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Abstract

Description logics (DLs) are a family of state-of-the-art knowledge representation lan-
guages, and their expressive power has been carefully crafted to provide useful knowledge
modeling primitives while allowing for practically e�ecti ve decision procedures for the
basic reasoning problems. Recent experience with DLs, however, has shown that their
expressivity is often insu�cient to accurately describe structured objects|objects whose
parts are interconnected in arbitrary, rather than tree-li ke ways. DL knowledge bases
describing structured objects are therefore usually underconstrained, which precludes the
entailment of certain consequences and causes performanceproblems during reasoning.

To address this problem, we propose an extension of DL languages with description
graphs|a knowledge modeling construct that can accurately descri be objects with parts
connected in arbitrary ways. Furthermore, to enable modeling the conditional aspects of
structured objects, we also extend DLs with rules. We present an in-depth study of the
computational properties of such a formalism. In particular, we �rst identify the sources
of undecidability of the general, unrestricted formalism. Based on that analysis, we then
investigate several restrictions of the general formalismthat make reasoning decidable.
We present practical evidence that such a logic can be used tomodel nontrivial structured
objects. Finally, we present a practical decision procedure for our formalism, as well as
tight complexity bounds.
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1 Introduction

The Web Ontology Language (OWL) is a well-known language forontology mod-
eling in the Semantic Web [35]. The World Wide Web Consortium(W3C) is cur-
rently working on a revision of OWL|called OWL 2 [10]|whose m ain goal is
to address some of the limitations of OWL. The formal underpinnings of OWL
and OWL 2 are provided by description logics (DLs)[3]{knowledge representation
formalisms with well-understood formal properties.

DLs are often used to describestructured objects|objects whose parts are in-
terconnected in complex ways. Such objects abound in molecular biology and the
clinical sciences, and clinical ontologies such as GALEN, the Foundational Model
of Anatomy (FMA), and the National Cancer Institute (NCI) Th esaurus describe
numerous structured objects. For example, FMA models the human hand as con-
sisting of the �ngers, the palm, various bones, blood vessels, and so on, all of which
are highly interconnected.

Modeling structured objects poses numerous problems to DLsand the OWL
family of languages. The design of DLs has been driven by the desire to provide
practically useful knowledge modeling primitives while ensuring decidability of the
core reasoning problems. To achieve the latter goal, the modeling constructs avail-
able in DLs are usually carefully crafted so that the resulting language exhibits a
variant of the tree-model property[40]: each satis�able DL ontology always has at
least one model whose elements are connected in a tree-like manner. This property
can be used to derive a decision procedure; however, it also prevents one from accu-
rately describing (usually non-tree-like) structured objects since, whenever a model
exists, at least one model does not re
ect the intended structure. This technical
problem has severe consequences in practice [29]. In searchof the \correct" way of
describing structured objects, modelers often create overly complex descriptions;
however, since the required expressive power is actually missing, such descriptions
do not entail the consequences that would follow if the descriptions accurately cap-
tured the intended structure. We discuss the expressivity limitations of DLs in more
detail in Section 3 and present a practically-motivated example.

In order to address this lack of expressivity, in this paper we extend DLs withde-
scription graphs, which can be understood as schema-level descriptions of structured
objects. To allow for the representation of conditional statements about structured
objects, we also extend DLs with �rst-order rules [20]. In this way, we obtain a pow-
erful and versatile knowledge representation formalism. It allows us, for example,
to describe the structure of the hand using description graphs, statements such as
\if a bone in the hand is fractured, then the hand is fracturedas well" using rules,
and nonstructural aspects of the domain such as \a medical doctor is a person with
an MD degree" using DLs.

Unsurprisingly, this formalism is undecidable in its unrestricted form. It is widely
recognized that reasoning algorithms are more likely to be e�ective in practice if the
underlying logics are decidable. Therefore, we discuss themain causes of undecid-
ability and investigate restrictions under which the formalism becomes decidable.
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We have observed that structured objects can often be described by a possibly
large, yet bounded number of parts. For example, a human bodyconsists of organs
all of which can be decomposed into smaller parts; however, further decomposition
will eventually lead to parts that one does not want or know how to describe any
further. In this vein, FMA describes the skeleton of the hand, but it does not de-
scribe the internal structure of the distal phalanges of the�ngers. The number of
parts needed to describe the hand is therefore determined bythe granularity of the
hierarchical decomposition of the hand. This decomposition naturally de�nes an
acyclic hierarchy of description graphs. For example, the �ngers can be described
by description graphs that are subordinate to that of the hand; however, the de-
scription graph for the hand is not naturally subordinate tothe description graphs
for the �ngers. We use this observation to de�ne a particularacyclicity restriction
on description graphs. Acyclicity bounds the number of parts that one needs to
reason with, which, provided that there are no DL axioms, canbe used to obtain
a decision procedure for the basic reasoning problems.

If description graphs are used in combination with DL axioms, the acyclicity
condition alone does not ensure decidability due to possible interactions between
DL axioms, graphs, and rules [26]. To ensure decidability, we limit this interaction
by imposing an additionalrole separationcondition. In particular, we separate the
roles (i.e., the binary predicates) that can be used in DL axioms from the roles that
can be used in rules; furthermore, depending on the expressivity of the DL being
used, we may additionally require DL axioms not to refer to the roles used in the
description graphs.

We present a hypertableau-based [32] reasoning algorithm that decides the satis-
�ability problem in the decidable cases, and that acts as a semi-decision procedure
for some undecidable ones. Furthermore, we present tight complexity bounds for
the decidable variants of our formalism and identify the main sources of complexity.
We have implemented the reasoning algorithm in the HermiT1 reasoner [31], and
our initial experiments have shown the algorithm to be amenable to practice.

Evaluation of our approach is currently di�cult due to the la ck of test data. We
have therefore devised an algorithm that extracts description graphs from existing
OWL ontologies, and have applied it to GALEN and FMA. The resulting ontolo-
gies should be treated with caution; however, domain experts have con�rmed that
substantial parts of thus derived ontologies agree with their intuition. Our transfor-
mation can thus be used as a starting point for a more comprehensive remodeling of
ontologies using description graphs. Our experiments already allowed us to discover
a modeling error in GALEN, which we take as indication of the practical usefulness
of our formalism. Furthermore, classi�cation times for thetransformed ontologies
are of similar orders of magnitude as for the original ontologies despite the fact that
our formalism adds considerable expressive power to DLs.

We believe that description graphs can be used for modeling structured objects
in a number of domains, of which we list a few next.

1 http://www.hermit-reasoner.com/
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� Anatomy. In Sections 3 and 4 we present a comprehensive example of how
description graphs can be applied to model human anatomy.

� Chemistry. The precise description of molecules is an important problem in
bioinformatics [23]. A formal representation of moleculesand chemical com-
pounds is often used to integrate information from di�erentchemical databases
[23]. The structure of molecules is often not tree-like. Forexample, hydrocarbons
are chemical compounds containing carbon{hydrogen chains, and benzene is a
hydrocarbon whose molecules contain exactly one benzene ring. The structure of
benzene can be described using our formalism: description graphs can be used
to represent the benzene ring (which is bounded in size), while standard OWL
axioms can be used to represent tree-like carbon{hydrogen chains.

� Scienti�c Work
ows. Scienti�c work
ows are descriptions of the steps of scien-
ti�c experiments, and they are often represented as directed graphs in which each
node depicts a single experiment step and each edge represents information 
ow
between two steps. The precise description of work
ows is increasingly impor-
tant, for example, in bioinformatics. Attempts were made toprovide semantics
to work
ows using OWL [16], but the success has been rather limited so far due
to their non-tree-like structure. Since work
ows are typically bounded, however,
they can naturally be represented using description graphs.

� Engineering. OWL has recently been used in engineering domains, such as the
aerospace industry, which involve the representation of very complex structured
objects such as aeroplanes [19]. The number of parts needed to describe an aircraft
is naturally bounded (in the same way as it is in the case of thehuman body),
so such domains can easily be represented using descriptiongraphs [17].

2 Preliminaries

The formal underpinnings of OWL 2 are provided by the DLSROIQ [25].
To make our results easier to follow, however, in this paper we consider the DL
SHOIQ + , which covers all ofSROIQ except for the so-called complex role inclu-
sions. Using a well-known encoding [21,13], complex role inclusions can be encoded
using SHOIQ + axioms, so the decidability results and reasoning algorithms from
this paper can be easily extended toSROIQ and OWL 2. We present the de�-
nition of SHOIQ + in Section 2.1. In Section 2.2, we recapitulate the well-known
principles for extending DLs with �rst-order rules. Finally, in Section 2.3 we present
an overview of the hypertableau algorithm forSHOIQ + [32].

2.1 The Description LogicSHOIQ +

A SHOIQ + signature is a triple (NC ; NR ; NI ) consisting of mutually disjoint sets
of atomic conceptsNC , atomic roles NR , and named individualsN I . In the rest of
this paper, we assume that the signature is implicit in all relevant de�nitions.

A role is either R or R� (inverse role), for R 2 NR . The function inv(�) is de�ned
on the set of roles asinv(R) = R� and inv(R� ) = R. An RBox axiom is an expres-
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sion of the form R1 v R2 (role inclusion), Dis(S1; S2) (role disjointness), Ref(R)
(re
exivity ), Irr(S) ( irre
exivity ), Sym(R) (symmetry), Asy(S) (asymmetry), and
Tra(R) (transitivity ), where R, R1, and R2 are roles, andS, S1, and S2 are sim-
ple roles, as de�ned next. ForX a set of RBox axioms, letv �

X be the re
exive-
transitive closure of the relation f R1 v R2; inv(R1) v inv(R2) j R1 v R2 2 X g. A
role R is transitive in X if a role R0 exists such thatR0 v �

X R, R v �
X R0, and either

Tra(R0) 2 X or Tra(inv(R0)) 2 X . A role S is simple in X if no transitive role R
exists such thatR v �

X S.
Given a set of RBox axiomsX , the set of conceptsw.r.t. X is the smallest set

containing > (the top concept), ? (the bottom concept), A (atomic concept), f ag
(nominal), : C (negation), C u D (conjunction), C t D (disjunction), 9R:C (exis-
tential restriction ), 8R:C (universal restriction), 9S:Self (local re
exivity ), � n S:C
(at-least restriction), and � n S:C (at-most restriction), whereA is an atomic con-
cept, a is an individual, C and D are concepts,R is a role, S is a simple role
w.r.t. X , and n is a nonnegative integer. The set ofliteral concepts is de�ned as
NL = NC [ f: A j A 2 NCg. A TBox T is a �nite set of RBox axioms andgeneral
concept inclusion (GCI) axioms C v D, where C and D are concepts w.r.t. the
subset of the RBox axioms ofT . 2

An assertion is an expression of the formC(a) (concept assertion), R(a; b) (role
assertion), a � b (equality assertion), and a 6� b (inequality assertion), where C is
a concept,R is a role, anda and b are named individuals. AnABox A is a �nite
set of assertions. Finally, aSHOIQ + knowledge baseis a pair (T ; A ) where T is a
TBox and A is an ABox.

An interpretation for a signature (NC ; NR ; NI ) is a tuple I = ( 4 I ; �I ), where4 I

is a nonempty set called theinterpretation domain and �I is a function assigning an
element aI 2 4 I to each named individuala 2 N I , a set A I � 4 I to each atomic
concept A 2 NC , and a relation RI � 4 I � 4 I to each atomic roleR 2 NR . The
extension of�I to concepts and roles, and satisfaction of axioms and assertions in
I is de�ned as shown in Table 1. An interpretationI is a model of (T ; A ), written
I j= ( T ; A ), if and only if all axioms of T and all assertions ofA are satis�ed in I .

The basic inference problem forSHOIQ + is checking whether (T ; A ) is satis�-
able|that is, whether a model of ( T ; A ) exists. A conceptC subsumesa concept
D w.r.t. ( T ; A ), written ( T ; A ) j= C v D, if CI � D I for each modelI of (T ; A ).
It is well known that ( T ; A ) j= C v D if and only if (T ; A [ f C(a); : D(a)g) is
unsatis�able, wherea is an individual occurring in neitherT nor A [3].

The negation-normal form nnf(C) of a conceptC is the concept equivalent toC
in which negations occur only in front of atomic concepts andconcepts of the form
f ag and 9S:Self. The conceptnnf(C) can be computed in time linear in the size of
C [3]. With jKj we denote the size of a knowledge baseK|that is, the number of
symbols required to encodeK on the input tape of a Turing machine (numbers can
be coded in binary).

2 The TBox T is sometimes assumed to contain only GCIs, and all RBox axioms are
represented as a separate setR; however, to simplify the presentation in the following
sections, in this paper we assume thatT contains GCIs as well as RBox axioms.
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Table 1
Model-Theoretic Semantics ofSHOIQ +

Interpretation of Roles and Concepts
(R� )I = fhy; xi j hx; y i 2 RI g

> I = 4 I

? I = ;
f sgI = f sI g

(: C)I = 4 I n C I

(C u D)I = C I \ D I

(C t D )I = C I [ D I

(9R:C)I = f x j 9y : hx; yi 2 RI ^ y 2 C I g
(8R:C)I = f x j 8y : hx; yi 2 RI ! y 2 C I g

(9S:Self)I = f x j hx; x i 2 SI g
(� n S:C)I = f x j ] f y j hx; y i 2 SI ^ y 2 C I g � ng
(� n S:C)I = f x j ] f y j hx; y i 2 SI ^ y 2 C I g � ng

Interpretation of Axioms and Assertions
I j= C v D i� C I � D I

I j= R1 v R2 i� RI
1 � RI

2
I j= Dis(S1; S2) i� SI

1 \ SI
2 = ;

I j= Ref(R) i� 8x 2 4 I : hx; x i 2 RI

I j= Irr(S) i� 8x 2 4 I : hx; x i 62SI

I j= Sym(R) i� RI � (inv(R)) I

I j= Asy(S) i� SI \ (inv(S)) I = ;
I j= Tra(R) i� 8x; y; z 2 4 I : hx; y i 2 RI ^ hy; zi 2 RI ! h x; zi 2 RI

I j= C(a) i� aI 2 C I

I j= R(a; b) i� haI ; bI i 2 RI

I j= a � b i� aI = bI

I j= a 6� b i� aI 6= bI

Note: ]N is the number of elements inN .

SHIQ + and SHOQ + are obtained fromSHOIQ + by disallowing nominals and
inverse roles, respectively.ALCHOIQ + is obtained fromSHOIQ + by disallowing
transitivity axioms. ALCIF allows for negation, conjunction, disjunction, existen-
tial and universal restrictions, inverse roles, and axiomsof the form > v � 1R:> .
Finally, ALCF is obtained fromALCIF by disallowing inverse roles.

2.2 Extending DLs with Rules

Description logics can be extended withrules|clauses interpreted under stan-
dard �rst-order semantics|in a straightforward way [26,20 ,14]. Let NV be a set of
variables disjoint with the set of individuals N I . An atom is an expression of the
form C(s), R(s; t), or s � t, for s and t individuals or variables,C a concept, and
R a role. A rule is an expression of the form

U1 ^ : : : ^ Um ! V1 _ : : : _ Vn(1)
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Table 2
Satisfaction of Rules in an Interpretation
I; � j= C(s) i� sI;� 2 C I

I; � j= R(s; t) i� hsI;� ; t I;� i 2 RI

I; � j= s � t i� sI;� = t I;�

I; � j=
V m

i =1 Ui !
Wn

j =1 Vj i� I; � j= Ui for each 1� i � m implies
I; � j= Vj for some 1� j � n

I j=
V m

i =1 Ui !
Wn

j =1 Vj i� I; � j=
V m

i =1 Ui !
Wn

j =1 Vj for all mappings �
I j= R i� I j= r for each rule r 2 R

where Ui and Vj are atoms,m � 0, and n � 0. The conjunction U1 ^ : : : ^ Um is
called the body, and the disjunction V1 _ : : : _ Vn is called thehead. Without loss
of generality, we assume that no ruler contains � in the body. The empty body
and the empty head of a rule are written as> and ? , respectively. A rule isHorn
if the head of the rule contains at most one atom. Variablesx and y are directly
connectedin a rule r if they occur together in some body atom ofr ; furthermore,
connected is the transitive closure of directly connected. A ruler is connected if
each pair of variablesx and y occurring in r is connected inr .

Let I = ( 4 I ; �I ) be an interpretation and � : NV ! 4 I a mapping of variables
to elements of the interpretation domain. LetaI;� = aI for an individual a and
xI;� = � (x) for a variable x. Satisfaction of an atom, rule, and a set of rulesR in
I and � is de�ned in Table 2.

2.3 Hypertableau Calculus forSHOIQ +

We now present an overview of the hypertableau calculus [32], which can be used
to decide the satis�ability of a SHOIQ + knowledge base (T ; A ).

The algorithm �rst preprocesses (T ; A ) into a set of rules � T (T ) and an ABox
A [ � A (T ). This transformation consists of three steps. First, transitivity axioms
are eliminated fromT by encoding them using general concept inclusions; similar
encodings are well known in the context of various description and modal logics
[39,38,27]. Second, axioms are normalized and complex concepts are replaced with
atomic ones in a way similar to the structural transformation [36]. Third, the nor-
malized axioms are translated into rules by using the correspondences between
description and �rst-order logic [8]. We omit the details ofthe preprocessing for the
sake of brevity; they can be found in [32, Section 4.1]. All steps are satis�ability
preserving; thus, �T (T ) and A [ � A (T ) are equisatis�able with (T ; A ).

Preprocessing produces HT-rules|syntactically restricted rules on which the hy-
pertableau calculus is guaranteed to terminate. In the de�nition of HT-rules and
in the rest of this paper, we often use the following functionar. Given a roleR and
variables or constantss and t, this function returns an atom with an atomic role
that is semantically equivalent toR(s; t).

ar(R; s; t) =

(
R(s; t) if R is an atomic role
S(t; s) if R is an inverse role andR = S�
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De�nition 1 (HT-Rule) . We assume that the set of atomic conceptsNC contains
a nominal guard conceptOa for each individuala, and that these concepts do not
occur in any input knowledge base.

An at-most equality is an atom of the forms � t @u
� n S:B , where s, t, and u

are constants or variables,n is a nonnegative integer,S is a role, and B is a
literal concept; the part@u

� n S:B of the atom is called theannotation. This atom is
semantically equivalent tos � t.

An HT-rule r is a rule of the form(1) with m � 0 and n � 0, in which it must be
possible to separate the variables into acenter variablex, a set of branch variables
yi , and a set of nominal variableszj such that the following properties hold, for
A an atomic concept,B a literal but not a nominal guard concept,Oa a nominal
guard concept,R an atomic role, andS a role.

� Each atom in the body ofr is of the form A(x), R(x; x), R(x; yi ), R(yi ; x), A(yi ),
or A(zj ).

� Each atom in the head ofr is of the form B(x), � h S:B(x), B (yi ), R(x; x),
R(x; yi ), R(yi ; x), R(x; zj ), R(zj ; x), x � zj , or yi � yj @x

� h S:B .
� Each yi occurs in the body ofr in an atom of the formR(x; yi ) or R(yi ; x).
� Each zj occurs in the body ofr in an atom of the formOa(zj ).
� Each equalityyi � yj @x

� h S:A in the head ofr occurs in a subclause ofr of the
form (2) and no yk with 1 � k � h + 1 occurs elsewhere inr .

: : :
h+1^

k=1

[ar(S; x; yk) ^ A(yk)] : : : ! : : :
_

1� k<` � h+1

yk � y` @x
� h S:A : : :(2)

� Each equalityyi � yj @x
� n S:: A in the head ofr occurs in a subclause ofr of the

form (3) and no yk with 1 � k � h + 1 occurs elsewhere inr .

: : :
h+1^

k=1

ar(S; x; yk) : : : ! : : :
h+1_

k=1

A(yk) _
_

1� k<` � h+1

yk � y` @x
� h S:: A : : :(3)

Intuitively, the body and the head of HT-rules can be seen as being \star-shaped":
the variable x represents the center of the star, and the branch variablesyi can be
connected to the center only through role atoms. Such a shapeensures that HT-
rules can enforce only tree-like models|a property that canbe used to explain the
good computational properties of many DLs [40].

Atoms of the form x � zj in HT-rules stem from nominals. For example, axiom
C v f ag naturally corresponds to the ruleC(x) ! x � a. To avoid making the
calculus unnecessarily complex, however, the rules shouldnot contain constants
[32]. Therefore, nominal guard concepts are used to \push" all constants from the
rules into the ABox. For example, the mentioned rule is transformed into an HT-
rule C(x) ^ Oa(z) ! x � z and an assertionOa(a). Nominal guard concepts are
unique for the nominal and they are used only internally by the algorithm|that
is, they are not allowed to occur in the input knowledge base.
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At-most equalitiesyi � yj @x
� n R:C stem from the translation of at-most concepts;

for example,> v � 1R:> is translated into R(x; y1) ^ R(x; y2) ! y1 � y2 @x
� 1 R:> .

The annotation @x
� 1 R:> does not a�ect the meaning of the equality; it merely

records its provenance, and we shall discuss its usage shortly. The concept9R:C is
used in the rest of this paper as an abbreviation for� 1R:C.

The hypertableau calculus takes a set of HT-rulesR and an input ABox A , and
it decides the satis�ability of (R; A ).

De�nition 2 (Hypertableau Algorithm).
Individuals. Given a set of named individuals N I , the set of root individuals

NO is the smallest set such thatN I � NO and, if x 2 NO, then x:hR; B; i i 2 NO

for each roleR, literal concept B , and integer i . The set of generalized individuals
NA is the smallest set such thatNO � NA and, if x 2 NA , then x:i 2 NA for each
integer i . The individuals in NA n NO are tree individuals.

A tree individual x:i is a successorof x, and x is a predecessorof x:i . Descendant
and ancestorare the transitive closures of successor and predecessor, respectively.

ABoxes. The hypertableau algorithm operates on ABoxes that are obtained by
extending the standard de�nition as follows.

� In addition to standard assertions, an ABox can contain at-most equalities and
a special assertion? that is false in all interpretations. Furthermore, assertions
can refer to the individuals fromNA and not only from N I .

� Each (in)equality s � t (s 6� t) also stands for the symmetric (in)equalityt � s
(t 6� s). The same is true for annotated at-most equalities.

� An ABox A can contain renamingsof the form a 7! b where a and b are root
individuals. The relation 7! in A must be acyclic,A can contain at most one
renaming a 7! b for an individual a, and, if A contains a 7! b, then a should
not occur in any assertion or (in)equality inA . An individual b is the canonical
name of a root individual a in A , written b= kakA , i� a 7! � b and there exists
no individual c 6= b such thatb7! � c, where7! � is the re
exive-transitive closure
of 7! in A .

An input ABox contains only named individuals, no at-most equalities, nore-
namings, and in which all concepts are literal and all roles are atomic.

Satisfaction of such ABoxes in an interpretation is obtained by a straightforward
generalization of the de�nitions in Section 2.1: all individuals are interpreted as
elements of the interpretation domain4 I , and I j= a 7! b i� aI = bI .

Merge Target. An individual t is a merge target for an individual s if t is a
named individual, or t is a root individual and s is not a named individual, ors is
a descendant oft.

Pruning. The ABox pruneA (s) is obtained from A by removing all assertions
containing a descendant ofs.

Merging. The ABox mergeA (s ! t) is obtained frompruneA (s) by replacing the
individual s with the individual t in all assertions and their annotations (but not in
renamings) and, if boths and t are root individuals, adding the renamings 7! t.

9



Pairwise Anywhere Blocking. The labels of an individual s and of an indi-
vidual pair hs; ti in an ABox A are de�ned as follows:

L A (s) = f A j A(s) 2 A and A is an atomic conceptg
L A (s; t) = f R j R(s; t) 2 A g

Let < be a strict ordering (i.e., a transitive and irre
exive relation) on NA con-
taining the ancestor relation|that is, if s0 is an ancestor ofs, then s0 < s . By
induction on < , we assign to each individuals in A a status as follows:

� a tree individual s is directly blocked by a tree individual t i�, for s0 and t0 the
predecessors ofs and t, respectively,
� t is not blocked,
� t < s ,
� L A (s) = L A (t) and L A (s0) = L A (t0), and
� L A (s; s0) = L A (t; t 0) and L A (s0; s) = L A (t0; t);

� s is indirectly blocked i� it has a predecessor that is blocked; and
� s is blocked i� it is either directly or indirectly blocked.

Derivation Rules. Table 3 speci�es derivation rules that, given an ABox A
and a set of HT-rulesR, derive the ABoxesA 1; : : : ; A n . In the Hyp-rule, � is a
mapping from the set of variables in the HT-rule to the individuals occurring in the
assertions ofA , and � (U) is the result of replacing each variablex in the atom U
with � (x). In the NI-rule, for u a root individual, R a role, B a literal concept, and
i an integer, we de�nerootfor(u; R; B; i ) = u:hR; B; i i . 3

Rule Precedence. The � -rule can be applied to a (possibly annotated) equality
s � t in an ABox A only if A does not contain an equalitys � t @u

� n R:B to which
the NI-rule is applicable.

Clash. An ABox A contains a clash i� ? 2 A ; otherwise,A is clash-free.
Derivation. For a set of HT-rules R and an ABox A , a derivation is a pair

(T; � ) whereT is a �nitely branching tree and � is a function that labels the nodes
of T with ABoxes such that the following properties hold for eachnodet 2 T:

� � (t) = A if t the root of T;
� t is a leaf ofT if ? 2 � (t) or no derivation rule is applicable to� (t) and R;
� t has childrent1; : : : ; tn such that� (t1); : : : ; � (tn ) are exactly the results of apply-

ing one (arbitrarily chosen, but respecting the rule precedence) applicable rule to
� (t) and R in all other cases.

A derivation is successfulif T contains a brancht1; t2; : : : such that each ABox� (t i )
is clash-free.

3 The function rootfor is not used in the formalization of the algorithm in [32], and it
has been introduced here to make the presentation of the algorithm in Section 6 easier.
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Table 3
Derivation Rules of the Hypertableau Calculus

Hyp-rule

If 1. r 2 R with r = U1 ^ : : : ^ Um ! V1 _ : : : _ Vn , and
2. a mapping � from variables of r to the individuals of A exists such that
2.1 � (x) is not indirectly blocked for each variable x 2 NV ,
2.2 � (Ui ) 2 A for each 1� i � m, and
2.3 � (Vj ) 62 Afor each 1� j � n,

then A 1 := A [ f?g if n = 0;
A j := A [ f � (Vj )g for 1 � j � n otherwise.

� -rule

If 1. � n R:B (s) 2 A ,
2. s is not blocked in A , and
3. A does not contain individuals u1; : : : ; un such that
3.1 f ar(R; s; ui ); B (ui ) j 1 � i � ng [ f ui 6� uj j 1 � i < j � ng � A , and
3.2 ui is not indirectly blocked in A for each 1� i � n

then A 1 := A [ f ar(R; s; t i ); B (t i ) j 1 � i � ng [ f t i 6� t j j 1 � i < j � ng
where t1; : : : ; tn are fresh distinct tree successors ofs.

� -rule
If 1. s � t 2 A (the equality can possibly be annotated),

2. s 6= t, and
3. neither s not t is indirectly blocked

then A 1 := mergeA (s ! t) if t is merge target for s, and
A 1 := mergeA (t ! s) otherwise.

? -rule
If s 6� s 2 A or f A(s); : A(s)g � A where s is not indirectly blocked
then A 1 := A [ f?g .

NI -rule

If 1. s � t @u
� n R:B 2 A (the symmetry of � applies as usual),

2. u is a root individual,
3. s is neither a root individual nor a tree successor ofu,
4. t is not a root individual, and
5. neither s nor t is indirectly blocked

then A i := mergeA (s ! k rootfor(u; R; B; i )kA ) for each 1� i � n.

The Hyp-rule is similar to the one of the hypertableau calculus for �rst order logic
[6]: given an HT-rule of the form (1) and an ABoxA , the Hyp-rule tries to unify
the atoms U1; : : : ; Um with a subset of the assertions inA ; if a uni�er � is found,
the rule nondeterministically derives� (Vj ) for some 1� j � n. For example, given
R(x; y) ! 9 R:C(x) _ D(y) and an assertionR(a; b), the Hyp-rule derives either
9R:C(a) or D(b). The � -rule deals with existential quanti�ers; for example, given
9R:C(a), the rule introduces a fresh individualt and derivesR(a; t) and C(t). The
� -rule deals with equality; for example, givena � b, the rule replaces the individual
a in all assertions with the individualb, and it introduces arenaming a 7! b in order
to keep track of the merge. As discussed in [32], renamings are necessary to ensure
soundness of theNI -rule. Finally, the ? -rule detects contradictions such asA(a)
and : A(a), or a 6� a.

Termination of the calculus is ensured throughblocking, the correctness of which
relies on the notion offorest-shaped ABoxes. Such an ABox is shown in Figure 1,
where nodes and edges correspond to individuals and role assertions, respectively.
Namedindividuals (shown as black nodes) originate from theinput ABox, and they
can be connected in arbitrary ways.Tree individuals (shown as white nodes and
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Fig. 1. A Forest-Shaped ABox

called blockableindividuals in [32]) are introduced by the� -rule, and they can be
connected either to arbitrary named individuals, or to other tree individuals in a
tree-like way. For convenience, tree individuals are represented in the algorithm
as strings; for example,s = a:1 denotes thats is the �rst successorof a. Now it
is possible to show that the� -rule can be applied only to nonblocked individuals
without jeopardizing completeness. Intuitively, ifs is blocked byt in an ABox A
and no derivation rule is applicable toA , then a model of the knowledge base can
be constructed by \unraveling" A |that is, by replicating the fragment between s
and t in�nitely often. E�ectively, blocking means that we do not need to introduce
tree successors in order to satisfy assertions of the form� n R:C(s) because we can
\reuse" the successors oft.

Applications of most derivation rules preserve the forest shape of an ABox;
however, inverse roles, nominals, and number restrictionscause subtle problems.
Consider again Figure 1 and assume thatd must satisfy an at-most restriction
� 1R� :> . This implies v � s, so one individual should be merged into the other;
however, this can compromise the tree shape of the ABox. TheNI -rule deals with
this problem by promoting one ofv or s into a root individual : such individuals
can be connected in arbitrary ways even if they do not occur inthe input ABox.
Thus, an application of the Hyp-rule to the ABox in Figure 1 and the HT-rule
R(y1; x) ^ R(y2; x) ! y1 � y2 @x

� 1 R � :> derives the at-most equalityv � s@d
� 1R � :> .

By examining the annotation on the equality, theNI -rule can detect that the equal-
ity stems from an at-most concept, in response to which it turns eitherv or s into a
root individual. It is possible to establish a bound on the number of the introduced
root individuals and thus prove termination.

The complexity of the hypertableau calculus is due to a possible interaction
between number restrictions, inverse roles, and nominals.If a description logic
does not support at least one of these constructors, then theHT-rules in � T (T )
have a simpler form, which prevents the derivation of assertions that satisfy the
preconditions of theNI -rule. In such cases, each atom of the formyi � yj @x

� n R:B

can be simpli�ed to yi � yj , and the set of root individuals becomes the same as
the set of named individuals. Furthermore, Condition 3.2 ofthe � -rule is always
satis�ed, so it need not be explicitly checked.

On SHOQ + , the HT-rules in � T (T ) have the following simpler form.

De�nition 3 (Simple HT-Rule). A simple HT-rule is a rule r of the form (1) in
which it must be possible to separate the variables into acenter variablex, a set of
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branch variablesyi , and a set of nominal variableszj such that the following prop-
erties hold, for A an atomic concept,B a literal but not a nominal guard concept,
Oa a nominal guard concept, andR an atomic role.

� Each atom in the body ofr is of the formA(x), R(x; x), R(x; yi ), A(yi ), or A(zj ).
� Each atom in the head ofr is of the form B(x), � n R:B (x), B (yi ), R(x; x),

R(x; yi ), R(x; zj ), x � zj , or yi � yj .
� Each yi occurs in the body ofr in an atom of the formR(x; yi ).
� Each zj occurs in the body ofr in an atom of the formOa(zj ).

Simple HT-rules allow for a simpler version of blocking: instead of pairs of indi-
viduals, one needs to consider only single individuals.

De�nition 4. Single Anywhere Blocking. By induction on < , each individual
s in A is assigned a status as follows:

� a tree individual s is directly blocked by a tree individual t if t is not blocked,
t < s , and L A (s) = L A (t);

� s is indirectly blocked if it has a predecessor that is blocked; and
� s is blocked if it is either directly or indirectly blocked.

3 Problems with Modeling Complex Structures

To understand the limitations of modeling structured objects in DLs (and hence
in OWL as well), consider the problem of modeling the skeleton of the human hand,
whose structure is shown in Figure 2a. The carpal bones form the base of the hand.
The central part of the hand contains the metacarpal bones, one leading to each
�nger. The �ngers consist of phalanges: the proximal phalanges are connected to the
metacarpal bones, and all �ngers apart from the thumb contain a middle phalanx
between the proximal and the distal phalanx. This structurecan be intuitively
conceptualized as shown in Figures 2b{2e.4

This structure can be straightforwardly encoded in a DL ABoxA . ABox as-
sertions, however, represent concrete data; thus,A would represent the structure
of one particular hand. In this paper, we are concerned with modeling structured
objects at the schema level|that is, we want to describe the general structure of
all hands. We should be able to instantiate such a description many times. For
example, if we say that each patient has a hand, then for each concrete patient we
should instantiate adi�erent hand, each with the structure as shown in Figures 2b{
2e; depending on the properties of the patient and the axiomsin the ontology, each
such structure can then exhibit distinct features. This clearly cannot be achieved
using ABox assertions.

4 The relationship attached to is assumed to be bidirectional, so the edges labeled with
it are not oriented.
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(a) Hand Anatomy (b) Hand (Ghand )

(c) Finger (G�nger ) (d) Thumb ( Gthumb ) (e) Index (Gindex �nger )

Fig. 2. The Anatomy of the Hand and its Conceptual Models

We can give a logical, schema-level interpretation to Figures 2b{2e by treating
vertices as concepts and arrows asparticipation constraints between the concepts.
For example, vertices 1 and 6 would correspond to conceptsHand and Index �nger ,
whose instances would be all hands and all index �ngers, respectively. Furthermore,
the arrow from 1 to 6 would be interpreted as a statement that each hand has an
index �nger as its part. In DLs, such a participation constraint would commonly
be represented by axioms (4){(5).

Hand v 9 part :Index �nger(4)
Hand v � 1part :Index �nger(5)

Thus, the knowledge baseK containing axioms (6){(19) would provide a formal-
ization of the structure shown in Figure 2e.5

Index �nger v 9 part :Distal phalanx oif(6)
Index �nger v 9 part :Middle phalanx oif(7)

Index �nger v 9 part :Proximal phalanx oif(8)
Distal phalanx oif v 9 attached to:Middle phalanx oif(9)
Middle phalanx oif v 9 attached to:Distal phalanx oif(10)

5 The su�x of index �nger has been abbreviated to oif .
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Middle phalanx oif v 9 attached to:Proximal phalanx oif(11)
Proximal phalanx oif v 9 attached to:Middle phalanx oif(12)

Index �nger v � 1part :Distal phalanx oif(13)
Index �nger v � 1part :Middle phalanx oif(14)

Index �nger v � 1part :Proximal phalanx oif(15)
Distal phalanx oif v � 1attached to:Middle phalanx oif(16)
Middle phalanx oif v � 1attached to:Distal phalanx oif(17)

Middle phalanx oif v � 1attached to:Proximal phalanx oif(18)
Proximal phalanx oif v � 1attached to:Middle phalanx oif(19)

Let I be an interpretation corresponding to Figure 2e in the obvious way. Clearly,
I satis�es K, which justi�es the formalization of Figure 2e usingK.

Let us extend K with knowledge about bone fractures. For example, letK0 be
an extension ofK with axiom (20) stating that, if the middle phalanx of the index
�nger is broken, then the index �nger is broken as well:

Index �nger u 9part :(Middle phalanx oif u Broken) v Broken(20)

Given the structure of the index �nger shown in Figure 2e, we might expect K0

to imply that if the index �nger has a distal phalanx that is at tached to a broken
middle phalanx, then the index �nger is broken as well:

Index �nger u 9part :(Distal phalanx oif u
9attached to:(Middle phalanx oif u Broken)) v Broken

(21)

Unfortunately, K0 is underconstrained, and some models ofK0 do not correspond
to the structure of the index �nger shown in Figure 2e. Axioms(7) and (9) both
imply the existence of middle phalanges of the index �nger, but K0 does not capture
the fact that, for any given index �nger, these two middle phalanges must be the
same object. Thus, the in�nite interpretation I 0 shown in Figure 3 is also a model
of K0. In I 0, even if the middle phalanx of the index �nger is broken, the middle
phalanges at the second level of the model need not be broken;hence, axiom (20)
does not necessarily derive that the index �nger is broken and, consequently, axiom
(21) is not a consequence ofK0.

That K0 is underconstrained can also lead to problems with the performance of
reasoning. In order to disprove an entailment, a DL reasonerwill try to construct a
\canonical" model of K0|that is, a model that contains as little information deriv-
able from K0 as possible. Such models, however, are often highly repetitive and
much larger than the intended ones, so constructing them canbe costly. The inter-
pretation I 0 is an example of such a \canonical" model, and it contains an in�nite
tree of phalanges instead of a �nite structure shown in Figure 2e. In our experience,
this is the main reason why DL reasoners cannot process complex ontologies such
as FMA and certain versions of GALEN.

These problems could be addressed by ensuring thatall models ofK0 resemble
as much as possible the intended conceptualization shown inFigures 2b{2e. DL
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Fig. 3. Unintended Model I 0

axioms, however, are usually syntactically restricted such that the resulting logic
exhibits (a variant of) the tree model property[40]: whenever a DL knowledge base
has a model, it has a model of a certain tree shape (such asI 0). The tree model
property is generally considered desirable because its absence often leads to the
undecidability of reasoning. At the same time, however, it also means that we must
leave the con�nes of DLs if we want to faithfully represent structured objects.

Rule formalisms such as datalog [1] can routinely express conditions over nontree
structures; however, they typically do not provide for existential quanti�cation.
Such rules can thus be applied only to the individuals explicitly mentioned in
a knowledge base and cannot express schema constraints suchas \each patient
has some (unknown) hand." Ontology languages such as OWL-Flight [12], Telos
[34], and the logic programming variant of F-Logic [22] are based on datalog and
therefore share its restrictions.

Combining rules with description logics overcomes the limitations of datalog and
yields a very expressive knowledge representation formalism capable of axiomatizing
nontree structures [20,26]. Similarly, the �rst-order version of F-Logic [22] provides
a combination of existential quanti�cation with rules. Such solutions, however, are
quite complex and susceptible to modeling errors. Furthermore, the extension of
DLs with rules is undecidable even for very simple DLs [26], and the same is the
case for the �rst-order version of F-Logic.

A number of decidable combinations of DLs and rules have beenproposed in
practice, and decidability is typically achieved by syntactically restricting the ap-
plicability of the rules. For example, DL-safe rules [33] are restricted such that
they apply only to the explicitly named objects. Role-safe [26] and weakly safe
[37] rules also impose restrictions that prevent the application of the rules to arbi-
trary elements of the domain, and similar restrictions are also employed by various
nonmonotonic rule extensions of DLs [15,37,30]. Consequently, such extensions are
useful mainly for query answering, but not for schema modeling.
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To address the problems outlined in this section,SROIQ [25] providescomplex
role inclusions|axioms of the form R1 � : : : � Rn v S, where� stands for role com-
position. Such axioms are restricted in a way that ensures decidability of the basic
reasoning problems. The use of complex role inclusions solves some of the identi�ed
problems; however, they still cannot axiomatize arbitrarystructures such as the
one in Figure 2b.

In the rest of this paper, we propose a formalism for modelingarbitrarily con-
nected structured objects by extending DLs withdescription graphs. For example,
Figure 2d can be seen as a description graph showing that eachthumb has a prox-
imal and a distal phalanx that are attached to each other. Di�erent structured
objects can be represented using separate description graphs, which can be appro-
priately connected. For example, the hand and the thumb can be represented using
two di�erent description graphs, which are connected to each other. Furthermore,
structured objects often need to be modeled at di�erent levels of abstraction. For
example, we would like to describe the abstract structure common to all �ngers as
shown in Figure 2c, and then specialize it for, say, the index�nger by introducing
the middle phalanx as shown in Figure 2e. To this end, our formalism provides for
graph specialization statements, which can represent the fact that one structure is
more general than another. Finally, in order to represent conditional aspects of the
domain, we also allow for arbitrary rules over the description graphs; for example,
we can state that, if a bone in the hand is fractured, then the hand is fractured as
well. We introduce the formalism in the following section, and show how it can be
used to exclude unintended in�nite models such as the one in Figure 3.

Our formalism is related to weakly guarded tuple generatingdependencies [9] and
the guarded fragment of �rst-order logic [2], which allow for axiomatizing nontree
structures of bounded treewidth. Unlike these formalisms,however, graph-extended
knowledge bases allow for functional roles and arbitrary rules; furthermore, we
present di�erent syntactic restrictions to achieve decidability of reasoning.

4 A Formalism for Modeling Complex Structures

In this section, we present our knowledge representation formalism. We start by
de�ning the notion of a description graph.

De�nition 5 (Description Graph). An `-ary description graphG = ( V; E; �; M )
is a directed labeled graph where

� V = f 1; : : : ; `g is a set of` vertices,
� E � V � V is a set of edges,
� � is a labeling function that assigns a set of literal concepts� hi i � NL to each

vertex i 2 V and a set of atomic roles� hi; j i � NR to each edgehi; j i 2 E, and
� M � NC is a set of main conceptsfor G.
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For A an atomic concept,VA is the set of vertices that containA in their label; that
is, VA = f k 2 V j A 2 � hkig .

We de�ne the vertices ofG to be integers in order to be able to use them as
indices. The main concepts ofG identify the objects whose structure is de�ned by
G. In Figure 2, main concepts are framed with rounded rectangles. Thus, the main
concepts for the description graph shown in Figure 2b areHand and Palm, meaning
that this graph de�nes the structure of all hands and palms. Intuitively, an instance
of a main concept implies the existence of the correspondinggraph instanceof G.

As a notational convenience, we sometimes usei R�! j to denote that a description
graph contains anR-labeled edge from a vertexi to a vertex j .

In order to represent conditions over the structure of a graph, our formalism
allows for graph rules. The following de�nition re�nes the general notion of a rule
introduced in Section 2.2.

De�nition 6 (Graph Rule). A graph atom is an atom of the formG(t1; : : : ; t` ),
whereG is an `-ary description graph andt i 2 N I [ NV for 1 � i � `. A graph rule
is a rule in which all concepts and roles in atoms are atomic, and whose head and
body can contain graph atoms.

Next, we introduce graph specializations, which allow us torepresent structured
objects at di�erent levels of abstraction. For example, we can capture the abstract
structure common to all �ngers by a description graphG�nger shown in Figure
2c, and we can specialize this structure for the thumb by introducing a description
graphGthumb shown in Figure 2d. The following graph specialization axiom captures
the relationship between these two description graphs:

G�nger C Gthumb(22)

De�nition 7 (Graph Specialization). A graph specializationis an axiom of the
form G1 C G2, whereG1 = ( V1; E1; � 1; M1) and G2 = ( V2; E2; � 2; M2) are descrip-
tion graphs withV1 � V2.

Next, we introduce axioms that allow us to appropriately connect graph in-
stances. For example, the description graphGhand shown in Figure 2b contains the
vertices 3 and 4 that represent the thumb and its proximal phalanx, which corre-
spond to the vertices 1 and 3 of the description graphGthumb shown in Figure 2d.
We can specify this correspondence using the followinggraph alignment:

Ghand [3; 4] $ Gthumb [1; 3](23)

This axiom ensures that, whenever two instances ofGhand and Gthumb share the
thumb vertex, they share a proximal phalanx vertex as well, and vice versa.

De�nition 8 (Graph Alignment). A graph alignment is an axiom of the form
G1[v1; : : : ; vn ] $ G2[w1; : : : wn ], where G1 and G2 are description graphs with sets
of verticesV1 and V2, respectively, andvi 2 V1 and wi 2 V2 for 1 � i � n.

Finally, we de�ne GBoxes and graph-extended knowledge bases.
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Table 4
Satisfaction of GBox Elements in an Interpretation

I j= G for G = ( V; E; �; M ) i�

Key property:
8x1; : : : ; x` ; y1; : : : ; y` 2 4 I :

hx1; : : : ; x` i 2 GI ^ hy1; : : : ; y` i 2 GI ^
W

1� i � `
x i = yi !

V

1� j � `
x j = yj

Disjointness property:
8x1; : : : ; x` ; y1; : : : ; y` 2 4 I : hx1; : : : ; x` i 2 GI ^ hy1; : : : ; y` i 2 GI !

V

1� i<j � `
x i 6= yj

Start property : for each atomic conceptA 2 M ,
8x 2 4 I : x 2 A I ! 9 x1; : : : ; x` 2 4 I : hx1; : : : ; x` i 2 GI ^

W

k2 VA

x = xk

Layout property:
8x1; : : : ; x` 2 4 I : hx1; : : : ; x` i 2 GI !

V

i 2 V; B 2 � hi i
x i 2 B I ^

V

hi;j i2 E; R 2 � hi;j i
hx i ; x j i 2 RI

I j= G1 C G2 i�

8x1; : : : ; x`2 2 4 I : hx1; : : : ; x`1 ; : : : ; x`2 i 2 GI
2 ! h x1; : : : ; x`1 i 2 GI

1

I j= G1[v1; : : : ; vn ] $ G2[w1; : : : wn ] i�, for each 1 � i � n,

8x1; : : : ; x`1 ; y1; : : : ; y`2 2 4 I :
hx1; : : : ; x`1 i 2 GI

1 ^ hy1; : : : ; y`2 i 2 GI
2 ^ xvi = ywi !

V

1� j � n
xvj = ywj

Note: ` (i ) is the arity of the description graph G(i ) .

De�nition 9 (Formalism). A graph box (GBox) is a tuple G = ( GG; GS; GA ) where
GG, GS, and GA are �nite sets of description graphs, graph specializations overGG,
and graph alignments overGG , respectively. The de�nition of ABoxes from Section
2.1 is extended to allow forgraph assertionsof the formG(a1; : : : ; a` ) whereG is an
`-ary graph and eachai , 1 � i � `, is an individual. A graph-extended knowledge
baseis a 4-tupleK = ( T ; P; G; A ) whereT is a TBox, P is a �nite set of connected
graph rules,G is a GBox, andA is an ABox.

Next, we de�ne the semantics of the formalism.

De�nition 10 (Semantics). An interpretation I = ( 4 I ; �I ) is de�ned as usual, with
the addition that it interprets each `-ary description graph G as an `-ary rela-
tion over 4 I |that is, GI � (4 I )` . Each tuple in GI is called a graph instance
of G. A graph assertion is satis�ed in I , written I j= G(a1; : : : ; a` ), if and only
if haI

1; : : : ; aI
` i 2 GI . Satisfaction of a description graph, graph specialization, and

graph alignment in I is de�ned in Table 4. A knowledge baseK = ( T ; P; G; A ) is
satis�ed in I , written I j= K, if all its components are satis�ed inI .

The key and disjointness properties in Table 4 ensure that notwo distinct in-
stances ofG can share a vertex; for example, di�erent instances ofGhand cannot
share the vertex that represents the thumb. These properties are required to en-
sure that the representation of the structured objects is bounded, which is a core
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assumption of our formalism. In particular, they prevent the existence of in�nite
\chains" of instances ofGhand , which is crucial for the decidability of our formalism.

The start property in Table 4 ensures that each instance of a main conceptA of
G occurs in an instance ofG. For example, sinceHand is a main concept forGhand ,
each instance ofHand must occur as vertex 1 in an instance ofGhand . Similarly,
vertex 3 ofGhand is labeled withThumb, which is the main concept ofGthumb ; hence,
each vertex 3 in an instance ofGhand is also a vertex 1 in an instance ofGthumb (but
not the other way around). The disjunction in the start property handles the case
when a main concept labels multiple vertices. For example, if we were to describe
the hand and the �ve �ngers in a single graph without a distinction between the
�ve �ngers, then, given an instance of aFinger, we would have to guess which of
the �ve �ngers we are dealing with. Finally, the layout property ensures that each
instance ofG is labeled and connected as speci�ed in the de�nition ofG.

Graph specializations are interpreted as inclusions over the graph relations; for
example, axiom (22) states that each instance of a thumb is also an instance of a
�nger. The two graphs share all the vertices of the more general graph, and the
more speci�c graph can introduce additional vertices.

Finally, graph alignments state that, whenever two graphs share some vertex
from the speci�ed list, then they share all other vertices from the list as well. For
example, alignment (23) states that, if instances ofGhand and Gthumb share vertices
3 and 1, respectively, then they must also share vertices 4 and 3, respectively.

The main reasoning problem for graph-extended knowledge bases is satis�abil-
ity checking, since concept subsumption and instance checking can be reduced to
satis�ability as usual.

Description graphs allow us to faithfully represent the nontree connections be-
tween the parts of a structured object. For example, consider the graph-extended
knowledge baseK00= ( T 00; ; ; G00; ; ) where T 00 contains axioms (13){(20), andG00

contains description graphGindex �nger shown in Figure 2e. The GBoxG00correctly
axiomatizes the structure of the index �nger and, unlike theDL knowledge baseK0

from Section 3, the graph-extended knowledge baseK00entails axiom (21).
Note that De�nition 10 does not ensure that objects in an instance of a de-

scription graph G are connected only by the edges as speci�ed inG|that is, the
maximum cardinality of the edges in an instance ofG is not �xed. Because of that,
axioms (13){(19) are strictly necessary for the inference from the previous para-
graph. Although De�nition 10 could be straightforwardly extended with conditions
that impose appropriate cardinality restrictions, we refrain from doing so for several
reasons. First, cardinalities can always be axiomatized explicitly as shown in the
previous example, so the presented formalism is more general. Second, the adopted
approach allows us to study at a �ner-grained level the impact of various constructs
on the decidability of reasoning.
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5 Undecidability of Reasoning

Checking the satis�ability of a graph-extended knowledge baseK = ( T ; P; G; A )
is clearly undecidable since the combination of DLs such asALC with unrestricted
Horn rules is already undecidable [26]. We next show that, even if T = ; , checking
the satis�ability of K is undecidable due to an interaction between description
graphs and unrestricted Horn rules. In our proof, we use the well-known undecidable
problem of checking emptiness of the intersection of context-free grammars [18].
A context-free grammar is a tuple G = ( T ; N ; P; S), where T is a �nite set of
terminal symbols,N a �nite set of nonterminal symbols,S 2 N is a start symbol,
and P � N � (T [ N )� is a �nite set of productions. The language generated by
G is denoted asL(G). Given two context-free grammarsG = ( T ; N ; P; S) and
G0 = ( T ; N 0; P0; S0) over the same set of terminal symbolsT and with N \ N 0 = ; ,
checking whetherL(G) \ L(G0) = ; is undecidable [18].

Proposition 1. Checking the satis�ability of a graph-extended knowledge base
K = ( ; ; P; G; A ) where all rules inP are Horn and G = ( GG ; ; ; ; ) is undecidable.

Proof. Let G = ( T ; N ; P; S) and G0 = ( T ; N 0; P0; S0) be two context-free grammars
with N \ N 0 = ; . We �rst construct a graph-extended knowledge baseKG ;G 0 that
simulates the derivations ofG and G0. Let RP be an atomic role uniquely associated
with each symbolP 2 T [ N [ N 0. The knowledge baseKG ;G 0 contains a Horn rule
of the form (24) for each production inP [ P0 of the form P ! Q1:Q2: : : : :Qn .

RQ1 (x0; x1) ^ RQ2 (x1; x2) ^ : : : ^ RQn (xn� 1; xn ) ! RP (x0; xn )(24)

For each terminal symbolP 2 T , the GBox of KG ;G 0 contains description graphs
G1

P = ( V 1
P ; E1

P ; � 1
P ; M 1

P ) and G2
P = ( V 2

P ; E2
P ; � 2

P ; M 2
P ) de�ned as follows:

G1
P :

V 1
P = f 1; 2g M 1

P = f Ag
1 RP��! 2� 1

P h1i = f Ag � 1
P h2i = f Bg

G2
P :

V 2
P = f 1; 2g M 2

P = f Bg
1 RP��! 2� 2

P h1i = f Bg � 2
P h2i = f Ag

Finally, the ABox of KG ;G 0 contains the assertionA(a).
It is straightforward to see that KG ;G 0 is satis�able. Let I be any interpretation

obtained by intersecting all models ofKG ;G 0 that have the same interpretation
domain4 I , and let w = P1: : : : :Pn 2 T � be a �nite word over the set of nonterminal
symbols T . Due to the GBox of KG ;G 0, domain objectsf � 0; : : : ; � ng � 4 I exists
such that h� i � 1; � i i 2 RI

Pi
for each 1� i � n. It is straightforward to see that the

rules (24) encode the derivations ofG and G0|that is, for each nonterminal symbol
Q 2 N (resp. Q 2 N 0), we haveh� 0; � n i 2 RI

Q if and only if a derivation of Q from
w exists inG (resp.G0). Now let K int

G ;G 0 be the graph-extended knowledge obtained
by extending KG ;G 0 with the Horn rule (25).

RS(x; y) ^ RS0(x; y) ! ?(25)
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Clearly, K int
G ;G 0 is unsatis�able if and only if L(G) \ L(G0) 6= ; , which proves the

claim of this proposition.

One might try to ensure decidability by requiring that P = ; . As we show next,
this is not su�cient: an interaction between description graphs in G and num-
ber restrictions in T is another source of undecidability. In our proof, we present
reductions from the well-known domino tiling problem. Adomino system is a
triple S = ( D ; H ; V ) where D = f D1; : : : ; Dmg is a set of tiles, andH � D � D
and V � D � D are horizontal and vertical compatibility conditions, respectively.
An S-tiling is a function � : N � N ! D such that h� (i; j ); � (i + 1; j )i 2 H and
h� (i; j ); � (i; j + 1) i 2 V . 6 It is well known that, given a domino systemS, check-
ing whether anS-tiling exists is undecidable [7].

Proposition 2. Checking the satis�ability of a graph-extended knowledge base
K = ( T ; ; ; G; A ) with T a TBox in ALCF and G = ( GG ; ; ; ; ) is undecidable.

Proof. We �rst present a graph-extended KBKgrid that implies the existence of an
in�nite grid. The TBox of Kgrid contains the followingALCF axioms:

> v � 1H(26)
> v � 1V(27)

The ABox of Kgrid consists of a single assertionA1(a). The GBox of Kgrid contains
four graphsGi = ( Vi ; E i ; � i ; M i ), 1 � i � 4. The sets of verticesVi , edgesE i , and the
labels of the edges are the same for allGi and are shown in Figure 4a. Furthermore,
M i = f A i g, and the labels� i of vertices in eachGi are as given next:

� 1 = f 1 7! f A1g; 2 7! f A2g; 3 7! f A3g; 4 7! f A4gg
� 2 = f 1 7! f A2g; 2 7! f A1g; 3 7! f A4g; 4 7! f A3gg
� 3 = f 1 7! f A3g; 2 7! f A4g; 3 7! f A1g; 4 7! f A2gg
� 4 = f 1 7! f A4g; 2 7! f A3g; 3 7! f A2g; 4 7! f A1gg

We next show thatKgrid is satis�able and that each modelI of Kgrid contains an
in�nite two-dimensional grid, as shown in Figure 4b. Individual a corresponds to
the top left corner of the grid, and instances of descriptiongraphs are labeled using
lowercase letters. SinceA1 is a main concept forG1, I contains the instanceg1 of
G1. Vertex 2 of g1 is labeled with A2, so I contains the instanceg2 of G2; sinceV
is functional by (27), the two graphs are \glued together" into a grid. By a similar
argument, one can see thatI contains the instanceg3 of G3 and the instanceg4 of
G4, which are \glued" with g1 and g2 into a grid. By repeating the same argument,
it is clear that the grid extends inde�nitely to the right and downwards.

For a domino systemS = ( D ; H ; V ), let KS be the graph-extended knowledge
base obtained by extending the TBox ofKgrid with the following axioms, where

6 N is the set of all natural numbers.
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Fig. 4. Grid Construction for ALCF

each tile D i 2 D , 1 � i � m, corresponds to an atomic conceptD i :

> v D1 t : : : t Dm(28)
D i u D j v ? for each 1� i < j � m(29)

D i u 9H:D j v ? for each (D i ; D j ) 62H(30)
D i u 9V:Dj v ? for each (D i ; D j ) 62V(31)

These axioms ensure that each point in a grid is labeled with some D i according
to the compatibility conditions of S. Thus, if KS is satis�able, an S-tiling can be
extracted from a model ofKS; conversely, if anS-tiling exists, a model ofKS can
be obtained by labeling vertices in the grid shown in Figure 4b according to the
S-tiling. These two facts then imply the claim of this proposition.

The proofs of Propositions 1 and 2 suggest that undecidability arises partly
because graph-extended knowledge bases can axiomatize models containing un-
bounded sequences of description graph instances. In practice, however, structured
objects are usually modeled up to a certain level of granularity, which naturally
determines a bound on the sequence of graphs one needs to represent. In such
cases, we can describe the structure of an object by an acyclic hierarchy of parts;
for example, carpal bones are parts of the hand, but the hand is not a part of the
carpal bones. To re
ect the acyclic nature of such a representation, it therefore
seems reasonable to impose an acyclicity condition in our formalism. Intuitively,
this condition ensures that the description graphs are arranged in a hierarchical
manner and that their instantiation always provides a bounded representation.

De�nition 11 (Acyclic GBox). Let G = ( GG; GS; GA ) be a GBox, and letC� be the
re
exive{transitive closure of the graph specialization relation C in GS. The GBox
G is acyclic if a strict (i.e., an irre
exive and transitive, but not necessarily total)
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order � on GG exists such that, for eachG = ( V; E; �; M ) and G0 = ( V 0; E0; � 0; M 0)
in GG such thatG 6� G0, and for eachA 2 M 0, the following two conditions hold:

� G0 C� G implies : A 2 � hi i for each i 2 V n V 0; and
� G0 6C� G implies : A 2 � hi i for each i 2 V.

A graph-extended knowledge base isacyclic if its GBox is acyclic.

Intuitively, G1 � G2 means that an instance ofG1 is allowed to imply the ex-
istence of an instance ofG2. In our example, we would haveGhand � G�nger and
Ghand � Gthumb , which allows an instance of a hand to imply the existence of a
�nger and/or a thumb. We would also haveG�nger � Gthumb , since �nger is more
general than thumb. The conditions in De�nition 11 state that, if G1 6� G2, then an
instance ofG2 cannot imply the existence of an instance ofG1 because each node
of G2 must be labeled with a negation of each start concept ofG1. For example,
sinceGthumb 6� Ghand , no vertex in an instance ofGthumb should ever become labeled
with a main concept ofGhand . E�ectively, this prevents cyclic implications between
instances of description graphs.

Requiring the GBox to be acyclic invalidates Proposition 1.In fact, checking
the satis�ability of K = ( ; ; P; G; A ) where G is acyclic is decidable:G can then
axiomatize only structures that can be obtained by unfolding Gin a straightforward
way, so it does not matter if the rules inP are not tree-like. Furthermore, in Section
6.2 we show that checking satis�ability ofK = ( T ; ; ; G; A ) is decidable ifT is in
SHOQ + . We next show, however, that an interaction between inverseroles, number
restrictions, and description graphs leads to undecidability even if G is acyclic.

Proposition 3. Checking the satis�ability of a graph-extended knowledge base
K = ( T ; ; ; G; A ) with T a TBox in ALCIF and G = ( GG; ; ; ; ) an acyclic GBox
is undecidable.

Proof. Let Kgrid be the graph-extended KB in which the GBox contains four de-
scription graphsGi = ( Vi ; E i ; � i ; M i ), 1 � i � 4 with the structure as shown in Fig-
ure 5a andM i = f A i g. To make the GBox acyclic, we assume that all vertices in
each Gi are labeled with : A j for i 6= j ; these negative labels are not shown in
Figure 5a for the sake of clarity. The ABox ofKgrid contains the assertionA1(a).
Finally, the TBox of Kgrid contains the followingALCIF axioms:

> v � 1H > v � 1V > v � 1R�

B1 v 9 R:A2 C1 v 9 R:A4

B2 v 9 R:A1 C2 v 9 R:A3

B3 v 9 R:A4 C3 v 9 R:A2

B4 v 9 R:A3 C4 v 9 R:A1

We next show thatKgrid is satis�able and that each modelI of Kgrid contains an
in�nite two-dimensional grid, as shown in Figure 5b. Instances of description graphs
are denoted with lowercase letters. Due to the ABox assertion A1(a), I contains
the instance g1 of G1. Due to B1 v 9 R:A2, vertex 2 of g1 is connected with an
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Fig. 5. Grid Construction for ALCIF

instance ofA2, so I contains the instanceg2 of G2. SinceR is inverse-functional,
however, vertex 1 ofg2 must be the same as vertex 2 ofg1, as shown by the arrow
m1. Furthermore, sinceV is functional, vertex 4 ofg2 must be the same as vertex
3 of g1, as shown by the arrowm2. Hence,g1 and g2 form the top two squares of
the grid. By a similar argument, one can see thatI contains the instanceg4 of G4,
and that g1 and g4 share the vertices as shown by the arrowsm3 and m4. Finally, I
contains the instancesg1

3 and g1
3 of G3, which share vertices withg2 and g4 as shown

my the arrowsm5{ m8. Thus, g1
3 and g2

3 share vertex 1, so by the key property they
must be the one and the same instance. Consequently,g1, g2, g1

3 = g2
3 = g3, and g4

are connected inI in a grid-like manner. Note that no two instancesgi share vertex
5, soI satis�es the concept: A i occurring in the label of each vertex ofGj for i 6= j .
By repeating the same argument, it is clear that the grid extends inde�nitely to
the right and downwards.

Now given a domino systemS = ( D ; H ; V ), we can extendKgrid with axioms
(28){(31) to a knowledge baseKS that is satis�able if and only if an S-tiling exists,
which proves our claim.

This result can be intuitively understood as follows. LetG1 and G2 be description
graphs with start conceptsA1 and A2, respectively; furthermore, letg1 and g2 be
instances ofG1 and G2, respectively. Then, inverse roles and number restrictions
can mergeg1 and g2 such that the vertex ofg1 labeled with A1 is not contained ing2

and, conversely, the vertex ofg2 labeled with A2 is not contained ing1. Therefore,
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even if all vertices ofG1 and G2 are labeled with : A2 and : A1, respectively, it is
still possible to enforce the existence of in�nite non-tree-like structures.

6 Reasoning with Graph-Extended Knowledge Bases

In this section, we present an algorithm for reasoning with agraph-extended
knowledge baseK = ( T ; P; G; A ). In order to overcome the undecidability results
from the previous section, in Section 6.1 we introducerole separationas a way of
attaining decidability. Intuitively, role separation places restrictions on the usage
of atomic roles inT , P, and G in order to limit the possible interaction between
di�erent types of axioms. In Section 6.2 we then present a hypertableau-based
algorithm for checking the satis�ability of K. When K is weakly separated(i.e., when
the roles occurring inP do not occur in T and vice versa), our algorithm provides
a decision procedure ifT is in SHOQ + and G is acyclic G and a semidecision
procedure ifT is in SHOIQ + . Finally, in Section 6.3 we show that the decidability
of the latter case can be regained by requiringK to be strongly separated(i.e., that
the roles occurring inP and G do not occur in T and vice versa).

6.1 Role Separation

Let K = ( T ; P; G; A ) be a graph-extended KB. In Section 5, we proposed acyclic-
ity of G as a way to limit the size of the structures whose existence isimplied by G.
As expected, acyclicity invalidates the proof of Proposition 2. The proof of Propo-
sition 3, however, reveals that an interaction between graphs, inverse roles, and
functionality axioms can circumvent the desired e�ects of acyclicity. Thus, one way
of ensuring decidability is to restrict the interaction betweenT , P, and Gby placing
restrictions on the usage of roles. The general approach is captured by the following
de�nition, which is specialized in the following sections.

De�nition 12 (Role Separation). A role separation scheme � = (NRT ; NRP ; NRG)
is a triple where allNRT , NRP , and NRG are (not necessarily disjoint) subsets of
the set of atomic rolesNR . The roles in NRT , NRP , and NRG are calledT -, P-,
and G-roles, respectively. A graph-extended knowledge baseK = ( T ; P; G; A ) is � -
separatedif all roles occurring in T , P, and G are T -, P-, and G-roles, respectively.

A similar idea has been used to ensure decidability of the fusions of Abstract
Description Systems (ADSs) [5]: the component ADSs can share concepts, but the
interaction through roles is restricted to ensure decidability. The separation into T -,
P- andG-roles is similar in spirit. ADSs, however, lack standard �rst-order variables,
so they cannot directly represent arbitrarily connected structures and rules. The
latter could potentially be axiomatized using an ADS; however, such an encoding
is likely to be complex and therefore not practicable. Furthermore, fusions of ADSs
require a strict separation of roles, which rules out weaklyseparated knowledge
bases (see Section 6.2).
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Similarly to the standard hypertableau algorithm presented in Section 2.3, our
algorithm �rst preprocessesK into a set of rulesR, a GBox G, and an ABox A .
We next de�ne a notion of �-admissibility for ( R; G; A ) that identi�es the types
of inputs our core algorithm can handle. This notion closelyparallels De�nition
12 and, as we discuss shortly, there is a straightforward relationship between �-
separation for knowledge bases and �-admissibility for thealgorithm inputs.

De�nition 13 (Admissibility) . Let R be a set of rules,G a GBox, A an ABox, and
� = ( NRT ; NRP ; NRG ) a role separation scheme. The triple(R; G; A ) is � -admissible
if all roles in Gare G-roles,A is an input ABox, andR can be separated into disjoint
subsetsR T and R P of T - and P-rules, respectively, such that

� each ruler 2 R T is an HT-rule and all roles in r are T -roles, and
� each ruler 2 R P is a connected graph rule and all roles inr are P-roles.

A � -admissible triple (R; G; A ) is simple if all rules in R T are simple HT-rules,
and (R; G; A ) is acyclic if G is acyclic.

Let K = ( T ; P; G; A ) be a graph-extended KB, �T (T ) and A 0 = A [ � A (T ) the
result of preprocessingT using the preprocessing transformation from [32, Section
4.1] (see Section 2.3 for a summary), andR = P [ � T (T ). By inspecting the trans-
formation it is straightforward to see that, for each role separation scheme �, if K
is �-separated, then (R; G; A 0) is �-admissible; if T is in SHOQ + , then (R; G; A 0)
is simple; and ifG is acyclic, then (R; G; A 0) is acyclic as well. Furthermore, ifK
does not contain transitivity axioms, it is trivial to see that K is equisatis�able with
(R; G; A 0). Finally, if � is such that NRT \ NRP = ; , then there is no interaction
betweenT and P, so transitivity axioms in T can be encoded into GCIs in the same
way as in [32, Section 4.1] without a�ecting satis�ability. Therefore, we omit the
details of the preprocessing phase for the sake of brevity and present an algorithm
that decides the satis�ability of an admissible triple (R; G; A ).

6.2 Weakly Separated Knowledge Bases

We now de�ne a notion of weak role separation.

De�nition 14 (Weak Separation). A role separation scheme(NRT ; NRP ; NRG) is
weak if NRT \ NRP = ; . A graph-extended knowledge baseK is weakly separated
if a weak role separation scheme� exists such thatK is � -separated. Similarly, for
R a set of rules,G a GBox, andA an ABox, (R; G; A ) is weakly admissibleif a
weak role separation scheme� exists such that(R; G; A ) is � -admissible.

Intuitively, weak separation prevents any interaction betweenT and P and thus
avoids well-known sources of undecidability, such as the ones identi�ed in [26].
From a modeling point of view, weak separation is interesting because it allows
one to describe general knowledge using TBox axioms and thento specialize such
knowledge using description graphs. For example, even if the general structure of a
�nger were described using DL axioms (e.g., this description might be a part of a
general, coarse-grained knowledge base that does not use description graphs), one
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could describe more specialized knowledge, such as the structure of an index �nger,
using graphs. One can thus choose the appropriate style of modeling for knowledge
at di�erent levels of granularity. The main limitation of weak separation is that
one cannot use rules to express knowledge about roles used inDL axioms. Thus,
weak separation does not impose any additional restrictions on graph-extended KBs
beyond those that are already present in standard DL knowledge bases without
description graphs. Note that DL-safe [33] need not satisfythe weak admissibility
requirement; however, we do not consider such rules in this paper because of their
limited applicability to schema reasoning.

We next present an algorithm that can be used to check the satis�ability of a
weakly separated knowledge baseK. The formal de�nitions of the algorithm are
rather intricate, so we �rst outline the main ideas by means of an example. Consider
the following graph-extended knowledge baseK1 = ( T1; P1; G1; A 1):

T1 = f C v 9 R:A;
B v f bg g

P1 = ;
A 1 = f C(a) g

G1 contains the following description graph:

G:
V = f 1; 2; 3g � h1i = f Ag 1 S�! 2
M = f Ag � h2i = f Bg 2 T�! 3

� h3i = f Cg 1 U�! 3

(32)

The preprocessing ofT1 produces the ABox �A (T1) = f Ob(b)g and the following set
of rules � T (T1):

C(x) ! (9R:A)(x)(33)
B(x) ^ Ob(yb) ! x � yb(34)

Let R 1 = � T (T1) and A 1
1 = � A (T1) [ A 1. Clearly, (R 1; G1; A 1

1) is weakly admissible:
all rules in R 1 are HT-rules and, sinceP = ; , we can consider all roles to beT -roles.

By successively applying the derivation rules shown in Tables 3 and 5 toR 1,
G1, and A 1

1, our algorithm tries to construct an ABox that represents a model of
(R 1; G1; A 1

1). The evolution of A 1
1 is shown in Figure 6, where assertions derived by

a single application of a derivation rule are separated by dotted lines. Note that the
derivation rules from Table 5 closely follow the semantic conditions on description
graphs given in De�nition 10.

The Hyp-rule derives new assertions based on the contents ofR: if the body of
some ruler 2 R can be matched to assertions in an ABox, an assertion from the
head ofr is derived nondeterministically. Thus, fromC(a) and (33), the Hyp-rule
derives the assertion9R:A(a).

To satisfy this assertion, the� -rule introduces a freshtree successors1 of a and
it derives the assertionsR(a; s1) and A(s1). To keep track of the successor relation,
our algorithm represents individuals as �nite strings of the form.:� 1: : : : :� n , where
� i are symbols, and . is a special symbol that is used to make certain de�nitions
simpler. Thus, the individual a actually corresponds to the string.:� a where � a is
a name symbol; furthermore, s1 corresponds to the individual.:� a:� , where � is a

28



Ob(b)
C(a)
9R:A(a)

R(a; s1)

A(s1)
G(s1; t1;1; t1;2)
S(s1; t1;1)
T(t1;1; t1;2)
U(s1; t1;2)
B (t1;1)
C(t1;2)
9R:A(t1;2)

R(t1;2; s2)

A(s2)
G(s2; t2;1; t2;2)
S(s2; t2;1)
T(t2;1; t2;2)
U(s2; t2;2)
B (t2;1)
C(t2;2)

a = .:� a

s1 = .:� a:�
t1;1 = .:� a:�:
 1

t1;2 = .:� a:�:
 2

s2 = .:� a:�:
 2:�
t2;1 = .:� a:�:
 2:�:
 1

t2;2 = .:� a:�:
 2:�:
 2

Fig. 6. Example Derivation of the Hypertableau Algorithm

tree symbol. That s1 is a successor ofa is evident from the fact that a = .:� a is a
pre�x of s1 = .:� a:� .

The conceptA is a main concept inG so, due to the assertionA(s1), individual
s1 must occur in an instance ofG at vertex 1; to ensure this, the hypertableau
calculus contains theG9-rule. An application of the G9-rule to A(s1) derives the
assertionG(s1; t1;1; t1;2). Individuals t1;1 and t1;2 are freshgraph successorsof s1,
which is re
ected in their string representation: we havet1;1 = s1:
 1 = .:� a:�:
 1

and t1;2 = s1:
 2 = .:� a:�:
 2 where 
 1 and 
 2 are graph symbols. A tree or named
individual and all of its graph successors are said to form acluster; individuals s1,
t1;1, and t1;2 are an example of such a cluster.

In order to connect and label all the vertices in the instanceof G, the hypertableau
calculus contains theGL -rule. Its application to the current set of assertions adds,
among others, the assertionC(t1;2). But then, the same inferences can be repeated:
the Hyp-rule derives 9R:A(t1;2), the � -rule derives R(t1;2; s2) and A(s2) where
s2 = t1;2:� = .:� a:�:
 2:� , the G9-rule derives the graph assertionG(s2; t2;1; t2;2), and
the GL -rule connects and labels all the vertices. LetA 2

1 be the ABox containing all
assertions derived thus far; these are shown in Figure 6.

Clearly, unrestricted application of the� - and G9-rule would lead to nontermi-
nation. Therefore, just like the standard (hyper)tableau algorithms, our algorithm
applies blocking. Roughly speaking, tree individualss1 and s2 occur in A 2

1 in the
same concepts, so the former individual blocks the latter|that is, the � - and
G9-rule are not applied to (the successors of) the blocked individual. Blocking is
applicable because the ABoxA 2

1 is of structure that generalizes the notion of forest-
shaped ABoxes from Section 2.3. In particular,A 2

1 can thus be seen as consisting of
three clusters, shown in Figure 6 as the left-most, middle, and right-most columns,
connected by assertionsR(a; s1) and R(t1;2; s2).

In general, forest-shaped ABoxes are of the form shown in Figure 7. They contain
several kinds of individuals, which we summarize next.

� Root individuals are shown in Figure 7 as black circles, and can be of two types:

� Named individualsare the ones that occur in the input ABox.
� Root individuals that are not named are introduced by theNI -rule (see Table 3)

due to an interaction between inverse roles, number restrictions, and nominals.
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Fig. 7. A Generalized Forest-Shaped ABox

An in-depth discussion of the rationale behind theNI -rule is available in [32].

� Tree individuals are introduced by the� -rule in order to satisfy the existential
quanti�ers in the TBox of the knowledge base, and they are shown in Figure 7
as white circles with a single edge.

� Graph individuals are introduced by the G9-rule in order to satisfy the start
property for the graphs in the GBox of the knowledge base, andthey are shown
in Figure 7 as white circles with a double edge.

The central concept in forest-shaped ABoxes is the notion ofa cluster, whose formal
de�nition ensures that all root individuals and all graph individuals of the form.:
 i

form a single cluster, and that each tree individualt and all graph individuals of the
form t:
 i form a cluster. Figure 7 shows two clusters of two distinct tree individuals,
where the member individuals are enclosed in a dashed line. The key idea behind
clusters is that (i ) individuals in the same cluster can be arbitrarily connected, but
(ii ) individuals from di�erent clusters are connected in a tree-like manner. Thus,
each forest-shaped ABox can be seen as a tree of clusters; we often call this structure
a tree backbone. We exploit the tree backbone to generalize the notions of blocking
and pruning from the standard (hyper)tableau algorithms.

In Lemma 1, we formalize the notion of forest-shaped ABoxes and show that, if
(R ; G; A ) is weakly separated, then the application of the hypertableau derivation
rules to a forest-shaped ABox always produces a forest-shaped ABox. Intuitively,
the arbitrarily shaped P-rules in R can be applied only to assertions involving
individuals in the same cluster, where they can introduce arbitrary connections;
however, due to weak separation, they cannot a�ect the tree backbone. The tree
backbone is constructed solely using theT -rules in R.

Nominals, however, introduce a slight complication. Consider again the ABoxA 2
1.

From B(t1;1), Ob(b), and (34), the Hyp-rule derivest1;1 � b. The � -rule then prunes
t1;1 (i.e., it removes all graph and tree descendants ort1;1) and replaces it with b;
pruning is necessary in order to avoid nontermination due torepeated individual
creation and merging, as in the so-called \yo-yo" problem [4]. After t1;1 is replaced
with b, the ABox contains the graph assertionG(s1; b; t1;2) in which b is not from
the same cluster ass1 and t1;2; thus, the ABox is not forest shaped. This is reme-
died through graph cleanup: the mentioned assertion is replaced withG(v1; b; v2),
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wherev1 = .:
 1 and v2 = .:
 2 are fresh graph individuals from the cluster ofb. The
cluster of s1 and t1;2 is thus merged into the cluster ofb in order to make the re-
sulting ABox forest shaped. Furthermore, if graph cleanup is subsequently applied
to an assertion of the formG(w1; b; w2), individuals w1 and w2 are replaced with
v1 and v2, respectively. Reusing individuals in graph cleanup is sound because of
the key property in Table 4, and it allows us to establish a bound on the number
of individuals introduced by the cleanup.

We next de�ne our algorithm formally. At this point, we assume the rules inR
to be HT-rules, but do not assume them to be simple. Thus, the algorithm can be
applied to a triple (R; G; A ) obtained by preprocessing a graph-extended knowledge
base whose TBox is inSHOIQ + .

De�nition 15. The hypertableau algorithm for checking the satis�abilityof an
admissible triple(R; G; A ) is obtained by modifying parts of De�nition 2 as follows.

Individuals. Let � � , � 
 , and � � be countably in�nite and mutually disjoint sets
of tree, graph, and name symbols, respectively, none of which contains the special
symbol. . The set � � of NI -symbols is the smallest set such thath�; R; B; i i 2 � �

for each � 2 � 
 [ � � [ � � , role R, literal concept B , and integer i .
An individual is a �nite string of the form .:� 1: : : : :� n with n � 1 such that

� � 1 2 � � [ � 
 [ � � ,
� � i 2 � 
 [ � � for 2 � i � n, and
� � i 2 � � [ � 
 [ � � implies � i +1 62� 
 for 1 � i � n.

An individual with � n 2 � � (resp. � n 2 � 
 ) is a tree (resp. graph) individual .
Furthermore, an individual of the form.:� is a root individual, and if � 2 � � , the
individual is named. Let NA , N I , and NO be the sets of all individuals, all named
individuals, and all root individuals, respectively.

For each individual x:� 2 NA (with x possibly being equal to. ), we say thatx:�
is a successorof x, x is predecessorof x:� , and descendantand ancestorare the
transitive closures of successor and predecessor, respectively.

Cluster. For each individual s 2 NA , the function bsc is de�ned as follows:
bsc = s if s is a tree individual; otherwise,bsc = t for s = t:� . Individuals s and t
are from the same clusterif bsc = btc.

Graph Cleanup. Let A be an ABox containing an assertionG(u1; : : : ; u`) where
someui and uj are not from the same cluster, andbui c is an ancestor ofuj . A
cleanupof uj is an ABox obtained fromA by pruning uj and then replacing in all
the remaining assertionsuj with an individual t de�ned as follows:

� if A contains another graph assertionG(v1; : : : ; v` ) such that ui = vi and vj is
from the same cluster asui , then t = vj ;

� otherwise,t is a fresh graph successor ofbui c.

A graph cleanupof A is obtained fromA by iteratively applying a cleanup to candi-
date individuals as long as possible and in any sequence thatsatis�es the following
restriction: whenever cleanup is applicable toui and uj such thatui is an ancestor
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of uj , cleanup is applied �rst to ui . 7

Merge Target. An individual t is a merge target for an individual s if t is a
named individual, or t is a root individual and s is not a named individual, ort is
not a root individual and s is a descendant ofbtc.

Merging. The ABox mergeA (s ! t) is obtained frompruneA (s) by replacings
with t in all assertions, and then applying a graph cleanup.

Derivation Rules. The derivation rules from Table 3 are extended with the
ones from Table 5. In the NI-rule (see Table 3), foru = .:� a root individual, R a
role, B a literal concept, andi an integer, rootfor(u; R; B; i ) = .: h�; R; B; i i .

Rule Precedence. The � -rule can be applied to a (possibly annotated) equality
s � t in an ABox A only if A does not contain an equalitys � t @u

� n R:B to which
the NI-rule is applicable. Furthermore, theG9-rule is applicable to an ABox only if
the ? -, � -, G? -, G� -, GC -, and GL -rule are not applicable to the ABox.

If ( R ; G; A ) is weakly admissible and simple, theT -rules inR are simple HT-rules
so, as explained in Section 2.3, theNI -rule then never gets applied, no root indi-
vidual occurring in a derivation involves anNI -symbol, and pairwise blocking can
be simpli�ed to single blocking. Therefore, we implicitly make these assumptions
whenever (R; G; A ) is simple.

We next show that, if (R ; G; A ) is weakly admissible, simple, and acyclic, the
hypertableau algorithm becomes a decision procedure. Intuitively, if R is simple
(i.e., if T is in SHOQ + ), then di�erent clusters cannot interact in an adverse way
due to number restrictions. Consider, for example, the ABoxshown in Figure 7.
Individual u can be merged intot; however, t then \inherits" all main concepts
asserted onu. Thus, if t and u occur in assertions with description graphsG1 and
G2, respectively, such thatG1 6� G2, an inconsistency will be derived due to the
acyclicity of G, which will prevent further application of the derivation rules. Hence,
despite the fact that di�erent clusters can be merged, we canestablish a bound on
the size of each cluster and thus prove termination.

We next prove soundness, completeness, and termination of our algorithm. To
this end, we �rst formalize the intuitive notion of forest-shaped ABoxes and show
that an application of a derivation rule always preserves this property.

Lemma 1. Let R be a set of rules,G a GBox, andA an ABox such that(R; G; A ) is
simple and weakly admissible. Then, each ABoxA 0 labeling a node of a derivation
for (R; G; A ) satis�es the following properties, fora and b root individuals, u(i )

individuals, 
 i ; 
 j 2 � 
 , and � i ; � j 2 � � .

(1) Each R(s; t) 2 A 0 where R is a T -role has the formR(u; u:� i ), R(u; a), or
R(u1; u2), whereu1 and u2 are individuals from the same cluster.

(2) Each s � t 2 A 0 is of the forma � u, u1 � u2, u1 � u2:� i , or u:� i � u:� j , where
u1 and u2 are individuals from the same cluster.

7 Note that, due to the freedom in choice oft and the order in which cleanup is applied
to candidate individuals, graph cleanup of A is not uniquely de�ned; however, for the
purposes of our algorithm,any cleanup of A will su�ce.
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Table 5
Derivation Rules Related to Description Graphs

G� -rule

If 1. f G(s1; : : : ; s` ); G(t1; : : : ; t ` )g � A ,
2. si = t i for some 1� i � `,
3. f sj � t j j 1 � j � `g 6� A, and
4. neither si nor t i is indirectly blocked for each 1� i � `

then A 1 := A [ f sj � t j j 1 � j � `g.

G? -rule
If 1. f G(s1; : : : ; s` ); G(t1; : : : ; t ` )g � A ,

2. si = t j for somei 6= j , and
3. neither si nor t i is indirectly blocked for each 1� i � `

then A 1 := A [ f?g .

G9-rule

If 1. A(s) 2 A such that A 2 M for someG = ( V; E; �; M ) 2 GG,
2. s is not blocked in A , and
3. for eachvi 2 VA = f v1; : : : ; vn g, no individuals u1; : : : ; u` exist

such that G(u1; : : : ; u` ) 2 A and uvi = s
then A i := A [ f G(t1; : : : ; t ` )g for each 1� i � n where

tvi = s and all other tk are fresh graph successors ofbsc.

GL -rule
If 1. G(s1; : : : ; s` ) 2 A with G = ( V; E; �; M ),

2. f A(si ) j A 2 � hi ig [ f R(si ; sj ) j R 2 � hi; j ig 6� A , and
3. si is not indirectly blocked for each 1� i � `

then A 1 := A [ f A(si ) j A 2 � hi ig [ f R(si ; sj ) j R 2 � hi; j ig .

GC -rule

If 1. G1 C G2 2 GS,
2. G2(s1; : : : ; s`2 ) 2 A ,
3. G1(s1; : : : ; s`1 ) 62 A, and
4. si is not indirectly blocked for each 1� i � `

then A 1 := A [ f G1(s1; : : : ; s`1 )g.

G$ -rule

If 1. G1[v1; : : : ; vn ] $ G2[w1; : : : wn ] 2 GA ,
2. f G1(s1; : : : ; s`1 ); G2(t1; : : : ; t `2 )g � A ,
3. svi = twi for some 1� i � n,
4. f svj � twj j 1 � j � ng 6� A, and
5. neither si nor t i is indirectly blocked for each 1� i � `

then A 1 := A [ f svj � twj j 1 � j � ng.

(3) In each G(u1; : : : u` ) 2 A 0 and U(u1; u2) 2 A 0 with U a P-role, ui are all from
the same cluster. Furthermore, for each graph individualu0 in A 0, a tree or a
root individual un from the same cluster asu0 exists such thatu0 has a path
to un in A 0|that is, individuals u1; : : : ; un� 1 exist such thatui � 1 and ui occur
together in a graph assertion inA 0 for each1 � i � n.

(4) In each Oa(u) 2 A 0 with Oa a nominal guard concept, the individualu is
named. Furthermore, in each� n R:B (u) 2 A 0, the conceptB is not a nominal
guard concept.

(5) For each tree individual tn in A 0, individuals s0; : : : ; sn and t0; : : : ; tn� 1 exist
such that (i) s0 is a root individual, (ii) for each 1 � i � n, individuals si and
t i � 1 are from the same cluster, and (iii) for each0 � i � n, individual t i is a
tree successor ofsi , and Ri (si ; t i ) 2 A 0 for someT -role Ri .
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Proof. Let � = ( NRT ; NRP ; NRG) be a weak role separation scheme andR T and R P

the subsets ofR satisfying the conditions of De�nition 13. We prove this lemma
by induction on the rule application. SinceA is an input ABox, the induction base
is trivial. Assume that the claim holds for an ABoxA 0 and consider the inferences
deriving some ABoxA i .

(? - and G? -rule) The ABox A 1 trivially satis�es Conditions 1{5.
(GC -, G$ -, G� -, and GL -rule) These rules are always applied to individuals in

the same cluster, soA 1 satis�es Conditions 1{5.
(G9-rule) Assume that A i is obtained by an application of theG9-rule to an

assertion A(s) 2 A 0. All individuals t1; : : : ; t` introduced by the rule application
are from the same cluster ass, soA i satis�es Conditions 1{5.

(� -rule) Assume thatA 1 is obtained by an application of the� -rule to an asser-
tion � n R:B (s) 2 A 0. All individuals t1; : : : ; tn introduced by the rule application
are tree successors ofs such that R(s; ti ) 2 A 1, and B is not a nominal guard
concept, soA 1 satis�es Conditions 1{5.

(Hyp-rule) Assume thatA i is obtained fromA 0 by an application of theHyp-rule
to a rule r 2 R . The rule r does not contain a nominal guard concept in the head,
so A i satis�es Condition 4. Furthermore, the Hyp-rule does not introduce fresh
individuals, so Condition 5 trivially holds for A i .

If r 2 R P , then r is connected, so all variables inr are matched to individuals in
the same cluster. All role atoms in the head ofr areP-roles due to weak separation,
so A i satis�es Conditions 1{3. Thus, let r 2 R T be a simple HT-rule and consider
the types of assertions derived by instantiating an atom from the head ofr .

If s � t is derived by instantiating an atom of the formx � zj , then the body
of r contains an atomOa(zj ). This atom is matched to an assertionOa(t) 2 A 0 in
which, by Condition 4, t is a named individual. Hence,s � t satis�es Condition 2.

If s � t is derived by instantiating yi � yj in a simple HT-rule r , the body of r
contains atomsR(x; yi ) and S(x; yj ) that are matched to assertionsR(u; s) 2 A 0

and S(u; t) 2 A 0 whereR and S are T -roles, and each individual inf s; tg is from
the same cluster asu, or a tree successor ofu, or a root individual. Clearly, s � t
satis�es Condition 2.

If R(s; t) is derived by instantiating R(x; x), then s = t; sinces is from the same
cluster ass, the assertion satis�es Condition 1.

If R(s; t) is derived by instantiating R(x; yi ) in a simple HT-rule r , the body of r
contains an atomS(x; yi ) that is matched to assertionS(s; t) 2 A 0, which satis�es
Condition 1. Clearly, R(s; t) then satis�es Condition 1 as well.

If R(s; t) is derived by instantiating R(x; zj ) in a simple HT-rule r , the body of r
contains an atomOa(zj ) that is matched to an assertionOa(t) 2 A 0. By Condition
4, t is a root individual, soR(s; t) satis�es Condition 1.

(� -rule) Consider the types of equality assertions inA 0 to which the � -rule can
be applied.

For u1 � u2 where u1 and u2 are from the same cluster, the� -rule prunes one
individual|call it s|and replaces it with another individual from the same cluster.
Clearly, the resulting assertions satisfy Conditions 1 and2. Furthermore, individual
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s occurs in the ABox after pruning only in assertions involving predecessors ofs or
individuals from the same cluster ass, so A 1 satis�es Conditions 3{5 as well.

For u1 � u2:� i with u1 and u2 from the same cluster, the� -rule prunesu2:� i and
replaces it with u1. Thus, assertions of the formR(u2; u2:� i ), R(u2:� i ; a), a � u2:� i ,
u3 � u2:� i with u2 and u3 from the same cluster, andu2:� i � u2:� j are changed
into assertionsR(u2; u1), R(u1; a), a � u1, u3 � u1, and u1 � u2:� j , respectively, all
of which satisfy Conditions 1 and 2. Furthermore, pruning removes all individuals
from the cluster ofu2:� i , soA 1 satis�es Conditions 3{5 as well.

For a � u, the � -rule prunesu and merges it intoa. Thus, assertions of the form
R(v; u) and v � u are changed into assertionsR(v; a) and v � a, respectively, all
of which satisfy Conditions 1 and 2. Replacingu with a in G(u1; : : : ; un) where
ui = u produces at �rst an assertion that does not satisfy Condition 3; however,
graph cleanup then replaces eachuj with a graph individual from the same cluster
as a. SinceA 0 satis�es the second part of Condition 3, graph cleanup replaces all
individuals from the cluster of u with graph individuals from the same cluster as
a, so the resulting ABox satis�es Conditions 1{5.

Theorem 1 summarizes the properties of our algorithm.

Theorem 1. The following properties hold for each set of rulesR, GBox G, and
ABox A such that(R; G; A ) is weakly admissible, simple, and acyclic:

(1) if (R ; G; A ) is satis�able, then each derivation for(R; G; A ) is successful;
(2) (R; G; A ) is satis�able if a successful derivation for(R; G; A ) exists; and
(3) each derivation for (R; G; A ) is �nite.

Proof of Claim 1. The claim follows from the following property: if (R ; G; A ) is
satis�able and hA1; : : : ; A n i is the result of applying a derivation rule toR, G, and
A , then (R; G; A i ) is satis�able for some 1� i � n (and, consequently,A i is clash-
free). The proof is the same as in [32, Lemma 13] for all but the� -rule, in which
the application of graph cleanup is nonstandard. LetI be a model of (R; G; A ) and
consider an application of the� -rule to s � t 2 A , producing an ABoxA 1. Let A 0

be the ABox obtained from A by pruning s and then replacing it with t. Since
I j= s � t, we havesI = t I , so clearlyI j= A 0. The ABox A 1 is obtained from A 0

by graph cleanup, which can additionally replace some individuals ui with vi . If vi

is fresh, we can extendI to obtain a model ofA 1; otherwise, by the de�nition of
graph cleanup,A 0 contains graph assertionsG(: : : ; ui ; : : :) and G(: : : ; vi ; : : :) so, by
the key property from De�nition 10, we haveuI

j = vI
j for eachj . Clearly, (R; G; A 1)

is satis�ed in I .

Proof of Claim 2. Let A 0 be a clash-free ABox labeling a leaf of a successful deriva-
tion for (R; G; A ). To prove the claim, we next show how to construct a model of
(R; G; A ). To do this, we �rst introduce several de�nitions.

A path is a �nite nonempty sequence of pairs of individualsp = [ x0
x0

0
; : : : ; xn

x0
n
].

Let tail(p) = xn and tail0(p) = x0
n . Furthermore, let q = [ p j xn +1

x0
n +1

] denote the path
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[x0
x0

0
; : : : ; xn

x0
n
; xn +1

x0
n +1

]; we say thatq is a successorof p, and p is a predecessorof q. The

set of all pathsP(A 0) is de�ned inductively as follows:

� [a
a ] 2 P(A 0) if a is a root individual and it occurs inA 0;

� [p j s0

s0] 2 P(A 0) if p 2 P(A 0) and s0 is a successor oftail(p), s0occurs in an assertion
of A 0, and s0 is not blocked inA 0; and

� [p j s
s0] 2 P(A 0) if p 2 P(A 0) and s0 is a successor oftail(p), s0occurs in an assertion

of A 0, and s0 is directly blocked in A 0 by s.

Paths p; q2 P(A 0) are from the same cluster, written p � q, if

� p = q, or
� p = [ a

a ] and q = [ b
b] for a and b root individuals, or

� individuals tail(p) and tail(q) are from the same cluster and eitherp and q are
successors of the same path or one path is a successor of the other path.

We now de�ne an interpretation I as follows, for each atomic conceptA, each
T -role R, eachP-role U, and each description graphG: 8

4 I = P(A 0)
aI = [ a

a ] for each root individual a that occurs in A 0

aI = bI if a 6= b and kakA 0 = b
A I = f p j A(tail(p)) 2 A 0g
RI = fhp;[a

a ]i j a is a root individual, p 6� [a
a ]; and R(tail(p); a) 2 A 0g [

fhp1; p2i j p1 � p2 and R(tail(p1); tail(p2)) 2 A 0g [
fhp;[p j s

s0]i j p 6� [p j s
s0] and R(tail(p); s0) 2 A 0g

UI = fhp1; p2i j p1 � p2 and U(tail(p1); tail(p2)) 2 A 0g
GI = fhp1; : : : ; p̀ i j pi � pj for 1 � i < j � ` and G(tail(p1); : : : ; tail(p` )) 2 A 0g

A 0 is an HT-ABox, so 4 I is not empty. To prove I j= ( R; G; A ), we �rst show
that, for each ps = [ qs j s

s0] and each individualw, the following claims hold (*):

� R(s; s) 2 A 0 (resp. A(s) 2 A 0) i� hps; psi 2 RI (resp. ps 2 A I ): Immediate by the
de�nition of I .

� If B (w) 2 A 0 and L A 0(w) = L A 0(s0) for B a literal concept, thenps 2 B I : The
proof is immediate ifB is atomic. If B = : A, since the? -rule is not applicable
to A 0, we haveA(w) 62 A0; but then, A(s0) 62 A0 and A(s) 62 A0, which by the
previous case impliesps 62A I .

� If � n R:B (s) 2 A 0, then ps 2 (� n R:B )I : By the de�nition of paths, s is not
blocked. Since the� -rule is not applicable to� n R:B (s), individuals u1; : : : ; un

exist such thatR(s; ui ) 2 A 0and B(ui ) 2 A 0 for each 1� i � n, and ui 6� uj 2 A 0

for each 1� i < j � n. Each assertionR(s; ui ) satis�es Property (1) of HT-
ABoxes, so eachui can be of one of the following forms.

8 The function k � kA 0 has been introduced in De�nition 2.
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� ui is from the same cluster ass. If s is a tree individual, let pu i = [ ps j u i
u i

]; oth-
erwise, letpu i = [ qs j u i

u i
]. By the de�nition of I and the facts that R(s; ui ) 2 A 0

and B(ui ) 2 A 0, we concludehps; pu i i 2 RI and pu i 2 B I .
� ui is a successor ofs, but ui and s are not from the same cluster. Ifui is directly

blocked byvi , let pu i = [ ps j vi
u i

]; otherwise, letpu i = [ ps j u i
u i

]. In either case, we
have R(tail(ps); ui ) 2 A 0, which, by the de�nition of I , implies hps; pu i i 2 RI .
Furthermore, B(ui ) 2 A 0 and L A 0(ui ) = L A 0(tail(pu i )) imply pu i 2 B I .

� ui is a root individual. Let pu i = [ u i
u i

]. We haveR(s; ui ) 2 A 0 and B(ui ) 2 A 0,
which imply hps; pu i i 2 RI and pu i 2 B I .

Consider now each 1� i < j � n. In all cases, we havetail0(pu i ) 6� tail0(pu j ) 2 A 0.
Since? 62 A0 and the ? -rule is not applicable, we also havetail0(pu i ) 6= tail0(pu j ),
which implies pu i 6= pu j . Thus, we conclude thatps 2 (� n R:B )I .

For an assertion� 0 2 A 0 of the form a � b and a 6� b with a and b named indi-
viduals, it is straightforward to see that I j= � 0. Furthermore, if � 0 is of the form
R(a; b) or B(a), or � n R:B (a) with a a named individual, (*) implies I j= � 0. Con-
sider now each� 2 A . If � 62 A0, then A 0 contains renamings that, when applied to
� , produce an assertion� 0 2 A 0; but then, I j= � by the de�nition of I .

We next show that I j= R. Consider a simple HT-ruler 2 R T with variables x,
yi , and zj as in De�nition 3, and a mapping � of the variables to 4 I such that
I; � j= Bm for each body atomBm of r . Let � be a mapping of the variables inr
to individuals in A 0 de�ned as follows:

� � (x) = tail(� (x));
� � (yi ) = tail0(� (yi )) if � (yi ) is a successor of� (x) such that � (yi ) 6� � (x);
� � (yi ) = tail(� (yi )) in all cases not covered by the previous one; and
� � (zj ) = tail(� (zj )).

Atom Bm can be of the formA(x), A(yi ), A(zj ), R(x; x), or R(x; yi ), for R a T -
role. By the de�nition of paths, � (x) is not blocked. Furthermore, if � (yi ) is a
successor of� (x), then � (yi ) is a successor of� (x); otherwise, � (yi ) is either from
the same cluster as� (x) or it is a named individual. Finally, by the de�nition of I ,
we have� (Bm ) 2 A 0. Each variablezj occurs in r in an atom of the form Oa(zj );
by Condition 4 of Lemma 1 and the de�nition ofI , all paths in OI

a are of the form
[b

b] for b a named individual, so� (zj ) is of that form as well. The Hyp-rule is not
applicable to r , A 0, and � , so � (Hn ) 2 A 0 for some head atomHn of r . We have
the following possibilities for the structure ofHn .

� Assume that Hn is of the form C(x) for C a literal concept or a concept of
the form � n S:B; thus, we haveC(� (x)) 2 A 0. By (*), we then have � (x) 2 CI .
Thus, I; � j= r .

� Assume thatHn is of the formR(x; x); thus, we haveR(� (x); � (x)) 2 A 0. By (*),
we then haveh� (x); � (x)i 2 RI . Thus, I; � j= r .

� Assume that Hn is of the form B(yi ); thus, we haveB(� (yi )) 2 A 0. By the def-
inition of blocking, we haveL A 0(� (yi )) = L A 0(tail(� (yi ))); by (*), we then have
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pyi 2 E I
i . Thus, I; � j= r .

� Assume thatHn is of the form S(x; yi ), so S(� (x); � (yi )) 2 A 0. By the de�nition
of I , we havehpx ; pyi i 2 SI

i . Thus, I; � j= r .
� The case whenHn is of the form S(x; zj ) is analogous to the previous one.
� Assume that Hn is of the form x � zj ; thus, we have� (x) � � (zj ) 2 A . Since

the � -rule is not applicable toA 0, we have� (x) = � (zj ). Since � (x) is a named
individual, it cannot block other individuals, sotail0(� (x)) = � (x), which implies
� (x) = � (zj ). Thus, I; � j= r .

� Assume that Hn is of the form yi � yj ; thus, we have� (yi ) � � (yj ) 2 A 0. Since
the � -rule is not applicable toA 0, we have� (yi ) = � (yj ). By De�nition 3, the
antecedent ofr contains atomsR(x; yi ) and R(x; yj ); therefore,h� (x); � (yi )i 2 RI

and h� (x); � (yj )i 2 RI . By Condition 1 of Lemma 1 and the de�nition of I , path
� (yi ) can be either of the form [aa ] for a a root individual, a successor of� (x),
or from the same cluster as� (x); similar restrictions hold for � (yj ). But then,
� (yi ) = � (yj ) implies � (yi ) = � (yj ). Thus, I; � j= r .

Consider a ruler 2 R P containing variablesx1; : : : ; xn and � a mapping of these
variables to 4 I such that I; � j= Bm for each body atomBm of r . Sincer is con-
nected and each nonunary atomBm involves either aP-role or a description graph,
Condition 3 of Lemma 1 and the de�nition of I imply that all paths � (x i ) are
from the same cluster. Let� be a mapping of the variables inr to individuals
in A 0 de�ned as � (x i ) = tail(� (x i )) for 1 � i � n. By the de�nition of I , we have
� (Bm ) 2 A 0 for each body atomBm . Since theHyp-rule is not applicable tor , A 0,
and � , then � (Hn ) 2 A 0 for some head atomHn . But then, by the de�nition of I ,
we haveI; � j= Hn .

The proof that I j= G is completely analogous to the one in the previous para-
graph and we omit it for the sake of brevity.

Proof of Claim 3. We show that each derivation (T; � ) for R, G, and A satis�es the
following properties: (1) if a derivation rule is applied toa subset of� (g) for some
derivation node g 2 T, then the same derivation rule cannot become applicable
to the same assertions in� (g0) for some descendant nodeg0 of g; (2) an integer
} depending only onR, G, and A exists such that, for each� (g) and each tree
individual s in � (g), the number of tree ancestors ofs is at most } ; (3) for each
� (g) and each tree individuals in it, the number of graph successors ofs is bounded;
(4) on each derivation path, the number of graph individualsintroduced by graph
cleanup is bounded; and (5) the number of root graph individuals in each� (g)
is bounded. Together, all these items imply that (6) the number of individuals
introduced on each derivation path is bounded. Items (1) and(6) imply that the
number of applications of all derivation rules on each derivation path is bounded
as well, which implies the claim of this lemma.

(1) This item holds in exactly the same way as in the case of thestandard
hypertableau algorithm [32, Lemma 15]: if a derivation ruleis applied to a subset
of assertions of� (g) for some derivation nodeg 2 T, then assertions are added to
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� (g) that prevent a reapplication of the same derivation rule tothe same assertions
in � (g0) for some descendant nodeg0of g. We omit the details for the sake of brevity.

(2) Let c be the number of atomic concepts occurring in (R; G; A ), and let depth
of a tree individual s, written dep(s), be the number of its tree ancestors. For each
g 2 T, the ancestors of each tree individual in� (g) are present in� (g) by Condition
5 of Lemma 1. Thus, if a tree individuals has depth} = 2 c + 1, two ancestors with
the same individual label exist in� (g), so s is blocked in � (g). The � -rule is not
applicable to blocked individuals, so the� -rule is never applied to suchs. Thus,
for each tree individuals in � (g), we havedep(s) � } .

(3) To prove this item, we �rst show a useful property. Let� be an order on the
description graphs inG that satis�es the conditions of De�nition 11. Furthermore,
let us assume that the hypertableau algorithm is modi�ed such that each individual
s in A 0 is assigned alabel ! (s), which is a (possibly empty) string of the form

G1jv1 ! v0
1 : : : : :Gn jvn ! v0

n(35)

wheren � 0, Gi is a description graph, andvi and v0
i are vertices inGi . Individuals

are labeled according to the following rules:

� For s a tree or named individual, or a fresh graph individual introduced by graph
cleanup,! (s) is the empty string.

� If an application of the G9-rule to an assertionA(s) introduces a graph assertion
G(t1; : : : ; t` ) with s = t i for some 1� i � `, then ! (t j ) = ! (s):Gj i ! j for each
1 � j � ` and j 6= i .

By induction on the applications of the derivation rules, weshow that the fol-
lowing properties (y) hold for each clash-free ABoxA 0 labeling a node of (T; � ):

(i) For each graph individual s in A 0 with ! (s) of the form (35),

(a) A 0 contains an assertionGn (u1; : : : ; u`n ) such that s = uv0
n
;

(b) G1 � : : : � Gn� 1; and
(c) if Gn� 1 6� Gn , then A 0 contains (not necessarily distinct) graph assertions

Gn (w1; : : : ; w`n ) and Gn (w0
1; : : : ; w0

`n
) such that wi = w0

j for somei 6= j .

(ii) For each individual s in A 0 such that bsc is a tree individual, A 0 does not con-
tain an individual t from the same cluster ass such that s 6= t and ! (s) = ! (t).

Property (y) clearly holds for the input ABox A , so let A 0 be an ABox satisfying
(y) and consider all possible derivation rules.

The Hyp-, ? -, G� -, G? -, GL -, GC -, and G$ -rule do not introduce fresh individ-
uals and do not remove assertions from an ABox, so they cannotinvalidate (y).
Furthermore, the � -rule introduces tree individuals t i where ! (t i ) is the empty
string, so the resulting ABox clearly satis�es (y).

Assume that the � -rule is applied to an assertions � t 2 A 0 and that the indi-
vidual s is merged into t. By Lemma 1, pruning always removes either all or no
graph individuals from some cluster; therefore, the ABox after merging, but before
possible graph cleanup, clearly satis�es Condition (i-c) and (ii). Furthermore, if
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merging requires graph cleanup, then freshly introduced graph individuals clearly
satisfy Conditions (i) and (ii).

Consider an application of theG9-rule to an assertionA(s) 2 A 0 and an `0-ary
description graphG0 = ( V 0; E0; � 0; M 0) with A 2 M 0. Assume that s is labeled as
follows, for Gn = ( Vn ; En ; � n ; Mn ):

! (s) = G1jv1 ! v0
1 : : : : :Gn jvn ! v0

n

By the induction assumption, ! (s) satis�es Conditions (i) and (ii). Moreover, by
the rule precedence, theG? -, GL -, and GC -, and ? -rule are not applicable toA 0.

The G? -rule is not applicable, soA 0 does not contain assertionsGn (w1; : : : ; w`n )
andGn (w0

1; : : : ; w0
`n

) such that wi = w0
j for somei 6= j . Since! (s) satis�es Condition

(i-a), we conclude thatGn� 1 � Gn . Furthermore, since! (s) satis�es Condition (i-
b), we have that Gi � Gi +1 for each 1� i � n � 1.

By Condition (i-a), A 0 contains an assertionGn (u1; : : : ; u`n ) such that s = uv0
n
.

Since the GL -rule is not applicable, B(s) 2 A 0 for each B 2 � nhv0
n i . Since G is

acyclic, by De�nition 11 the following properties (z) hold for each description graph
G00in G such that Gn 6� G00and each main conceptC of G00:

� If G006C� Gn , or if G00C� Gn and v0
n is not a vertex ofG00, then : C(s) 2 A 0.

� If G00C� Gn and v0
n is a vertex of G00, since the GC -rule is not applicable, A 0

contains an assertionG00(q1; : : : ; q̀ 00) such that qv0
n

= s.

Let G0(t1; : : : ; t`0) be a graph assertion introduced by theG9-rule such that tv = s,
and consider each fresh graph individualt i , labeled as follows:

! (t i ) = G1jv1 ! v0
1 : : : : :Gn jvn ! v0

n :G0jv! i

We next show that ! (t i ) satis�es Conditions (i) and (ii). Condition (i-a) is obvi-
ously satis�ed, and we have already established that Condition (i-b) is satis�ed by
the induction assumption on! (s). To show that ! (t) satis�es Condition (i-c), we
consider all possible relationships betweenGn and G0.

� Gn � G0: Condition (i-c) is vacuously satis�ed.
� Gn = G0: Precondition 3 of theG9-rule ensures thatv 6= v0

n , so graph assertions
G0(t1; : : : ; t`0) and Gn (u1; : : : ; u`n ) satisfy Condition (i-c).

� Gn 6� G0: Consider the relationship betweenGn and G0 in C� .

� G0 6C� Gn , or G0 C� Gn and v is not a vertex ofGn : By case 1 of (z), we have that
: A(s) 2 A 0; since the? -rule is not applicable toA 0, we have? 2 A 0, which is
a contradiction.

� G0 C� Gn and v is not a vertex of Gn : By case 2 of (z), then A 0 contains an
assertionG0(q1; : : : ; q̀ 00) such that qv = s; but then the G9-rule is not applicable
to A 0 by precondition 3, which is a contradiction.

Finally, to have ! (t i ) = ! (q) for some individualq from the cluster oft i , the G9-rule
must be applied to the same assertion for the same graph twice. By (1), this is not
possible; hence,! (t i ) satis�es (ii). This completes the proof of (y).
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We next use (y) to show (3). Let g be the number of graphs anda the maximum
arity of a graph in G. The ordering � is acyclic, son � g + 1 in each label of the
form (35). Each label can thus be understood as a tuple ofg + 1 triples ( G; v; v0)
where G is a description graph or is empty, andv and v0 are integers between 1
and a. There are most ((g + 1) � a � a)g+1 di�erent such labels, and this number is
bounded by# = 2 (2a+1) �(g+1) 2

. But then, by (ii), the number of graph individuals in
a cluster of a tree individual inA 0 is bounded by# as well, which implies Item (3).

(4) Consider any graph or tree individuals in an ABox A 0 labeling a derivation
node. Let t1; : : : ; tn be a sequence of tree individuals such thatt1 is a successor
of a root individual, tn = bsc, and eachtk is the closest tree predecessor oftk+1 .
Furthermore, let � s = S1; : : : ; Sn be a sequence where eachSk is the maximal subset
of A 0 in which all individuals are from the cluster oftk . In the worst case,s can be
merged into a named individuala, and an individual from eachSk can be merged
into Sk+1 . By the �rst condition of the de�nition of graph cleanup, however, fresh
graph individuals can be introduced at most once for each� s unique up to the
renaming of individuals. By Item (2), n � } , and, by Item (3), the size of eachSi

is bounded; therefore, the number of sequences� s unique up to the renaming of
individuals is also bounded. Consequently, the number of fresh graph individuals
introduced in graph cleanup is bounded as well.

(5) Item (4), property ( y), and the fact that � is acyclic imply that the number
of fresh root graph individuals introduced by theG9-rule is bounded. The proof is
analogous to the proof of Item (3) and is omitted for the sake of brevity.

(6) By (4) and (5), the total number of root individuals in an ABox is bounded.
Furthermore, by (1), (2), and (3), the number of their descendants is bounded as
well. Therefore, by (1), the total number of applications ofderivation rules on each
derivation path is bounded as well.

Since preprocessing of the TBox does not a�ect satis�ability of a graph-extended
knowledge base, we immediately have the following theorem.

Theorem 2. Checking the satis�ability of a weakly separated acyclic graph-extended
knowledge baseK = ( T ; P; G; A ) whereT is in SHOQ + is decidable.

We now consider the case whenK = ( T ; P; G; A ) is a weakly separated acyclic
graph-extended knowledge base withT in SHOIQ + . The TBox T is preprocessed
as usual, so letR = � T (T ) [ P and A 0 = A [ � A (A ); then, (R; G; A 0) is weakly
admissible and acyclic, but not simple. By Proposition 3, checking the satis�ability
of (R; G; A 0) is undecidable; consequently, the hypertableau algorithm does not
necessarily terminate. Consider again Figure 7. IfR is not simple (i.e., ifT contains
inverse roles), thenv can be merged intos. Individual v, however, does not need to
occur in an assertion involving a main concept of some graph from the cluster ofu.
Thus, the algorithm does not necessarily derive a contradiction if a graph from the
cluster of u is not subordinate to all graphs in the cluster ofs. Hence, even though
G is acyclic, clusters can be of arbitrary size which leads to nontermination.
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Our algorithm, however, can be used as a semidecision procedure. This is a non-
trivial and practically interesting consequence since thealgorithm uses blocking.
Assume that the T -rules in R have been obtained from a cyclic TBox, and that
(R; G; A 0) is satis�able. Blocking \increases the chances" for termination; in fact,
provided that G is acyclic, our algorithm will necessarily terminate unless it per-
forms one particular type of inference. Our algorithm is a semidecision procedure
even ifG is not acyclic, but then it is unlikely to terminate on satis�able (R; G; A 0).

Since the rules inR T are not simple, pairwise blocking must be used, and the
NI -rule can become applicable. Furthermore, as usual in the case of semidecision
procedures, derivations must befair ; intuitively, this means that no application of
an inference rule should be \postponed" in�nitely often.

De�nition 16 (Fair Derivation) . A derivation (T; � ) for R, G, and A is unfair if
a brancht1; t2; : : : of T exists such that, for in�nitely many nodest i 1 ; t i 2 ; : : : on that
branch, the same derivation rule is applicable to the same assertions in each� (t i j ).
Fair is the opposite of unfair.

The correctness proofs for the standard hypertableau algorithm for SHOIQ +

[32] are quite involved and lengthy, and so is their generalization to graph-extended
knowledge bases. To keep this paper within reasonable length, we only sketch the
proofs of our claims. The full proofs can be obtained by a rather straightforward
combination of the proofs of Lemma 1 and Theorem 1 and the proofs from [32].

We �rst generalize Lemma 1 to take into account the assertions that can be
derived whenR is not simple.

Lemma 2. Let R be a set of rules,G a GBox, andA an ABox such that(R; G; A ) is
weakly admissible. Then, each ABoxA 0 labeling a node of a derivation for(R; G; A )
satis�es Conditions (3){(5) of Lemma 1, as well as the following conditions, for a
and b root individuals, u(i ) individuals, 
 i ; 
 j 2 � 
 , and � i ; � j 2 � � .

(1) Each R(s; t) 2 A 0 where R is a T -role has the form R(u; u:� i ), R(u:� i ; u),
R(u; a), R(a; u), or R(u1; u2) with u1 and u2 from the same cluster.

(2) Each equality in A 0 either is of the forms � t @a
� n R:B with s a tree individual

that is not a successor ofa and t a tree individual, or it is a possibly annotated
equality of the form a � u, u1 � u2, u1 � u2:� i , u � u:� i :
 j , u:� i � u:� j , or
u � u:� i :� j , whereu1 and u2 are individuals from the same cluster.

Proof (Sketch). The proof is a straightforward combination of the proofs of Lemma
1 and [32, Lemma 12]. The main di�erence is in the applicationof the � -rule to
and equality of the formu � u:� i :
 j , which prunesu:� i :
 j and merges it intou. The
cluster of u:� i :
 j is not necessarily pruned as well; however, graph cleanup ensures
that all individuals from the cluster of u:� i :
 j are replaced with individuals from
the cluster ofu.

Theorem 3. The following properties hold for each set of rulesR, a GBox G, and
an ABox A such that(R; G; A ) is weakly admissible:
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(1) if (R ; G; A ) is satis�able, then each derivation for(R; G; A ) is successful; and
(2) (R; G; A ) is satis�able if a successful and fair derivation for(R; G; A ) exists.

Proof (Sketch). The proof of Claim 1 is the same as in Theorem 1, apart from
the case for theNI -rule which is the same as in [32, Lemma 13]. For Claim 2, let
(T; � ) be a successful fair derivation for (R; G; A ). The main di�erence to the proof
of Claim 2 of Theorem 1 is that (T; � ) is not necessarily �nite. Let t1; t2; : : : be
the branch of T such that each� (t i ) is clash-free, and letA 0 =

S
i
T

j � i � (t j ). Since
(T; � ) is fair, no derivation rule is applicable toA 0. We can construct the model
of (R; G; A ) in the same way as in Theorem 1, with the following di�erencein the
treatment of T -roles:

RI = fh[a
a ]; pi j a is a root individual, p 6� [a

a ]; and R(a; tail(p)) 2 A 0g [
fhp;[a

a ]i j a is a root individual, p 6� [a
a ]; and R(tail(p); a) 2 A 0g [

fhp1; p2i j p1 � p2 and R(tail(p1); tail(p2)) 2 A 0g [
fhp;[p j s

s0]i j p 6� [p j s
s0] and R(tail(p); s0) 2 A 0g [

fh[p j s
s0]; pi j p 6� [p j s

s0] and R(s0; tail(p)) 2 A 0g

The proof that I is a model of (R; G; A ) is a straightforward combination of the
proof of Claim 2 of Theorem 1 and [32, Lemma 14].

Termination is lost because the application of the� -rule to assertions of the form
u � u:� i :
 j invalidates Condition (ii) of (y) in the proof of Claim 3 of Theorem 1.
The results in Section 6.3, however, show that the algorithmterminates if such an
inference is not performed. A practical implementation candetect such inferences
and warn the user about the loss of termination guarantees.

6.3 Strongly Separated Knowledge Bases

For K = ( T ; P; G; A ) where T is in SHOIQ + , termination can be regained ifK
is strongly separated and acyclic. Then, forR = � T (T ) [ P and A 0 = A [ � A (A ),
triple ( R; G; A 0) is strongly admissible and acyclic, as de�ned next.

De�nition 17 (Strong Separation). A role separation scheme(NRT ; NRP ; NRG)
is strong if NRT \ NRP = ; and NRG = NRP . A graph-extended knowledge base
K = ( T ; P; G; A ) is strongly separatedif a strong role separation scheme� ex-
ists such thatK is � -separated. Similarly, a triple(R; G; A ) is strongly admissible
if a strong role separation scheme� exists such that(R; G; A ) is � -admissible.

Strong separation restricts the modeling style in a more signi�cant way than
weak separation: essentially, it requires the modeler to determine in advance which
knowledge will be modeled using DLs and which using graphs. Thus, knowledge
modeled using DLs cannot be specialized using graphs and vice versa.

To understand why strong separation ensures decidability of reasoning, consider
again Figure 7. The tree backbone then contains onlyT -roles, and the clusters
contain only P-roles (i.e.,G-roles). Thus, theT -rules from R can be applied only
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to the tree backbone, while theP-rules can be applied only to the graphs in a single
cluster. Therefore, even ifR is not simple, no rule inT can derive an equality that
equatess with v and thus merges two distinct clusters.

Theorem 4. Let R be a set of rules,G a GBox, andA an ABox such that(R; G; A )
is strongly admissible and acyclic. Then, each derivation for (R; G; A ) is �nite.

Proof (Sketch). Since (R; G; A ) is strongly admissible, the rules inR can be sepa-
rated into setsR T and R P of T -rules andP-rules, respectively, that do not share
roles. By a straightforward modi�cation to the proof of Lemma 2 one can see that,
due to strong role separation, role assertions of the formR(u1; u2), where R is a
T -role and u1 and u2 are from the same cluster are always of formR(u; u) for u
a tree individual. This can be used to strengthen Lemma 2 and show that each
ABox A 0 labeling a node in a derivation for (R; G; A ) contains equalities of the
form a � u, u1 � u2, u � u:� i , u:� i � u:� j , or u � u:� i :� j |that is, equalities of the
form u � u:� i :
 j are never derived.9 As we show next, this can be used to show
that the number of individuals introduced on a derivation path is bounded.

Assume that the� -rule is applied tou � u:� i , u:� i � u:� j , or u � u:� i :� j . Just like
in the proof of Claim 3 of Theorem 1, the merged individual is atree individual, so
its entire cluster is pruned and the resulting ABox satis�es(y); consequently, the
number of individuals in the cluster of a tree individual is bounded by#.

If the � -rule is applied to a � u, then the resulting ABox is subjected to graph
cleanup; however, the number of newly introduced individuals is bounded in exactly
the same way as in Item (4) of the proof of Claim 3 of Theorem 1.

It remains to be shown that the number of new root individualsintroduced by
the NI -rule is bounded as well. Let} be the maximal number of tree ancestors of an
individual occurring in A 0; in [32, Lemma 15], it was shown that} is exponential in
the number of atomic concepts and roles. Furthermore, in [32, Lemma 15] it was also
shown that the root individuals introduced by theNI-rule can be seen as forming
a tree with a polynomial branching factor and depth at most} . Since the number
of graph individuals in each cluster is bounded, the addition of description graphs
does not change the essence of this argument: the root individuals introduced by
the NI-rule can be seen as forming a tree of clusters, where the sizeof each cluster
is at most # and the depth of the tree is at most} . Thus, the number of root
individuals is bounded, which implies the claim of this theorem.

Theorem 5. Checking the satis�ability of a strongly separated acyclicgraph-exten-
ded knowledge baseK = ( T ; P; G; A ) whereT is in SHOIQ + is decidable.

9 Due to strong admissibility, equalities of the form u1 � u2:� i from Lemma 2 become
u � u:� i ; however, this is not relevant to this termination proof.

44



7 Complexity of Reasoning

We now determine the exact complexity bounds of checking thesatis�ability of a
graph-extended knowledge baseK = ( T ; P; G; A ). In Section 7.1, we show that the
problem isNExpTime -hard even ifT = ; . Then, in Section 7.2, we show that the
problem is in NExpTime if K is acyclic and weakly separated withT in SHOQ + ,
or if K is acyclic and strongly separated withT in SHIQ + . The case whenK is
strongly separated and acyclic andT is in SHOIQ + is left for our future work.

7.1 Lower Bound

A graph-extended knowledge baseK contains a setP or disjunctive datalog rules,
and checking the satis�ability of P is NExpTime -complete [11] (under standard
�rst-order semantics), so one might intuitively expect this result to provide a lower
bound for the complexity of checking the satis�ability ofK. To understand why this
is not the case, consider the following intuitive explanation of the result from [11].
The satis�ability of P alone can be decided by the following three-step process:

(1) Compute the groundingPg of P|that is, replace in P all variables in the rules
with all individuals in all possible ways.

(2) Nondeterministically guess an interpretationI for Pg.
(3) Check whetherI is a model ofPg.

Without restricting P in any way, the �rst and the third step can be implemented
in exponential time, but the second step requires nondeterministic exponential time;
thus, the overall complexity of this procedure isNExpTime . If, however, the arity
of the predicates occurring inP is bounded, then the number of ground atoms inPg

is polynomial in jPj , so all interpretations I can be enumerated by an exponential
algorithm. Similarly, if the number of variables inP is bounded, thenPg is poly-
nomial in jPj ; furthermore, in the second step we can clearly restrict ourattention
to interpretations that contain only the ground atoms fromPg, so we can again
enumerate all relevant interpretations in exponential time. Thus, for the problem
to be NExpTime -hard, P must be allowed to contain predicates of arbitrary arity
as well as rules with an arbitrary number of variables.

The set of rulesP of a graph-extended knowledge baseK can contain rules with
an unbounded number of variables, and it can contain graph atoms with arbitrary
arity. Graph atoms, however, must satisfy the disjointnessand key properties from
De�nition 10; this imposes restrictions on the interpretation of graph atoms in
addition to P, so the hardness result from [11] does not apply. In fact, we show
that checking the satis�ability of K is NExpTime -hard even if the rules are allowed
to contain only unary and binary predicates and at least fourvariables. We thus
identify a new source of complexity of reasoning with graph-extended knowledge
bases: description graphs can succinctly encode exponential structures.

We prove hardness by a reduction from thebounded domino tiling problem
[7]. Given a domino systemS = ( D ; H ; V ), an initial condition for S is an n-
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tuple I = D � 0 ; : : : ; D � n � 1 of tiles from D . A boundedS-tiling for I is a function
� : N2n � N2n ! D where N2n = f 0; : : : ; 2n � 1g, � (i; 0) = D � i for 0 � i < n , and
h� (i; j ); � (i � 2n 1; j )i 2 H and h� (i; j ); � (i; j � 2n 1)i 2 V where � 2n denotes addi-
tion modulo 2n . Given a domino systemS and an initial condition I , checking
whether a boundedS-tiling for I exists isNExpTime -complete [7].

Lemma 3. Let K = ( ; ; P; G; A ) be a graph-extended KB whereG = ( GG; ; ; ; ) is an
acyclic GBox and each rule inP contains only atomic concepts and roles and at
most four variables. Then, checking the satis�ability ofK is NExpTime -hard.

Proof. For an arbitrary integer n, we �rst construct a graph-extended knowledge
baseKn

grid that implies the existence of a \cyclic" grid with 2n � 2n elements. The
ABox of Kn

grid contains a single assertionA0(a). The GBox of Kn
grid contains n

graphsGi = ( Vi ; E i ; � i ; M i ), 1 � i � n, as shown in Figure 8a, whereM i = f A i � 1g.
The knowledge baseKn

grid contains the following rules:

A0(x) ^ R4(x; y) ^ R1(x; z) ! H (y; z)(36)
A0(x) ^ R3(x; y) ^ R2(x; z) ! H (y; z)(37)
A0(x) ^ R2(x; y) ^ R1(x; z) ! V (y; z)(38)
A0(x) ^ R3(x; y) ^ R4(x; z) ! V (y; z)(39)

H (x; y) ^ R4(x; z) ^ R1(y; w) ! H (z; w)(40)
H (x; y) ^ R3(x; z) ^ R2(y; w) ! H (z; w)(41)
V(x; y) ^ R2(x; z) ^ R1(y; w) ! V(z; w)(42)
V(x; y) ^ R3(x; z) ^ R4(y; w) ! V(z; w)(43)
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We next show that Kn
grid is satis�able and that each modelI of Kn

grid contains
a structure shown in Figure 8b. The individuala corresponds to the apex of the
pyramid. Due to the assertionA0(a), the model I contains an instance ofG1 such
that its vertex 5 corresponds toa. Vertices 1{4 of G1 are labeled with A1, so I
contains four instances ofG2 as shown in the �gure. By repeating this argument,
I can be seen as containing a pyramid consisting ofn levels, where leveli contains
2i � 2i vertices. Furthermore, in the �rst level, rules (36){(39) ensure that vertex 4
is connected throughH to vertex 1, vertex 3 is connected throughH to vertex 2,
vertex 2 is connected throughV to vertex 1, and vertex 3 is connected through
V to vertex 4; that is, the grid in the �rst level is \cyclic." Ru les (40){(43) then
inductively use theH - and V-edges at leveli � 1 to construct the missingH - and
V-edges at leveli ; since the grid at leveli � 1 is \cyclic," these rules construct at
level i a \cyclic" grid as well. Thus, I contains at level n a \cyclic" grid of size
2n � 2n in which all elements are labeled withAn .

Consider now any domino systemS = ( D ; H ; V ) with m tiles in D and any
initial condition I = D � 0 ; : : : ; D � n � 1 . Let KS;I be a graph-extended knowledge base
obtained by extendingKn

grid with the following rules, where each domino tileD i 2 D
corresponds to the atomic conceptD i .

A0(x) ! O0(x)(44)
O0(x) ^ R1(x; y) ! O0(y)(45)

An (x) ^ Oi � 1(x) ^ H (x; y) ! Oi (y) for each 1� i < n(46)
An (x) ^ Oi (x) ! D � i (x) for each 1� i < n(47)

An (x) ! D1(x) _ : : : _ Dm (x)(48)
D i (x) ^ D j (x) ! ? for each 1� i < j � m(49)

D i (x) ^ H (x; y) ^ D j (y) ! ? for each (D i ; D j ) 62H(50)
D i (x) ^ V(x; y) ^ D j (y) ! ? for each (D i ; D j ) 62V(51)

Let I be a model ofKS;I . By rules (44){(45), the apex of the pyramid and each
vertex that is reachable from the apex by anR1-chain is labeled withO0. Rule (46)
ensure that the \�rst" n vertices in the n-th level of the pyramid are labeled with
O0; : : : ; On� 1. Rules (47) label these vertices with the appropriate tilesfrom the
initial condition. Finally, rules (48){(51) ensure that each element at then-th level
of the grid is labeled with exactly one tile according to the compatibility conditions
of S. Therefore, KS;I is satis�able if and only if a boundedS-tiling for I exists,
which proves our claim.

Note that rule (48) contains a disjunction. Without disjunctions in the rules and
description graphs (i.e., if for each graphG in the GBox of K we have thatj VA j� 1
for each main conceptA of G), reasoning withG and P becomes deterministic and
the complexity drops to ExpTime : the description graphs inG then encode a
structure that can be computed deterministically in exponential time by unfolding
G, and the rules inP can be applied to this structure in exponential time as well.
Axioms of the form (48), however, are available even in the basic description logic
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ALC, so the proof of Lemma 7.1 shows that reasoning with graph-extended KBs is
NExpTime -hard even for basic DLs.

7.2 Upper Bounds

The hypertableau procedure from Section 6 is not worst-caseoptimal even with-
out description graphs and rules, and withT in ALC [32, Section 5.3]. This is
because an ABoxA 0 labeling a derivation node for a set of HT-rulesR = � T (T )
and an ABox � A (T ) [ A can at any given point in time contain at most expo-
nentially many nonblocked and directly blocked tree individuals; however,A 0 can
contain a doubly exponential number of indirectly blocked individuals. The com-
plexity of the hypertableau procedure can be reduced toNExpTime if we ensure
that the label of each individual s is fully determined in A 0 before applying the
� -rule to an assertion containings: the rule application strategy then ensures that
s cannot subsequently become blocked, soA 0 never contains indirectly blocked in-
dividuals. A similar approach was used in [14] to obtain a tableau algorithm for
ALC running in NExpTime . For SHOQ + and SHIQ + , such an algorithm is
not worst-case optimal, since these DLs areExpTime -complete [3]. Description
graphs increase the complexity at least toNExpTime , so the \excess" complex-
ity of the modi�ed hypertableau algorithm is not relevant: we next present two
modi�ed hypertableau algorithms that decide the satis�ability of a graph-extended
acyclic knowledge baseK = ( T ; P; G; A ) in NExpTime if K is acyclic and weakly
separated withT in SHOQ + , or if K is acyclic and strongly separated withT in
SHIQ + . Since they use extensive guessing to realize the idea outlined above, these
algorithms are unlikely to be practicable.

Our modi�ed algorithms can be applied to any (R; G; A ) where R is normalized
according to the following de�nition. This assumption is without loss of generality,
since each set of HT-rules can be normalized by replacing concepts of the form
� n R:B in the rules with fresh atomic concepts.

De�nition 18 (Normalized Rules). A set of HT-rules R is normalized if all at-
least restriction concepts occur inR only in rules of the form (52).

A(x) ! � n R:B (x)(52)

We are now ready to present the algorithm for the case whenT is in SHOQ + .

Theorem 6. Checking the satis�ability of a weakly separated acyclic graph-extended
knowledge baseK whose TBox is inSHOQ + is NExpTime -complete, provided that
the numbers inK are coded in unary.

Proof. Hardness is shown in Lemma 3. By the properties of preprocessing [32], K
can be transformed to an equisatis�able triple (R; G; A ) where R is normalized
and A is an input ABox. We next show that the satis�ability of ( R; G; A ) can be
decided by the following variant of the calculus from Section 6.
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(1) The � -rule is modi�ed such that, after it is applied to an assertion � n R:B (s)
in an ABox A 0 and it introduces fresh tree successorst1; : : : ; tn of s, it also
nondeterministically derives the following assertions for each 1� i � n:

(a) t i � a or t i 6� a for each root individual a in A 0,
(b) t i � u or t i 6� u for each individual u in A 0 from the cluster of s,
(c) t i � u or t i 6� u for each tree successoru of s in A 0,
(d) t i � t j or t i 6� t j for eachi < j � n, and
(e) A(t i ) or : A(t i ) for each atomic conceptA occurring in (R; G; A ).

(2) The G9-rule is modi�ed such that, after it is applied to an assertion A(s) in
an ABox A 0 and it introduces fresh graph successorst1; : : : ; tn of s, it also
nondeterministically derives the following assertions for each 1� i � n:

(a) t i � a or t i 6� a for each root individual a in A 0,
(b) t i � u or t i 6� u for each individual u in A 0 from the cluster of t i , and
(c) A(t i ) or : A(t i ) for each atomic conceptA occurring in (R; G; A ).

(3) When the � -rule is applied to an assertiont i � u derived in the previous two
cases, it mergest i into u.

(4) The rule precedence satis�es the following restrictions in addition to the ones
given in De�nition 15:

(a) the ? -rule is applied with the highest priority,
(b) the � -rule is applied with the second-highest priority,
(c) the Hyp-rule is applied to an HT-rule of the form (52) with the third-

highest priority, and
(d) the � -rule is applied only if theG9-rule is not applicable.

(5) The strict ordering < used in the de�nition of anywhere blocking follows the
creation order|that is, if an individual s is added to an ABox before an
individual t, then s < t .

The modi�ed � - and G9-rules are obviously sound, so the proof of Claim 1 of
Theorem 1 applies with minor changes. Furthermore, all assertions introduced by
the � - and G9-rules are of the form as speci�ed in Lemma 1, and the new rule
precedence is stronger than the one in De�nition 15; hence, the proofs of Claims 2
and 3 of Theorem 1 apply without any change.

Let A 0 be an ABox labeling a node in a derivation for (R; G; A ); let A 1 be an
ABox obtained from A 0 by an application of the � - or G9-rule that introduces
fresh individuals t1; : : : tn ; and let A 2 be a clash-free ABox obtained fromA 1 by
exhaustive applications of the rules mentioned in Items (4a){(4c).

We now show the following property (F ): if A 2 contains t i , A 3 is a clash-free
ABox obtained from A 2 by applying one or more derivation rules, and the? -rule
is not applicable to A 3, then A 3 contains t i as well andL A 2 (t i ) = L A 3 (t i ). This
follows from the following facts:
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� By Items (1a){(1d), (2a){(2b), and (4a){(4b), ABox A 2 contains an inequality
t i 6� u for each individual u from A 2 that t i could potentially be merged into.
Hence, if A 3 is derived by mergingt i into some individual from A 2, then A 3

contains ? .
� By Item (3), if A 3 is derived by an application of the� -rule to t i � u, then u is

merged into t i , so A 3 contains t i .
� By Items (1e) and (2c), ABoxA 2 contains eitherA(t i ) or : A(t i ) for each atomic

conceptA. Hence,A 3 is derived by adding an assertion of the formB(t i ), then
A 3 contains ? .

� By Item (4c) and the fact that R is normalized,A 2 contains all assertions of the
form � n R:B (t i ) implied by the HT-rules of the form (52). Since no derivation
rule can introduce a conceptA(t i ) without introducing a clash, no HT-rule of
the form (52) can be used to derive a new assertion of the form� n R:B (t i ).

� By Items (1e), (2c), and (4d), theG9-rule is applied exhaustively to individuals
in the cluster of t i before the � -rule can introduce a tree descendant ofbt i c.
Therefore, if a subsequent application of the� -rule introduces an individual
v, either t i � v or t i 6� v will be introduced by Item (1b), which allows for an
inductive application of this argument.

We also show the following property (� ): no individual in A 3 is indirectly blocked.
This is because (F ) implies that the blocking status of t i is the same inA 2 and
A 3, which means that no descendant oft i can become indirectly blocked byt i .

We also show the following property (� ): pruning never removes individuals from
an ABox. This is a simple consequence of the fact that, by (F ), Items (3) and (4a){
(4d), individual t i is either merged into an individual fromA 1 in the derivation of
A 2, or it cannot participate in merging inference used to derive A 3.

Let c be the number of atomic concepts in (R; G; A ); by Item (5) and the def-
inition of single blocking, A 0 can contain at most 2c nonblocked tree individuals.
As shown in the proof of Claim 2 of Theorem 1,A 0 can contain the tree cluster
of each tree individual can contain at most# graph individuals. Furthermore, (� )
implies that A 0 can contain at most exponentially many blocked individuals.

Consider now a named individuala in A 0. Since individuals are reused in graph
cleanup, merging a graph individualu into a can introduce at most# individuals for
each label! (u) of the form (35). There are at most# such labels, so graph cleanup
can introduce at most #2 individuals for a. In the same way as in the proof of
Item (3) of Claim 2 of Theorem 1, theG9-rule can introduce at most# individuals
for each of the#2 individuals. Thus, A 0 contains at most #r = i � #3 root graph
individuals, wherei is the number of named individuals in (R; G; A ).

Thus, the total number of individuals i tot in each clash-free ABox is at most
exponential in (R; G; A ). Furthermore, each derivation rule is applied to a poly-
nomial number of individuals. Finally, by (� ), individuals are never removed from
an ABox by pruning. Thus, a derivation path for (R; G; A ) can be constructed in
nondeterministic exponential time, which implies our claim.
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We now prove an analogous claim for the case whenT is in SHIQ + .

Theorem 7. Checking the satis�ability of a strongly separated acyclicgraph-exten-
ded knowledge baseK whose TBox is inSHIQ + is NExpTime -complete, provided
that the numbers inK are coded in unary.

Proof. Hardness is shown in Lemma 3, and the membership proof is analogous to
Theorem 6. The hypertableau algorithm from Section 6 is modi�ed as follows:

(1) The � -rule is modi�ed such that, after it is applied to an assertion � n R:B (s)
in an ABox A 0 and it introduces fresh tree successorst1; : : : ; tn of s, it also
nondeterministically derives the following assertions for each 1� i � n:

(a) t i � u or t i 6� u if A 0 contains a tree predecessoru of s,
(b) t i � s or t i 6� s,
(c) t i � u or t i 6� u for each tree successoru of s in A 0,
(d) t i � t j or t i 6� t j for eachi < j � n,
(e) A(t i ) or : A(t i ) for each atomic conceptA occurring in (R; G; A ), and
(f) R(s; ti ) or : R(s; ti ), as well asR(t i ; s) or : R(t i ; s), for each atomicT -role

R occurring in (R; G; A ).

(2) The G9-rule is modi�ed such that, after it is applied to an assertion A(s) in
an ABox A 0 and it introduces fresh graph successorst1; : : : ; tn of s, it also
nondeterministically derives the following assertions for each 1� i � n:

(a) t i � u or t i 6� u for each individual u in A 0 from the cluster of t i , and
(b) A(t i ) or : A(t i ) for each atomic conceptA occurring in (R; G; A ).

(3) The ? -rule is amended to derive? if A 0 contains both R(s; t) and : R(s; t).
(4) Items (2){(5) from the proof of Theorem 7 are used withoutchange.

Although negative role assertions of the form: R(u; v) do not satisfy Lemma
2, they do not participate in the model construction from theproof of Theorem
3; therefore, Theorem 4 holds without any change. Furthermore, Item (1e) of the
modi�ed calculus ensures that, for each individuals and each tree successort of
s, labelsL A (s; t) and L A (t; s) are fully determined after the application of the� -
rule; thus, an individual t j becomes pairwise-blocked immediately after it has been
introduced, or it never becomes blocked. The rest of the argument is analogous to
the proof of Theorem 6.

8 Implementation

We have implemented our reasoning algorithm in the hypertableau-based rea-
soner HermiT [32]. Evaluating the adequacy of our approach is rather di�cult
due to lack of test data. Furthermore, remodeling existing ontologies using a new
modeling paradigm may require considerable e�ort. In orderto both obtain test
data for our reasoner and make the adoption of our approach inpractice easier,
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we have developed an algorithm that automatically transforms a TBox T1 into a
graph-extended knowledge baseK. The knowledge baseK, even if only a rough
approximation, can be used as a starting point for a more comprehensive remod-
eling of T1 into a proper graph-extended KB. Our experience with GALEN and
the discussions we had with the authors of GALEN led us to conclude that the
transformed KB K represents the anatomical structures in the human body in a
way that is closer to the modelers' intention than the original DL axioms.10

8.1 The Transformation Algorithm

Our algorithm transforms a TBox T1 into a graph-extendedK = ( T ; G; P; A )
such that K is strongly-separated andG contains only one description graph. It
would clearly be more useful if we could automatically transform T1 into several
smaller description graphs; however, it was unclear what kinds of heuristics to use
in order to determine the boundaries between di�erent description graphs.

Our transformation is based on two assumptions. The �rst assumption is that
only some concepts and roles fromT1 are relevant to G. For example, Hand is
relevant to the graph of the human body, butFracture is not; similarly, the hasPart
role belongs to the graph, while thehasAgerole does not. The second assumption is
that each relevant concept should be represented by one vertex in G, and edges inG
can be decoded from axioms of the formA v 9 R:B . In other words, we conjecture
that, by writing axioms such as (53){(55), modelers actually wanted to say \the
index �nger has a middle phalanx and a proximal phalanx as parts, and these two
phalanges are attached to each other."

Index �nger v 9 part :Middle phalanx oif(53)
Distal phalanx oif v 9 attached to:Middle phalanx oif(54)

Proximal phalanx oif v 9 part � :Index �nger(55)

Our algorithm is given a DL TBox T1, a set of relevant conceptsNCg , and a
set of relevant rolesNRg . The latter set actually de�nes the set ofG-roles, and all
other roles areT -roles. Our algorithm �rst normalizes T1 in a certain way. Then,
it creates a vertexi in V for each conceptA 2 NCg and sets� hi i = f Ag. Then, it
processes each axiom� 2 T1 as follows:

� If � is of the form A v 9 R:B wheref A; B g � NCg and R 2 NRg , then, for i and
j vertices such that � hi i = f Ag and � hj i = f Bg, the algorithm adds the edge
hi; j i to E and extends� such that R 2 � hi; j i .

� If � does not contain a role inNRg , then � is copied toT .
� If � contains only roles fromNRg and no existential quanti�er, the algorithm

translates � into a graph-regular rule and adds it toP.
� If � is not of the above form, then either it involves aG-role and a T -role

simultaneously, or it is of the formA v 9 R:B but some ofA, B , or R are not

10 Thanks to Alan Rector and Sebastian Brandt.
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Table 6
Information about Test Ontologies

GALEN FMA
Total number of concepts: 2748 430
Total number of roles: 413 38
Total number of GCIs: 6962 3479
GCIs discarded in the transformation: 320 328
Translated GCIs: 6642 3151

Into the description graph: 680 2966
Into rules over the graph: 155 1
Into the DL TBox 5807 184

Vertices in the description graph: 325 342
Edges in the description graph: 667 1076

relevant for the graph. Such an axiom either invalidates thesyntactic restrictions
of our formalism or it does not have a natural interpretation. Human intervention
would be needed to interpret such axioms in a \reasonable" way; therefore, such
axioms are discarded by our algorithm.

Determining the setsNCg and NRg manually is not easy. According to our ex-
perience with GALEN and FMA, a good strategy is to manually identify a set of
rolesN 0

Rg
that naturally belong to the graph, and then to takeNRg as the closure

of N 0
Rg

w.r.t. the explicit role inclusions from T1. Then, we takeNCg as the set of
all conceptsA and B occurring in an axiomA v 9 R:B 2 T1 such that R 2 NRg .
Intuitively, if A and B are connected by a role that should be included into the
graph, then it is likely that A and B should be included into the graph as well.

8.2 Classi�cation Results

To evaluate our approach, we have classi�ed the original version of GALEN and
a fragment of FMA. Next, we have transformed them into graph-extended KBs,
and classi�ed the resulting KBs using the reasoning algorithm presented in Section
6. We now discuss the obtained results. Table 6 summarizes information about the
original and the transformed ontologies.

We performed the experiments using a standard laptop with 1 GB of RAM.
Classi�cation of the original version of GALEN and the fragment of FMA took
129 s and 57 s, respectively; furthermore, classi�cation ofthe transformed ontolo-
gies took 781 s and 6 s, respectively. The increase in classi�cation time for GALEN
is partly due to the prototypical nature of our implementation. In the case of FMA,
classi�cation times are substantially lower because most of the original ontology is
translated into the graph, so the generated models are much smaller. Our results
show that, even with a very prototypical implementation, complex ontologies can
be processed, which we take as indication that our approach is practically feasible.

Our transformation leads to a change in the semantics of the ontology: some
axioms are lost in the process, and the semantics of many axioms is modi�ed.
Many parts of the resulting description graph, however, correspond with an intuitive
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description of the human body. For example, the (union of) the graphs shown in
Figures 2b{2e has been extracted from the transformed ontology.

Although some information is lost in the translation, the resulting description
graphs can be seen as being \more precise" than the original axioms, so one can
expect to obtain new entailments. For example, we discovered in GALEN a con-
cept that is satis�able in the original ontology, but is unsatis�able in the trans-
formed ontology; this revealed a modeling error in the original ontology. The prob-
lem occurs in the representation of the patella|a bone in a knee that is con-
nected to certain tendons through two retinacula, represented using the concepts
LateralPatellaRetinaculum and MedialPatellaRetinaculum. GALEN describes the
relationship between the patella and the two retinacula as follows:

LateralPatellaRetinaculum� 9 hasOtherEndAt:Patella u (: : :)(56)
MedialPatellaRetinaculum� 9 hasOtherEndAt:Patella u (: : :)(57)

hasOtherEndAt � isAtOtherEndOf �(58)
> v � 1 isAtOtherEndOf(59)

In a human body, each patella is connected to a lateral and a medial retinaculum. In
GALEN, however, isAtOtherEndOf is functional, so the two retinacula connected
to a patella must always be one and the same object. This leadsus to believe
that isAtOtherEndOf probably should not have been declared functional. GALEN,
however, is underconstrained: it does not require the lateral retinaculum and the
medium retinaculum of a knee to be connected to the same patella, and it does not
state that the lateral retinaculum and the medial retinaculum are di�erent from
each other. Consequently, the conceptPatella is consistent in GALEN, and this
modeling error was not detected. The description graph produced by our transfor-
mation, however, contains one node for the patella and one for each retinaculum;
furthermore, both retinacula are connected throughisAtOtherEndOf to the same
patella. SinceisAtOtherEndOf is functional, the retinacula should be the same,
which invalidates the disjointness property of description graphs (see De�nition 10)
and makesPatella unsatis�able.

9 Conclusion

We have presented an expressive formalism that extends DLs with description
graphs and rules, allowing for more precise modeling of arbitrarily connected struc-
tures. Our formalism is applicable not only to anatomy, but to all domains in which
the number of arbitrarily interconnected objects has a natural bound.

The main open theoretical challenges are to determine the decidability and/or
complexity of reasoning with graph-extended knowledge bases under di�erent as-
sumptions on the expressivity of the DL TBoxT and the set of rulesP. All our
undecidability results from Section 5 requireT to contain number restrictions. We
conjecture that if T is not allowed to contain number restrictions,P = ; , and G
does not contain graph alignments, then reasoning becomes decidable even ifG is
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not acyclic. This is because suchT and the properties from Table 4 apart from the
key and the disjointness properties can be transformed intoan equivalent formula
of the guarded fragment of �rst-order logic which is known tobe decidable [2]; fur-
thermore, the key and the disjointness properties seem \innocuous" because they
merely prevent an axiomatization of in�nite chains of instances of one description
graph. Another important research direction is to see whether decidability can be
achieved by placing di�erent restrictions on the set of rules P. For example, we
conjecture that, even without any role separation requirement, our formalism can
be extended with ELP rules [24] without losing decidability. Finally, the complexity
of reasoning with a strongly separated and acyclic graph extended knowledge base
whose TBox is inSHOIQ + is open.

The main practical challenge is to validate the applicability of our formalism
in these and other applications. To this end, we will extend the ontology editor
Prot�eg�e 4 to support description graphs and apply our formalism in the identi�ed
practical scenarios.
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