA bedeterminizedandthereforeinvolvesexploring
a potentiallyin nite statespace.We ensureterminationboth
by determinizingA on-the- y, asneededandby constructing
a suitablewell-quasi-ordemwhich forcesus only to explore a
nite portionof theentirestatespace.

Since A hasonly one clock, statesof A are simply pairs
(s;u), with s 2 SA, andu 2 R* representinghe value of
clockx. De ne anA=B-con guration to bea pair (G; (q; )),
whereG is anA-con guration (a nite setof statesof A), and
(g; ) isasinglestateof B.

Intuitively, an A=B -con gurationwill beusedto represena
particularstatethatB canbein having performedsometimed
trace , togethemwith the setof all stateghatA canbein hav-
ing performedhesamedimedtrace . A=B-con gurationscan
thereforebeviewedasstatesf the 'synchronougparallelcom-
position' of A andB, in which A hasbeendeterminized.

For (g, ) astateof B,t2 R*,anda2 |, let

sucé (g )ita) b f(a® 9Yj(q ) T (o% Y9

be the setof (t; a)-successostatesof (g; ). A similar de ni-
tion yieldsa functionSucé for thetimedautomator, which
welift to A-con gurationsin the obviousway:

Sucd(G;t;a) b F(s%u9)j 9(s;u) 2 G (s;u) P (s%u9g:

Note that Sucé' (G;t; a) is again an A-con guration, albeit
possiblyempty

Let 1 = (Ga;(tn; 1)) and 2 = (Gz;(; 2)) betwo
A=B-con gurations,andleta 2  beanevent. Postulatean
a-transitionfrom , to 5 (written f 2) if thereex-
istst 2 R* suchthatG, = Sucé (Gi;t;a) and(cp; ») 2
Suc® ((ou; 1);t; a); morewver, if t = Oisavalid suchwitness,
we saythatthe a-transitionis immediate In this way, we view
the collectionof all A=B-con gurationsasanin nite labeled
transitionsystemG. For and °two A=B-con gurations,
we saythat Cis readablefrom if thereexistsa nite path

¥ .00 % %om to %inG. Weincludepathsof length
0in thisde nition, sothatary A=B-con gurationis reachable
fromitself.

Let (G;(qg; )) be an A=B-con guration. We say that
(G;(q; )) is badif bothq is accepting(q 2 S£), andnone

of the statesin G areaccepting(for all (s;u) 2 G, s 2 S?).
We also say that (G; (q; )) is doomedif somebad A=B -
con gurationis reachabldrom (G; (q; )). In particular every
bad A=B -con guration is doomed. An A=B -con guration is
safeif it is notdoomed.

Lemma7: For ary A=B-con guration =
L(B[(g )) L(A[Q)) iff issafe.

Proof: Suppose rst that is safe, and let
Hti;a1);::; (th;an)i 2 L(B[(g; )]). Thereis thenacorre-
spondingpath ¥ o L= (Ghi(oh: n))
in G, whereq, 2 SfB. Since is safe, ,, cannotbe bad,
andthereforetheremustbe some(s;u) 2 G, with s 2 Sf*.
We concludethat A musthave a G-initialized run endingin
(s;u) thatyieldsthetimedtraceh(t1;a;1);::: ; (tn; an)i, which
shavsthatL (B[(q; )]) L(A[G]) asrequired.

The other direction proceedssimilarly and is left to the
reader |
Let us call ary A=B-con guration of the form (S§
f0g; (g;0)), with g 2 SF, aninitial A=B-con guration. (Re-
call that 0 standsfor the clock valuationthat mapsall of B's

clocksto 0). We now have:

Corollary 8: L(B) L(A) iff all initial A=B-con gura-
tionsaresafe.

Proof: Followsimmediatelyfrom Lemma7. ]

Corollary 8 thereforereducesour languageinclusion ques-
tionL(B) L(A) to areachabilityqueryon thein nite la-
beledtransitionsystemG. We now constructan equivalence
relationon G by encodingA=B -con gurationsaswordsover a
certainalphabet.This will enableusto de ne a suitablewell-
guasi-ordeontheresultingquotientlabeledtransitionsystem.

Let K bethelargestconstantappearingn ary of the clock
constraintof A andB. We partitionR* into a nite collection
of one-dimensionategionsREG b frg;rq1;::: ;rok+1 0, as
follows: for06 i 6 K, ry b figandry+ b (iji + 1), and
rok+1 B (K;1).

Let PP (S* REG)[ (SB CB REG) beanal-
phabetithe letters'it containsare nite setsof pairs(s;r) and
triples (q;y;r), wheres and g are locationsof A andB re-
spectvely, y is aclock of B, andr is aregion. Since , be-
ing nite, is clearly well-quasi-orderedy setinclusion, Hig-
man's lemmastatesthatthe set  of nite wordsover is
well-quasi-ordereddy the induced monotonedominationor-

(G (a ),

derd: 1::: m 4 1::: q if thereexistsa strictly increas-
ing functionf : f1;:::;mg! f1;:::;ng suchthat,for all
16 i6 m, ; i (iy- Notethatthis orderis differentfrom

the subword' orderseenn Example2.
We now explain how to associatéo any A=B-con guration
= (G;(q; )) acanonicalwordH() 2 . Letusassume
thatthetimedautomatorB hasM clocksyy;:::;ym . If G =
f(s1;up);:::;(sk; Uk)g, we can rst equialently represent
astheset

f(si;regu;);ui)j16 i 6 kg
f(agyired (v); (%)il6j6 Mg;



wherereq(t) 2 REG denotegheregionto whichtherealnum-
bert 2 R* belongsandt 2 [0; 1) representthefractionalpart
of t.
Since every pair (sij;reg(ui)) and every triple
(a;yj;red (y;))) correspondsto a (singleton) letter of
, We caninsteadwrite as

f( ;v)jl616 k+ Mg;

whereeach | is oneof the -lettersin question(of the form
f(si;regui))gorf(ay;;red (y;))a), andeachy, is its as-
sociatedractionalpart(of theform oy or  (y;)).

Finally, letusgrouptogether -letterswhoseassociatedtac-
tional partsareidentical,yielding a new setof -letterspaired
with fractionalparts

f(i;w)jl6i6 pg

asrepresentationf . Hereeach j isaunionof s, andthe
fractionalpartsw; areall distinct;formally: ; = f , jv =
w; g, andp is the numberof suchnew pairs,i.e., thetotal num-
ber of distinctfractionalpartsin . Notethatsomeof the ;'s
maywell still be singletonsWe thenlet

H() ®

|Zl |Z2

where z;:::z, is the permutation of 1:::p that puts
Wz, @ 11Wz, inascendingrder

Example9: Let s;;s, be two locations of the timed au-
tomaton A, and let g be a location of the timed automa-
ton B. Supposethat B hastwo clocks, y; andy,. Let
G = f(s1;0:0); (51;0:3); (s1; 1:2); (s2; 0:4); (s2; 1:0)g be an
A-con guration,andlet (q; ) beastateof B, where (y;) =
0:8and (y2) = 1:3. Finally, let = (G;(q; )) beanA=B-
con guration.

Write rq to representhe region f Og, r} to representhere-
gion (intenval) (0; 1), ry to representhe region f 1g, andr? to
representheregion (intenal) (1; 2). ThenH () istheb5-letter
word

n on o]
(s1:r0);(s2:r1) (Sl;r%)
on on
(s2;13)

n (0]
CHHHCIZHE) (AGyLrd)

We saythattwo A=B -con gurations and Careequivalent

written Oif H() = H( 9. Wealsosaythat is domi-
natedby © written 4 O if (writing °= (G;(q; ))) there
existsG® G suchthat (G%(q; )). Theoverloadingof

4 isjusti ed in view of thefollowing:
Proposition10: For ary A=B-con gurations and % 4
Oiff H() 4 H( 9.
Proof: By straightforvardinspectionof therelevantde -
nitions. ]
We earliershavedthattheassertiorL. (B) L (A) is equiv-
alentto shawing that no bad A=B -con guration is reachable

in G. Unfortunately sincethereare uncountablymary A=B -
con gurations, it is necessaryo reasonin termsof -words
instead.In the next few propositionswe develop the required
machineryto do this.

We begin by shaving that  is abisimulationrelation:

Proposition11: For ary A=B-con gurations i1; ¢ and
eventa?2 ,if ; 9 then

1) for ary , suchthat ; i 2, thereexists 9 with
% 9and , g,

2) forary 9 suchthat ¢ ¥ 9 thereexists , with

1 ii 2 and 2 8
Proof: Let 1; 9 beA=B-con gurationssuchthat

2, andlet , beanA=B-con gurationwith ; fo, we
mustshaw thatthereexistsan A=B -con guration 9 suchthat

9 f 9and , 9.

Thetransition ; T > canbe decomposednto a time
evolutionfrom ;to 1+ t (for somet 2 R), followedby an
immediatetransition |+t 2. Here 1+ t representthe
resultof addingt to all clock valuations(of bothA andB) in

1.
Write 1 = (G;(g; )) and ? = (G%(d% 9). Since 3

9, wehaveq = q°. Moreover, and °mustagreeon (i) the
integer partsof all clocks (if no greaterthanK), (ii) whether
or not clockshave null fractionalpart,and(iii) the orderingof
the fractional partsof all clocks. It easily follows that there
mustexist t° 2 R* suchthat + t and %+ t®arealsoin
similar agreementmorewer, sincethe relationship ; 9
alsorequiresthe global matchingof the integer andfractional
partsof the clock valuationsin both G and  with thosein G°
and © wecanin fact nd t%suchthat |+t 9+ tC

Theagreementlescribecabore between + t and %+ t%en-
tailsthat,for ary clockconstraint 2 cs, + tsatises iff

%+ t%satis es  (aformalproofof thisfactis aneasystructural
inductionon ). Thesameof courseholdsfor clock valuations
in G andG® with respecto clock constraintdn ¢ . Conse-
quently ; + tand 9+ t°enableexactly thesametransitions
of thetimedautomataA andB.

Let usthereforede ne 9 to be the A=B -con guration ob-
tained from 2 + 0 upon immediately taking the samea-
transitionsasthoseassociatedith thejump 1+t ¥ 5. Ob-
sene that, upontaking thesetransitions,correspondinglocks
in 1+tand 9+ tPare(inboth ;+tand 9+ t9 eitherleft
unchangedor resetto zero. Since 1 + t 9+ 10 it easily

followsthat » 9, asrequired. [ |
Corollary 12: Therelation preseresbadnessgoom,and
safety: for ary A=B-con gurations 0 isbadiff %is

bad, isdoomedff Cisdoomedand issafeiff Cis safe.

Proof: The caseof badnesss immediate whereagiloom
andsafetyfollow from the preseration of badnessandPropo-
sition 11. ]

We arethereforeonly interestedn A=B-con gurationsup

to -equivalenceandthusde ne a quotientlabeledtransition



systemH asfollows:

Hbd G= HfH() j isanA=B-con gurationg;

and,forW;; W, 2 H anda 2 |, postulateatransitionW; f

W, if, forall 12 H 1(W,)thereexists » 2 H (W) with
1 T . Lastly let

Hob fH() j Iisaninitial A=B-con gurationg
denotethe ( nite) setof initial wordsof H.

Corollary 13: ForanyW1;W, 2 Handa2 ,W; W,
iff thereexist A=B-con gurations ; 2 H (W;) and , 2
H Y(Wy)with , | .

Proof: Followsimmediatelyfrom Propositionl1. |

GivenawordW 2 H, let

SucdW) b fW°2Hj9a2 w f w%
denotethe setof successoref W in H.

Proposition14: For ary word W 2 H, the setSucqW) is
nite andeffectively computable.

Proof:  Given W, it is easyto constructan A=B-
con guration suchthatH () = W. Then,givenarya?2
note that thereare only nitely mary A=B-con gurations ©°
with transition ¥ %immediatelyenabledthelist of which
canreadilybe computed.

Next, obsere that, for any t 2 R*, H( + t) is aword
with the samenumberof lettersasW, the nite collection of
which is alsostraightforvard to enumerate For eachof these
words,andfor every eventa 2, computingthe immediate
a-successorsanagain be doneeffectively by simply examin-
ing a correspondingA=B -con guration. Note that, according
to Corollary 13, the particularchoicesof A=B-con guration
we make to computesuccessorgre unimportant. Sincethe
functionH , which corverts A=B -con gurationsbackinto H -
words,in clearlycomputableywhatwe have justdescribeds an
effective algorithmto generatehe setSucdW). |

Next, we shawv thatthewqo 4 onH is asimulationrelation:

Lemmal5: LetW;; W? 2 H betwo wordssuchthatW; 4
WL, Then,forarya 2 ,WJ$ 2 H, andtransitionw?
WJ, thereexistsaword W, 2 H suchthatw; ¥ W, and
Wy 4 WD,

Proof: Let W;, WP, andW} beasabove, andlet ; 2
H Y(wWyp), 22 H Y(wW),and 92 H }(WJ) besuchthat
thereis atransition 9 ¥ 9. By Corollary13, it sufces to
shaw thereexists , 4 9suchthat ; T 5.

Write 1 = (Gui(a; 1)), § = (GP:(af; 9)), and

9 = (G;(; 9). Since ¢ ¥ 9, by de nition there
mustbe somet 2 R* suchthatGJ = Sucé' (GY;t; a) and
(8 9) 2 Suc@ ((f; 9);t;a). Sincewy 4 WP, 14 9,
i.e., thereexists G?  GY suchthat (GZ (g, D).
write 9= (GP (f; 9)), GP= Sucé (G t; a), and P=
(GZ(F; 9)). Wethenhave ;  Pand 9 ¥ 92 Wecan

let ToExplore = Hy
let Explored = ;
repeat forever
repeat
if ToExplore=; return ~L(B)
remove some W from ToExplore
if W is bad return "“L(B)* L(A)
8V 2 Explored V 8 W
ToExplore = ToExplore[ SucdW)
Explored = Explored [ fWg.

Fig. 1. Algorithm to decide whether L (B)

L(A)'

until
let
let

L(A)

thereforeinvoke Propositionl1to concludethatthereexistsan
A=B-conguration pwith ; ¥ ,and , 0

Now noticethat,sinceGP G, G3°= Sucé (G2 t; a)
Sucé (G§;t;a) = G3, andhence 4 9. Combiningthis
factwith 9% we easilyseethat , 4 9, asrequired. B

(Notethat< is alsoa simulation,but we will notneedthis.)

LetW 2 H beawordandlet 2 H (W) bea corre-
spondingA=B -con guration. We attachthe expressiongad
doomedandsafeto W accordingto whetherthey respectiely
applyto . (Notethat,in doing so, the particularchoiceof
is unimportantthanksto Corollary12.) If W is doomedandif
i 2 N isthelengthof ashortespathfrom W to abadword, let
ussaythatW isi-doomed Thus,in particular badwordsare
0-doomed.

Proposition16: Let W;W° 2 H be two words suchthat
W 4 WO If Wlisi-doomedthenW is j -doomedfor some
j 61i.

Proof: Followsimmediatelyfrom Lemmal5 andthefol-
lowing obsenation: for ary A=B-con gurations and © if

4 O%and %isbad,thensois . [ |

Figure 1 gives an algorithmfor decidingwhetherL (B)
L(A). This algorithm usestwo setvariables,ToExploe and
Explored, in whichto storewords. Its correctnesss the subject
of Theoreml7.

Theoem17: Let A andB be two timed automatawith A
having atmostoneclock. Thenthelanguagenclusionquestion
of whetherL(B) L(A) isdecidable.

Proof: From Corollary 8, we know thatL(B) L(A)
iff all initial words are safe. We now shaow that the latter is
preciselywhatthealgorithmgivenin Figurel decides.

We rst obsere that the algorithmterminates:indeed,if it
did not, sinceToExploe is alwaysa nite set,anin nite col-
lectionW; W5;::: of wordswould over time be addedto Ex-
plored eachnew word having thepropertythatit doesnotdom-
inate ary of its predecessorsThis would constitutean in -
nite non-saturatingsequencedirectly contradictingHigman's
lemma.

Next, it is clearthatif thealgorithmreturns'L(B) * L(A)',
thenthat statemenis accurate:somebad word is reachable
from oneof theinitial wordsin Hy. Ontheotherhand,if TOEXx-
plore ever comego containa badword, thenthe algorithmwill
inevitably return°'L(B) * L(A)".



We now claim that, if ToExploe ever comesto containa
doomedword, then eventually the algorithm will also return
L(B) * L(A)'. Supposepn the contrary thatin a given
completeexecutionof the algorithm, the lowest doom index
achieed by ToExploe is somei > 1; i.e., at somepoint, an
i-doomedword W belongedo ToExploe, andfor every other
wordV to have belongedo ToExplok, V waseithersafeor | -
doomedfor somej > i. SinceW is i-doomedponeof its suc-
cessorén SucdW) mustbe(i 1)-doomed.ThuswhenW was
examinedn theinnerrepeat loop,it cannothave satis edthe
exit condition8V 2 Explored V 8 W, otherwiseSucdW)
would have beenaddedto ToExploe, contradictingour mini-
mal choiceof i. It follows thattheremusthave beensomeword
V 2 Explored withV 4 W, from whichwe deduceaccording
to Propositionl6, thatV is j -doomedfor somej 6 i. ButV's
presenceén Explored impliesthat SucqV )—which containsa
(j i)-doomedword—wasatsomepointaddedto ToExploe.
This again contradictsour minimal choiceof i andshaws that,
if ary initial wordin H ¢ failsto be safe thenthe algorithmwiill
return’L(B) * L(A)', asrequired. |

Remarkl8: WhydoesTheoem 17 fail whenA is allowed
two cloks? As discussecearlier (and seealso Theorem21),
Alur andDill shavedin [5] thatthe languageanclusion prob-
lem of whetherL(B)  L(A) is in generalundecidablaf A
is allowed two (or more) clocks. It is thereforeinstructive to
point out wherethe constructiorandproof of our single-clock
decidability resultbreakdown when A is a timed automaton
with two clocks.

Recall rst that, when A hasonly one clock, a stateof A
is a pair (s;u), wheres is a locationandu is a real number
representinghe value of A's single clock. When examining
acon guration of A—i.e., a nite setof statesof A—it is es-
sentialto know the orderingof the fractionalpartsof the clock
valuesof statesn the con guration: without this information,
it would beimpossibleto accuratelypredicthow the con gura-
tionwill tranformastime elapsesin theconstructiorandproof
of Theoreml7,we keeptrackof this orderingby simply repro-
ducingit astheorderof thelettersin theword thatencodeghe
con guration.

If A is now atimedautomatorequippedwith two clocksx
andy, astateof A is atriple (s;u; v), wheres is alocationand
u andv arereal numbersrepresentinghe valuesof clocks x
andy respectiely. A con gurationof A is againa nite setof
statesof A. Note, however, thatin orderto accuratelypredict
how a given con gurationwill transformastime elapsesit is
necessarat a minimumto know the orderingof the fractional
partsof the valuesof clock x of statesn the con guration, as
well astheorderingof thefractionalpartsof thevaluesof clock
y of statesin the con guration® Notice now thatif eachstate
in the con guration is representedy someletter, the order
ing of theseletterscancaptureeitherthe orderingof the frac-
tional partsof clock x, or theorderingof the fractionalpartsof

31t isin factalsonecessarjo know theglobalorderingof thefractionalparts
of all clock valuesbut let usdisregardthis additionalburdenhere.

clocky, but notboth. It is thereforenot possibleto encodewo-
clock con gurationsaswordsandatthe sametime presere all
necessarnformationto accuratelypredicthow con gurations
evolve overtime.

Naturally, otherdiscretestructureqsuchasdirectedgraphs
with colorededges)could easily be usedto encodetwo-clock
con gurations and retain the necessaninformation. But no
suchstructuresouldthenbe equippedwith a wgo compatible
with thedominationorderoncon gurations,aswe now demon-
strate.

Let A be a timed automatorwith two clocksx andy, and
let statesand con gurationsof A be de ned asabove. Let us
saythattwo A-con gurationsG andG° areequivalentf there
is a bijectionfrom G to G° that preseresboth the orderingof
thefractionalpartsof clock x of statesandthe orderingof the
fractional partsof clock y of states’ We also saythat G is
dominatedby G° written G 4 G, if thereexists G G°
suchthatG is equivalentto G

It turns out that the dominationorder for two-clock timed
automatais not a wqo, so that ary hope of guarantee-
ing terminationof an algorithm similar to that presentedn
Figure 1 is doomed. We illustrate this by exhibiting an
in nite non-saturatingsequenceof two-clock con gurations
G1;G,; G3;:::. Thecontrollocationof all the statesin these
con gurationsis thesameandmorecwer all x andy clock val-
ueslie strictly betweerD and1. As aresult,eachcon guration
canbe representedisa nite subsetof the openunit square
(0;1) (0;1). Fori > 1, con gurationG; consistof 2i + 2
points(states)arrangedni distincthorizontallevels,or lines,
in aseesw manner Eachhorizontallevel holdstwo points,and
an extra point is addedto both the lowestandthe highestlev-
els. Thissequencef con gurationsis inspiredfrom anin nite
antichainof permutationglescribedn [28].

Ratherthangive a precisede nition of ourin nite sequence
of con gurations,we illustratein Figures2 to 4 the con gura-
tions Gz, G4, andGs, from which the generalpatternis easily
deduced Note that dottedlinesindicatethe varioushorizontal
levels,whereassolid seesw linesareonly usedasavisualaid
to highlightthegenerapattern.We leave to thereadetthe easy
taskof checkingthat,fori 6 j, G; 8 G;, whichshavsthatthe
sequencé&;; Gy; Gs;: . indeednever saturates.

4.2. Null-constant restriction

We now shaw thatthe languagenclusionquestionL (B)

L (A) is decidableavenif bothA andB areallowedarbitrarily
mary clocks,providedthatA never comparests clocksto ary
constanbtherthanO.

A timed automatonis said to be deterministicif it hasa
uniquestartlocation,andif, wheneer two transitionsfrom a
commonlocation are labeledwith the sameevent, thentheir
clock constraintaredisjoint.

4For simplicity, we areomitting in this de nition otherrequirementsuchas

the preseration of control locationsand integral partsof clocks, etc., which
have no bearingon our mainargument.
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Fig.2. Con gur ation G3 of an in nite non-saturating sequence of con-
gur ations of a timed automaton with two clocks

Fig.4. Con gur ation Gs

Fig.3. Con gur ation G4

The following resultmakesuseof a constructionsimilar to
thatgivenin [30].

Lemmal9: LetA beatimedautomatorwith Otheonly con-
stantappearingamongits clock constraintsThenonecancon-
struct a deterministictimed automatonA® which acceptsthe
sametimed language:L (A) = L(A9. (In addition, A° has
a single clock and usesonly the constantO in its clock con-
straints.)

Proof: Let A beasabove. Theideais to constructa de-
terministicversionof the region automatonr of A. We will in
additionequipthis region automatorwith a singleclock, soas
to keeptrack, on ary transition,of whethera strictly positve
amountof time haselapsedsincethe ring of thelasttransi-
tion) or not. SinceA is itself unableto make ary ner timed
distinctions theresultingautomatorwill beequialentto it.

LetA = ( ;S;S0;St;C;E), withC = fxy;:::;xuwgthe
setof clocksof A. A clodk region of A is simplyanM -tupleof
bits, with eachbit recordingwhetherits correspondinglock
has currentvalue 0 or not. Let REG denotethe set of all
clock regions. De ne a basiclocationto be a pair (s;r), with
s 2 S alocationof A, andr 2 REG a clock region. For
a2 |, postulateabasictransition(s;r) % (s®r9 if anim-
mediatetransitionbetween(s; r) and(s% r9 is consistentvith
someimmediatetransitionof A, and postulatea basictransi-
tion (s;r) 1% (s®r9 if adelayedransitionbetweer(s; r) and
(s%r9 is consistentwith some(strictly positive) time-delayed

5Theregion automatorconstructionjntroducedn [5], takesasinputatimed
automatorA andproducesnuntimedautomatorthatacceptgheuntimedian-
guageof A: thevery samesequencesf events,withoutthedelays.



transitionof A.

We now constructa deterministidimedautomatorA® asfol-
lows: its alphabets thesameasthatof A, . Its setof locations
is P(S REG)—in otherwords, locationsof A° are simply
setsof basiclocations. Its uniquestartlocationis Sg  f0g,
where0 representshe region consistingentirely of null bits.
The acceptingocationsof A° arethosewhich containat least
onebasiclocationwhose rst components acceptingbelongs
to St ). APhasasingleclock, z, whichiis reseton every transi-
tion. Lastly, for Q; Q°two locationsof A°anda 2 ,denea

transitionQ 1% QCif Q%= f(s%r9j 9(s;r) 2 Q (s;r) 1

(s%r9g, andlikewise for @ ' Q° In wriing Q@ 1 Q°
we denotethe a-labeledtransitionfrom Q to Q° which s con-
strainedby z > 0 andwhich subsequentlyesetsz, whereas

Q o QO representshe sametransition, but constrainedoy
z = Oratherthanz > 0.

It is readily seenthat A®is deterministic,andthatit accepts
thesametimedlanguageasA. Thelatterrestson the obsena-
tion that, when&rer A acceptsatimedtrace , A alsoaccepts
ary timed tracewhich is identicalto  exceptfor the precise
non-zerovaluesof all strictly positive delays. |

Theoem?20: Let A andB be two timed automatawith 0
the only constantappearingamongthe clock constraintof A.
Thenthelanguagenclusionquestiorof whether. (B) L (A)
is decidable.

Proof: Follows immediatelyfrom Lemma19, the fact
that deterministictimed automatacan be complementedthe
fact that timed automataare closed under intersection,and
the well-known fact that languageemptinesss decidable[5].
(Alternately one could directly invoke Theoreml7, sinceby
Lemmal9A is equivalentto atimedautomatorequippedvith
asingleclock.) [ |

5. Undecidability of Universality with Minimal
Resources

In Section4, we examinedtwo decidableinstancesof the
languagenclusion problembetweentimed automata.lt turns
out that theseare, for all practical purposesthe only decid-
ableinstancesat leastin termsof placingrestrictionson the
resoucesof timed automatanumberof clocks,numberof lo-
cations,magnitudeof clock constraintsandsizeof alphabet).

To male this statementnore precise we considera special
caseof languageinclusion, namely the universality problem
(whethera timed automatonacceptsevery timed trace). For
arbitrarytimed automatathis problemwasshawn to be unde-
cidablein [5]. We sharperthisresultin thefollowing theorem:

Theoem?21: For A a timed automaton,the universality
questionof whetherL(A) = TT remainsundecidableunder
ary of thefollowing restrictions:

1) A hastwo clocksandaone-aentalphabet, or

2) A hastwo clocksandusesasingle(non-zero)onstanin

clock constraintsor

6 Over stronglymonotonictime, we requiretwo eventsin A's alphabet.

3) A hasasinglelocationanda one-eentalphabet, or

4) A hasasinglelocationandusesa single(non-zero)con-

stantin clock constraints.

Remark22: Werecallthatdiagonalclock constraintgof the
formx y ./ k) arenot allowedin our modelof timed au-
tomata.Thisrestrictionconsiderablfcomplicatecaseg3) and
(4), sincemultiple locationscannotsimply be encodedhrough
theorderingof clock values asis otherwisestandard30].

Proof: (Sketch.) In all four casesthe ideaof the proof
is similar to that presentecby Alur and Dill in [5]. Givena
two-countermachineM , one constructsa timed automatorA
satisfyingthe relevant restrictionsand which moreover rejects
preciselythosetimed tracesthat correspondvia a certainen-
coding)to the halting computationsof M . It follows that M
haltsiff L(A) 6 TT . Sincethehaltingproblemis undecidable
for two-countemachinessois the universalityproblemfor the
correspondingype of timedautomata.

Note that Alur and Dill' s resultimposesno restrictionson
timed automatacontraryto Theorem21. Our encodingsand
constructions—irparticularthosepertainingto cases(3) and
(4)—arethereforesigni cantly moreintricate. Full detailscan
befoundin [23]. ]

Note, of course thatthe assertionL(A) = TT reduceso
L(B) L(A),if B is choserto beary timed automatorthat
acceptsverytimedtrace.

An interestingconsequencef Theorem21 (cases(1) and
(3)) is that the “‘communication'structureof timed automata
playsnorolein theundecidabilityof universality Thissuggests
thatthetype of questionsonsideredn this paperareno easier
to handlein anevent-lesgimedframevork thanthey arehere.

6. Conclusionand Future Work

Themaincontritution of this paperis analgorithmto decide
the timed automatonlanguageinclusion questionof whether
L(B) L(A),providedA hasatmostoneclock. We have also
shown thattheproblemis decidablef theonly constanappear
ing amongthe clock constraintsof A is zero. Moreover, these
two casesare essentiallythe only decidableinstancesof lan-
guageinclusion,in termsof restrictingthe resourcef timed
automata.

From a practicalpoint of view, our main decidabilityresult
enablesthe automatedveri cation of timed systemsagainst
functional speci cations expressedas nite-state machines
equippedvith asingleclock. We believe thisto beasubstantial
improvementin expressienessover (untimed) nite-state ma-
chines althoughthefeasibility andusefulnes®f this approach
will needto bedemonstratethroughcasestudies.

Finally, let us list three interesting directions for future
work:

Whatis the compleity of ouralgorithm?

Canwe extendour decidabilityresultto Biichi timed au-
tomata?

Are therealternate(e.g.,logical) characterizationsf the
languagesicceptedy single-clocktimedautomata?



References

(1]

(2]

(3]

(4]

(5]
(6]

(7]
(8]

(9]
[20]

(11]

[12]

(13]

[14]
(18]
[16]

[17]

(18]

[19]

[20]
[21]

[22]

(23]

[24]

(28]

[26]

[27]

[28]

P. A. AbdullaandB. Jonsson.Verifying programswith unreliablechan-
nels.In Proceeding®f LICS93, pagesl60-670/EEE ComputerSociety
Press1993.

P. A. AbdullaandB. JonssonVerifying networks of timedprocessesln
Proceeding®f TACAS98, volumel1384,page298-312SpringeliLNCS,
1998.

P. A. Abdulla,K. Cerans,B. JonssonandY.-K. Tsay Generaldecidabil-
ity theoremdor in nite-state systems.In Proceeding®f LICS 96, pages
313-3211EEE ComputerSocietyPress1996.

R. Alur, C. CourcoubetisandD. Dill. Model-checkingor real-timesys-
tems.In Proceeding®fLICS90, pages14—-4251EEE ComputeiSociety
Press1990.

R. Alur andD. Dill. A theoryof timedautomata.Theoetical Computer
Science126:183-2351994.

R. Alur, L. Fix, and T. A. Henzinger Event-clockautomata: A de-
terminizableclassof timed automata. Theoetical ComputerScience
211:253-2731999.

D. Bosnaki. Digitization of timed automata.In Proceedingof FMICS
99, 1999.

S.Chaki, E. M. Clarke, A. Groce,S. Jha,andH. Veith. Modularveri -
cationof softwarecomponentsn C. In Proceedingof ICSE03, pages
385—-3951EEE ComputerSociety 2003.

A. Finkel andPh.SchnoebelenWell-structuredransitionsystemsvery-
where! Theoetical ComputerScience256(1-2):63—-922001.

V. Gupta,T. A. HenzingerandR. JagadeesanRokusttimedautomataln
Proceeding®f HART97, volume1201,pages331-345 SpringerLNCS,
1997.

D. Harel. StatechartsA visualformalismfor comple systems.Science
of ComputerProgramming 8:231-274]1987.

T. A. HenzingerZ. Manna,andA. Pnueli. Whatgoodaredigital clocks?
In Proceedingsof ICALP 92, volume 623, pages545-558.Springer
LNCS,1992.

T. A. Henzingerand J.-F Raskin. Rolust undecidabilityof timed and
hybrid systems.In Proceedingof HSCCOO, volume 1790, pagesl45—
159.SpringerLNCS, 2000.

P. Herrmann.Timed automataandrecognizability InformationProcess-
ing Letters, 65:313-3181998.

G. Higman. Orderingby divisibility in abstraclgebrasIn Proceedings
of theLondonMathematicalSociety volume2, page236-366,1952.
J.E. HopcroftandJ. Ullman. Introductionto automatatheory languages
andcomputation Addison-Wesley, New York, NY, 1979.
InformationSciencesnstitute,University of SouthernCalifornia. Trans-
missionContmol Protocol (DARPA InternetProgramProtocolSpeci ca-
tion), 1981. http://www.fags.org/rfcs/rfc793.html .

D. K. Kaynar N. Lynch, R. Segala, andF. Vaandrager Timed I/0 Au-
tomata:A mathematicalramework for modelingandanalyzingreal-time
systemslIn Proceeding®f RTS®3. IEEE ComputeiSocietyPress2003.
D. LeeandM. Yannakakis Principlesandmethodof testing nite state
machines— A suney. In Proceedingof the IEEE, volume 84, pages
1090-11261996.

N. A. LynchandH. Attiya. Usingmappingso prove timing properties.
DistributedComputing 6(2):121-1391992.

J.MageeandJ.Kramer Concuriency: StateModelsandJavaPrograms
JohnWiley, 1999.

J.OuaknineDigitisationandfull abstractiorfor dense-timenodelcheck-
ing. In Proceedingof TACASO02, volume 2280,pages37-51.Springer
LNCS, 2002.

J. OuaknineandJ. B. Worrell. On the undecidabilityof universalityfor
timedautomatawith minimal resourceslin preparation.

J. OuaknineandJ. B. Worrell. Revisiting digitization, robustnessand
decidabilityfor timed automata.ln Proceedingof LICS 03, pagesl 98—
207.IEEE ComputerSocietyPress2003.

J. OuaknineandJ. B. Worrell. Timed CSP= closedtimed "-automata.
Nordic Journal of Computing 10:99-1332003.

J. OuaknineandJ. B. Worrell. Universalityandlanguagenclusionfor
openand closedtimed automata. In Proceedingsof HSCCO03, volume
2623,pages375-388.SpringerLNCS, 2003.

J.-F Raskin.Logics, Automataand ClassicalTheoriesfor DecidingReal
Time PhDthesis,Universityof Namur 1999.

D. A. SpielmanandMikl 6sBoéna. An in nite antichainof permutations.
TheElectonic Journal of Combinatorics7(2):1-4,2000.

[29] S.Tagran,R.Alur, R. P. KurshanandR. K. Brayton. Verifying abstrac-

tions of timed systems.In Proceedingof CONCUR96, volume 1119,
pages46-562 SpringerLNCS, 1996.

[30] S.Tripakis. Folk theoremson the determinizatiorand minimization of

timedautomataln Proceeding®f FORMATS03, 2003.



