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Outline

. Concrete & abstract categories
- Operational and mathematical meaning; examples;

. Symmetric monoidal categories
- Operational, mathematical and graphical meaning;
braided monoidal categories

. Scalars in categories

. Some key categorical concepts

- Functor, naturality, duality, (co)products, adjoints;
. Enriched categories and n-categories

. Categorical structure of matrix calculi
- Biproducts; compact closed categories; knots;



Why categories in physics?




It captures the core of physical practice!

or, slightly more daring, ...

A category is the exact mathema-
tical structure of practicing physics!




Kinds of systems

A B,C, ..

e e.g. one qubit, n qubits, an electron, ...

Operations on systems
A-l.a,Aa%.B B "C, .

® e.g. preparation, unitary operation, measurement, ...

Composition of operations

A o — A4l .p Y ¢

‘Doing nothing’-operations

A 4o g g ol o




Definition. A Category C consits of
e Objects A, B,C, ...

e Morphisms f, g, h, ... € C(A, B) for each pair A, B

e Associative composition of morphisms i.e.
feC(AB), ge C(B,C) = gofeC(AC)
(hog)of=hol(gof)

e An identity morphism 14 € C(A, A) for each A i.e.
fola=lpof=]




Parallel disciplines

e Physics:
Physical System Physical Operation

e Computer Science:

Data-type Program

e Proof Theory and Logic:

Proposition Proof




Key features of a category:

e Structure lives on morphisms/operations

e Compositionality

e Types



Important ‘families’ of examples:

e A monoid , a group, a quantale, ...

e A preorder, a poset, a lattice, a Heyting algebra, ...

e Mathematical objects and structure preserving maps
e.g. Set, Mon, Group, Top, Vectk, Hilb, Rel,
Pos, Lat, Sup, BAlg, Heyt,... Cat, n-Cat, ...

= Concrete vs. abstract categories




Abstract categories with one object

Monoid (M, o, 1) := one-object category

Group (G, 0,1, (—)"1) := a monoid with only isos

/ Bisaniso if it

—1
has an inverse i.e. there exists B ! A such that

ftof=14  and fofl=1p

Definition. A morphism A

Quantale (Q,0,1,\/) := a Sup-enriched monoid

Definition. A C-enriched category is . . .
(be patient for another 60 min)




Abstract categories with few morphisms

Preorder (P, =) := C(A, B) at most singleton
Poset (P, <) := C(A, B)UC(B, A) at most singleton

Bounded poset (P, <,0,1) := terminal & initial objects

Definition. Anobject T is terminal if C(A, T)
is a singleton for all A. An object L is initial if
C(L, A) is a singleton for all A.

Lattice (L, V, A) := products & coproducts

Definition. . . . (co)product ... (later)




Heyting algebra (L,V,A) := products, coproducts &
closedness (i.e. a A — has a right adjoint a = —)

Definition. . . . closedness . . . left /right
adjoint

In particular, a Heyting algebra is the ‘few morphisms’
version of a so-called Cartesian Closed Category,
which is part of the structure of a Topos.



Categories of structure preserving maps

Set := sets and functions

Top := topological spaces and continuous functions
Group := groups and group homomorphisms
Vecty := K-vector spaces and linear maps

Hilb := Hilbert spaces and linear maps

UHilb := Hilbert spaces and unitary maps

Cat := categories and ‘functors’ (see further)



Functions vs. relations

Set := sets and functions

Rel := sets and relations

Vectyi := K-vector spaces and linear maps

CLAIM: Rel and Vectyk have the same categor-
ical structure while Rel and Set are unrelated.

This common structure of Rel and Vecty includes
“being a matrix calculus”, which is a categorical notion.

But the difference is already exposed through ‘elements’.



Elements in categories

In Set we have X x {x} ~ X and X's elements are

{x} L Xiusxow

In Hilb we have H ® C ~ H and H's elements are
f
Clm e ) = )

In Rel we have X x {x} ~ X and X's elements are

{x} i X::*HY:U{yZ}

el

= Superposition




Abstract categories

Symmetric Monoidal Category
Symmetric Monoidal Closed Category

.. can be refined to ...

Cartesian Closed Category
Topos

... but in a very different direction we also have ...
*-Autonomous Category
Compact Closed Category

Strong Compact Closed Category
Biproduct Category



Compound Systems




We want a structure which captures compoundness i.e. given
A& Band A -C & B YD we want things like

A® B A9 Bl ceD

Definition. A symmetric monoidal tensor
—®R—:CxC—-=C

is a bifunctor together with left & right unit,
symmetry and associativity natural iso(morphism)s.

Definition. A symmetric monoidal cate-
gory is a category with symmetric monoidal tensor.




Graphical Calculus




Bifunctoriality
f ®id

AR Ay B1® A,

id ® g id®g




(91 ® g2) o (f1® fa) = (910 f1) ® (920 f2)

I
9 | %
£,

1®glo(f@l)=(of)®@(gel)

(foel)®(log)=(f®1)o(1®g)



Natural isomorphisms

“Explicitly witnessed canonical isomorphisms”

ARB—— B®A 1A A - A®I

(A®B)®C—A® (B®O)

Y

A(Ay, Ay ) =(A;, Ay )

Afrg,..) =(f,g,..)

A(Bi, B, ...) =(Bi, Bs,...)




The symmetry natural isomorphism o

&)
Ay ®A2QB1 ® B

O-Al,AQ O-BlaB2




The associativity natural isomorphism «

@%@Aﬁ®AJf®m®h

(B1 ® By) ® Bs

(XA, A9,A Q'B),By,Bs

Al ® (Az ® As) B ® (BQ ® Bs)

f®(g®h)




Unit natural isomorphisms A, p

A ! B
A4 A\B
[® A l® B

L& f
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“it extends bifunctoriality to wireless entities”

A / -B
A AB
I® A 19 B
L®f
YR 1y Bi funct. YR 1p

C® A C® B

le® f



Unit natural isomorphisms A, p

A / -B
(¢®1A>O)\A <¢®1B>O)\B
C'® o® f -C® B




'‘Coherence

“Tying up the loose ends behind the scene”

A PA Awl

A
01,4

[® A

P.S. This is a very non-trivial part of ‘building category
theory’ (as opposed to merely using category theory).



In (Set, x) the unit is {*}

In (Rel, +) the unit is ()

In (Rel, x) the unit is {*}

In (Vecty, @) the unit is {0}

In (Vectk, ®) the unit is K



Braided Categories

Symmetric monoidal categories also assume

1
4B = 0BA

OBACOAB = lasB




In braided monoidal categories

UZ}B # 0pB,A

0B AC0AR F# lawB

N

N



Numbers from compoundness




In a symmetric monoidal category with I the tensor unit:

e State :=

e Number =

e State space of system A := C([, A)

e Scalar monoid:= C(I,I)



Commutativity of the scalar monoid

2
2

(@1 [®1 1®1
LT®t s ® 1t
Y s®1 ) G—
s ® 1y LI®t
[®1 (&1 [®1

2
2

— Kelly & Laplaza (1980) —




Scalars satisfy

~ SX1 ~

sot=1——I®]I [®I |
and we define scalar multiplication as
sefmd S A1l Be1 T B

for which we can then prove
(sef)o(teg)=(sot)e(foyg)
(sef)@(teg)=(sot)e(f@g)

i.e. diamonds can move around freely in ‘time’ and ‘space’



<s>f = |1 = |f
Similarly
@DOW:AiI@Aw@WB@IiB

l.e.
|B

A=A




In (Set, x) there is only one scalar

In (Rel, +) there is only one scalar

In (Rel, x) there are two scalars

In (Vecty, @) there is only one scalar

In (Vectk, ®) the scalers are isomorphic to K



key categorical concepts




Definition. A functor F': C — D is a ‘struc-
ture preserving map of categories’ i.e.

A FA AL . B FraA Y pB

F(gof)=FgoFf F(1a) = 1pa

A tensor is a functor C x C — C hence
F(gio fi,920 fo) = F(g1,92) o (f1 ® f2)
so for Fi(—,—) = —® —

(910 f1) ® (920 f2) = (1 ® g2) o (/1 ® f2)




A group homomorphism is a functor of groups:

a_l-aze:a-a_l

= Fla™'-a)=Fe=F(a-a?)
= FaY)-Fa=e=Fa-F(a™)
= (Fa) ™' = F(a™)



Definition. Given two functors F,G : C — D a
natural transformation £ : F' = G is a family

{€a: FA— GA}4

ja
ra_ 1 pp
§A 'S
GA .GB
Gf

For natural isomorphisms all £4 : FA — G A are isos.




G:CXC—>C::{

(A,B) — B® A

(f.9)

{OA,B:A®B—>B®A}A,B

OAB

AoBl®9%ceD

0C.D

BRRA——D®C

g

® f



(A,B) — B® A
(f,g) — g®f




Diagonal

— the process of copying —

{AAZA—>A®A}A

A / -B
Ay Ap
ARA—B®B



Duality

— Every concept in C yields a dual one in C? —

( Objects(C?) := Objects(C)
§ CP?A B) = C(B,A
. Joewrg = gocf

Terminal object «— Initial object

Diagonal <2~ Codiagonal

Product «= Coproduct

Limit <= Colimit



Products

— the dynamic concept of a pair —

Definition. The product of A, B is a triple
(AIIB |, p, : AlIB — A | p,: AlIB — B)

such that Vf, g d!A within
C

A- AIIB ‘B
P1 P2




Products

— pairing & copairing —

Definition. The product of A, B is a triple
(AIIB |, p, : AlIB — A | p,: AlIB — B)
and pairing & unpairing operations
—,—|: C(C,A) x C(C,B) — C(C, AlIB)
(pro—, poo—) : C(C, AlIB) — C(C, A)xC(C, B)

plo[fag]:f & pQO[f7g]:g
proh,piohl=nh




.. and by duality: Coproducts

— the dual dynamic concept of a pair —

Definition. The coproduct of A, B is a triple
(AUB,n:A—AUB,q:B— Al B)

such that Vf, g d!A within
C

A -A Ll B- B
d1 q2




Proposition. Products yield a monoidal tensor
fllg .= [f opi,gops]: AIIB — CIID
and a diagonal
Ay = 14,14 A— AIlIA

and projections are natural

1
ans M9 onp
P1 P1
A e




Cloning & deleting:
e (Set, x)
e (Rel, +)
e (Hilb, @)

No-cloning & no-deleting:
e (Rel, x)
e (Hilb, ®)



Internalizing morphisms

We have Hilb(H, Hs) ~ H; ® Hs as Hilbert spaces.

Closedness:
CA® B,C)~C(A,B=C)
= Multiplicative Logic
x-Autonomy:
C(A® B,C)~ C(A,(B® C*")
= Multiplicative Logic with Negation

Compact Closure:
CA® B,C)~ C(A,B*® C)
= Weird Logic



By closedness

Cl® B,C)~C(I,B=(C)
B-l.c & 1-Y.B=cC
= C(B, C)-morphisms internalize as B = C-elements

By compact closure
Cl® B,C)~C(l,B*® C)
CBpC])~C(B,CxI)

Bec- 2.1 & B L. & 1 Y.pecC

— Iinternalize as B*Q('-elements & BXR(C™*-coelements



If @ :=1I = Cartesian Closed Category

Proposition. If a symmetric monoidal cate-
gory is both a cartesian closed category and a *-
autonomous category then it is a preorder.

... things get worse when passing to compact closure.

= The Hilbert space tensor product is highly incompat-
ible with cartesian closure (hence with topos structure)



Closedness is a special case an adjunction ' 4 G

C(FA,B)~C(A,GB)
for the case of F':= (C'® —) and G := (C' = —)
Few morphism examples are:

e Galois adjoints — weakest preconditions

e Heyting algebra — deduction & modus ponens cf. CCC

All mathematical constructions arise from adjunctions

From a mathematical perspective it is probably the most
important concept of category theory as a whole.



Enriched Categories




We have Hilb(H;, Hs) ~ H; ® H, as Hilbert spaces.

Definition. ( ) A ‘category’ Cis (D, ®)-
enriched if each C(A, B) is an object of D.

Each category is Set-enriched

Vectk is ComMon-enriched and Vectk-enriched
Each symmetric monoidal closed category is self-enriched
2-categories are Cat-enriched e.g. Mon-, Pos-, Sup-

3-categories are 2-Cat-enriched

n-categories are (n — 1)-Cat-enriched



Categorics of matrix calculi




0-maps

If an object 0 is terminal and initial it is a 0-object.

0
A48 B

= (-maps are uniquely defined



0-maps

If an object 0 is terminal and initial it is a 0-object.

0 0
A AB B B.C O

0

= (-maps are closed under composition



Sums

Denote coinciding products and coproducts by — & —.
For codiagonal V,: A® A — Aand f,g: A— B

frg=A> ApAl™ a4 Y .4

By naturality of A and V
(fi+ f2)og=(fiog)+(f209)
folg+g2)=(fog)+(fog)

ftg=9g+]
Oup+f=1Ff

= ComMon-enrichment



Matrix

For projections pq, ps and coprojections ¢1, ¢

AuB-L.cup

can be represented by a matrix

(fi)is = piofoq piofoq
T\ mofoa pofog

We can reconstruct f using pairing and copairing.



Definition. If C has a 0-object, products
and coproducts and if all morphisms with matrix

(é ?) are isos then C has biproducts.

Definition. If C is ComMon-enriched and if
there are morphisms

p p
A ABB——B

d1 q2

with

Pi © qj = 04 ZZ gi o pi = lagn

then C has biproducts.




Proposition. Each biproduct category admits an
additive and multiplicative matrix calculus.

Proposition. Each category with numbers as ob-
jets and n X m-matrices in a commutative semiring
as morphisms yields a biproduct category.

(Rel, +) and (Vecty, @) are biproduct categories.




The distributivity natural isomorphism 7

(fidf)®g

(A @ Ay) ®C (B1® By) ® D

TAy,A9,C TBy,By,D

Y Y

(AC)® (A®C) 296 (f84) (B1® D)@ (B, ® D)

by ‘type-matching’

T A0 = (1®lo, p®1e) Tl o= [a®le, (R1c]



Operational significance of 7

1. Outcomes in measurements interpretation:

Ieh)e(lel) ~leolalal

2. Distribution of data:

I]) ® Agent ~ (I ® Agent) ® (1 @ Agent)



Let BP be a biproduct category with an object I such
that BP (I, I) is commutative. Define a subcategory D.

e Objects =N~{l®...®]|neN}

n

e D(n,m)=n x m matrices in BP(I, )

3
=Re
3
X
3

en‘ =nandn, = =AW =T1p...9l

nxn

= we obtain a compact closed category



Compact closure

Symmetric Monoidal Tensor with ®-involution A +—
A, unitsny 1 — A*® A, counits ey : AQA* — 1

2

€A® 1y

A I®A (ARA)R A
14 ~
A—— ARI AR (A"® A)

2

1a®na



Compact closure

Symmetric Monoidal Tensor with ®-involution A +—
A, unitsny 1 — A*® A, counits ey : AQA* — 1




Trace Structure

A Joyal-Street-Verity (partial) trace

arises as

fesa—cop — Tro(f)amp

T(f) = I




categories of knots

N

N




categories of knots

N

N




categories of knots

/\ N
U




categories of knots




Strong Compact Closure

Symmetric Monoidal Tensor with
e ®-involution dual A — A*;
e contravariant ®-involution adjoint f4_.p +— f;_ﬂ ;

o Units 74 : I — A* ® A with n4+ = 044 0 Na;

~ o1
A;I@)Aw@l@fl*)@fl
14 =
A ARl — AR (A" ® A)

2

14 ®na



Strong Compact Closure

Symmetric Monoidal Tensor with
e ®-involution dual A — A™:
e contravariant ®-involution adjoint f4_p — f;—n‘l ;

e Units 1y : I — A* ® A with na« = 04 4+ 0 n4;




Strong Compact Closure

Symmetric Monoidal Tensor with
e ®-involution dual A — A*;
e contravariant ®-involution adjoint f4_.p +— f;_ﬂ ;

e Units 14 : I — A* ® A with N4+ = 04 4+ 0 n4;

N o1 -
A= 1A e A0 AT 4w (Ao A)
14 lax®@ oan
A w4 (A0 A)© A— A'® (A® A)

2

Na® 1a



Strong Compact Closure

Symmetric Monoidal Tensor with
e ®-involution dual A — A™:
e contravariant ®-involution adjoint f4_p — f;—n‘l ;

e Units 1y : I — A* ® A with na« = 04 4+ 0 n4;




Structural content of strong compact closure:

e (Self-)adjointness, unitarity, projector, positivity and
complete positivity, inner-product, Hilbert-Schmidt
norm, Hilbert-Schmidt inner-product, ...

¢ Quantum information-flow



Related stuff at QICL

Samson Abramsky's introductory lecture addresses
Linear Logic, Categorical Types and Categorical Logic.
Categorical Quantum Mechanics talks at workshop:

S. A.: “Information is physical, but physics is logical”

B. C.: “kindergaten quantum mechanics”

Also on Categorical Quantum Mechanics:
Ross Duncan's poster.

Eric Oliver Paquette's poster.



