October 27, 2009 10:28 WSPC/INSTRUCTION FILE
GalerkinTFDW " M3AS

Mathematical Models and Methods in Applied Sciences
© World Scientific Publishing Company

Existence and Convergence Results for the Galerkin Approximation of
an Electronic Density Functional

BERNHARD LANGWALLNER

University of Oxford, Mathematical Institute,
24-29 St Giles’, Ozford OX1 3LB, UK.
langwallner@maths. ox.ac.uk

CHRISTOPH ORTNER

University of Oxford, Mathematical Institute,
24-29 St Giles’, Ozford OX1 3LB, UK.
ortner@maths.ox.ac.uk

ENDRE SULI

University of Oxford, Mathematical Institute,
24-29 St Giles’, Oxford OX1 3LB, UK.
suli@maths. ox.ac.uk

Received (Day Month Year)
Revised (Day Month Year)

Communicated by (xxxxxxxxxx)

We formulate and analyze a model for the study of finite clusters of atoms or localized
defects in infinite crystals based on orbital-free density functional theory. We show that
the resulting constrained optimization problem has a minimizer and we provide a careful
analysis of the solubility of the Euler-Lagrange equations. Based on these results, and
using tools from saddle-point theory and nonlinear analysis, we then show that a Galerkin
discretization has a solution that converges to the correct limit.

Keywords: Nonlinear eigenvalue problem, Galerkin discretization, Thomas—Fermi type
functionals

AMS Subject Classification: 65N60, 65N25, 65Z05

1. Introduction

Quantum mechanics is the accepted microscopic theory of atoms, molecules, and
solids. Quantum mechanical simulations have therefore become an indispensable
tool in physics, chemistry, and materials science. In particular, they are consid-
ered ab initio, that is, no empirical input is necessary. Computations based on the
Schrodinger equation (the governing equation of quantum mechanics) require the
solution of a linear partial differential equation in a high-dimensional configuration
space. This fact dramatically limits the size of the problems that can be tackled.??
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Possibly the most widely employed remedy is known as Density Functional The-
ory (DFT).2123 [ts theoretical justification rests on the fact that all physical ground
state properties of a quantum mechanical system can directly be computed from
the ground state electron density rather than the electronic wave function. The
former is defined on R? whereas the latter is defined on R*Y, N being the number
of electrons.

The most demanding task in DFT calculations is the computation of the kinetic
energy. It involves repeated numerical solution of single electron eigenvalue problems
and subsequent orthogonalization of the resulting wave functions. In order to avoid
this huge cost, approximate forms have also been developed for the kinetic energy.
The resulting models are commonly referred to as orbital-free density functional
theory.'326:30 Early models of that class include Thomas-Fermi type functionals;
see for example Finnis.!®> Orbital-free DFT has been observed to work well for
systems with weakly varying electron density, most prominently aluminium, see
Wang, Govind & Carter.33:34

A simple example of a density functional is given by the Thomas—Fermi—Dirac—
von Weizsécker (TFDW) functional. Let p be the electron density, R = {R;, i =
1,..., Nnuc} the set of nucleus positions and Z; € N, i = 1,..., Ny, the charges of
the nuclei. Then the energy is written as

E(p,R) = Ts(p) + Exc(p) + En(p) + Eext (p, R) + Ey,(R). (1.1)

Here, T is the kinetic energy
3 A [ Vp(2)
Ts :7322/3/ 5/3 d 7/7(1
(p) = 15 (377) p?o(z)dx + 2 o)
where A > 0 is a parameter. The exchange correlation energy Fy. in the so-called
local density approximation®3! has the form

Buelp) = [ (= Cap™® + 2c(pla)) ple) da

where €. is a phenomenological correction term. We note that this term renders
E(-, R) non-convex.
The remaining terms are of electrostatic nature. The Hartree term

EH(p)=;//’m da dy

incorporates interaction among electrons. The energy of electrons in the electrostatic
field generated by the nuclei is accounted for by

—7;
Eea(p.B) = [ p@Voa(@) o, where Voa(a) = 30 =

Finally, the electrostatic repulsion energy of the nuclei is

1 Niue Nnue 7.7,
234 | — Ry
J#i

E,.(R) =
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For numerical or modeling reasons the nuclear point charges Z; at R; may be
replaced by a smooth charge density p,, (see Bhattacharya et al. 18 ). For example,
pn may be written as a sum of compactly supported smooth functions centered at
the positions R;, i = 1,..., Ny, (the dependence of p,, on R will be suppressed)

Nruc
pn(x) = > Zipo(r — Ry),
i=1

where po € C(R?), po > 0. Then, the repulsion energy takes the form
1 n n
E,.(R)= 7//M dz dy.
2 |z -yl
This expression includes the potential energy of every nucleus in its own field. This

is, however, only a constant contribution to the overall energy and may easily be
subtracted. The potential for the nucleus-electron interaction is given by

[ Paly)
o=yl 7
which allows for a symmetric expression for the sum of all electrostatic terms
x) — pn(x —

The nonlocal nature of this term represents a numerical challenge for all density

Vvext (37) =

dy dz.

functional calculations. The given density functional has to be minimized subject
to the constraints

/p(x) dz = N, and p>0.

A survey of theoretical results in connection with Thomas—Fermi type models
can be found in an article by Lieb.?® The author considers different models of
increasing complexity in R? and assesses their mathematical structure and physical
validity as well as their relations to quantum mechanics.

Several numerical approximations of the functional (1.1) or related models have
been proposed in the literature. For Galerkin discretizations, the crucial question
is the choice of basis. The most popular basis sets are plane waves (i.e. Fourier
modes)?>7 and finite elements.'® Plane waves can only be applied to periodic sys-
tems, which means, for example, that no defects can be simulated (usually, periodic
arrays of defects are considered instead). On the other hand, the implementation
of the Coulomb interaction kernel can be done very efficiently. Finite elements are
not inherently periodic and allow for adaptivity in space which is particularly use-
ful for additional coarse-graining approximations.!” Calculating the convolution in
the electrostatic terms remains a challenge. Finite difference approximations were
suggested in References 14, 15, 28, 29.

Little work can be found in the literature on the numerical analysis of these ap-
proximations. The only convergence result in a finite element context we are aware
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of is a proof of I'-convergence in Bhattacharya et al.'®, which contains no infor-
mation about convergence rates. The latter, however, are crucial for understanding
the efficiency of the numerical method. In Cances, Chakir & Maday®7 the authors
perform a rigorous numerical analysis of a planewave discretization of a density
functional. That work also includes convergence rates.

In the present work we aim to fill this gap and provide a complete convergence
theory for Galerkin discretizations of orbital-free electronic density functionals. In
Section 2.1 we first formulate a model in a bounded domain that allows the simula-
tion of finite clusters or isolated defects in an infinite medium. We prove existence
of minimizers and give a careful analysis of first- and second-order optimality con-
ditions in the remainder of Section 2. Our reformulation of the optimality system is
particularly suitable for Galerkin finite element discretizations. The main result in
Section 2.3 connects the stability of the minimization problem to the stability of this
system. This result allows us, in Section 3, to prove the existence and convergence
of Galerkin discretizations of the optimality system.

The present work is of, predominantly, theoretical/analytical nature. The im-
portant practical issue of numerical integration will be addressed in a forthcoming
article.?* All of the results discussed herein carry over to the formulation with nu-
merical integration.

2. Existence and Analysis of Minimizers

In this section we will suggest a mathematical model based on the functional de-
scribed in the introduction and study the resulting minimization problem as well
as the associated optimality conditions. First we discuss a few ideas that simplify
the TFDW functional with regard to subsequent numerical approximation.

The constraint p > 0 can be enforced by setting p = u?. This substitution also
has the advantage that the term involving Vp becomes easier to evaluate:

E(u, R) :%/\Vu|2dx+CTF/|u\10/3dx—Cx/|u|8/3dx (2.1)
+/€C(u2)u2 o %ﬂ (u* () pn(ﬁc))_(;'(y) — pu(y)) dedy.

We also need to address the evaluation of the electrostatic term. The double
integral can in principle be computed explicitly using the Fourier transform.!416:3
In Bhattacharya et al.'”'® the authors suggest a different approach that makes use
of the special structure, respectively the physics, represented by the term. Note that
the integral kernel in the last term in (2.1) is the Green’s function of the Poisson
equation in R3. Therefore, the electrostatic potential

o(z) == / (u2(y) — () dy
[z -yl
is simply the solution of the equation
1

Ad =u®— p,
47T¢u Pns
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subject to homogeneous Dirichlet boundary conditions at infinity. From this, it can
be deduced that

1 [ (w2(x) = pu(2)) (W2 (y) — pu(y))
3]/

dedy = %/(u2 — pn)¢dz.

|z =yl
Formally, the right-hand side can also be written as
1 . 1
3 /(u2 — pn)pda = —1gf [/ 8—7r|V30\2 (= pn)godm] . (2.2)

This equality is referred to as the direct Coulomb formula in Bhattacharya et al.'®

2.1. Artificial boundary conditions

We now introduce a model to simulate finite clusters of atoms or localized phe-
nomena in infinite crystals (e.g. vacancies or dislocations). For both computational
and analytical reasons, we would like to formulate the problem in a bounded open
domain Q C R3 rather than in the whole of R3. To this end, we will assume that
we know the square root density u as well as the electrostatic potential ¢ in R3\ €2,
which induces artificial Dirichlet boundary conditions for v and ¢ on 9). We discuss
potential pitfalls of this approach in Remark 2.1 below.

There are two specific examples that we have in mind. If a finite cluster of atoms
is studied, then we set u = ¢ = 0 in R3\ Q. If we study a localized defect in an
infinite crystal (e.g., a vacancy or a dislocation) then we let u and ¢ on 99 be the
square root density and electrostatic potential of a perfect crystal. (Minimizers of
Thomas—Fermi type functionals for perfect crystals have been studied in Blanc, Le
Bris & Lions? and Catto, Le Bris & Lions.®)

To make this concrete, we assume that we are given functions ey, gex € HZ  (R?)
and define the admissible set

Ay = {u € tex + HY(Q) « Juf?2 = N} : (2.3)
and the energy functional (supressing the nuclei positions, which are held fixed)
E(u) =T(u) + X(u) + ®(u), (2.4)
where
A 2
T(u) = §HVUHL2(Q)7
X(u) = F(u)dz, and (2.5)
Q
~ 1
P(u) = — inf D(u,p) = — inf /—V 2 (u?—pp)pdxl| .
W= - it ewo=- it [ - e

We have split the energy functional, in a way that is convenient for the analysis,
into a quadratic, a nonlinear local, and a nonlocal part. In the original model the
function F' is given by

F(u) = Crpl|u**? — C|ul®? + ec(u?)u? (2.6)
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and combines a portion of the kinetic energy and the exchange-correlation energy.
However, our results are independent of the precise form of F' and only require a
certain degree of smoothness and growth conditions, which we make precise below.

It is also worth remarking that in the case of homogeneous boundary conditions
on u and ¢ (Uex = ¢ex = 0), the energy ® reduces to ®(u) = 3 [,,(u? — p,)¢dw,
where ¢ is the weak solution of the equation —A¢ = 4w (u? — p,,) with homogeneous
Dirichlet boundary conditions. In this case ® is easily recognizable as the potential
energy of the charge density (u? — p,,) in its own electrostatic field.

For future reference, we also define the constraint functional ¢ : H'(Q) — R,
2
c(u) = [lullg= — N
Our goal is to solve the minimization problem

unelhri E(u). (2.7)

Remark 2.1. Our justification for this approach is that, if u is a minimizer of the
original problem, with associated electrostatic potential ¢, then, setting uex = @
and ¢y = ¢, @|q is a solution to (2.7) with associated electrostatic potential ¢|q.
In that sense, the problem with artificial boundary conditions is consistent with the
original problem posed in R3.

Since we do not normally know the exact electron density and electostatic poten-
tial outside of 2 we are essentially forced to make our ‘best guess’ for the problem at
hand. This creates an error in the system, which cannot be controlled by adjusting
the discretization. One usually hopes that, by chosing domains of increasing size,
this error will shrink to zero, however, it is far from straightforward to establish
this rigorously for any system other than a (near-)perfect crystal.

For simplicity, let us dicuss the case of a finite cluster where we set ey = Pox = 0
in R3\ Q. Hence, the question arises, if (&, ¢) are the eract square root density and
electrostatic potential of the system, how fast |a(z)| and |¢(z)| decay as |z| — oo.

Whereas quantum mechanics suggests that the decay of u is exponential, this is
less clear for ¢. Note, in particular, that variations of u, well inside €2, can in general
create comparatively large variations of ¢ in all of R3. For particularly regular
configurations of the nuclei, we may hope that lower order multipole moments
vanish, assuring a sufficiently fast decay of ¢.

In the present work we will simply assume that these deviations decay sufficiently
fast and concentrate on aspects of numerical approximation theory. We are planning
to study the issues pointed out in this remark in future work. In particular, we
consider the present work a first step towards an analysis of a combined TFDW /
Quasicontinuum model in the spirit of Garcia-Cervera, Lu & E'® and Bhattacharya
et al.'”. For this type of analysis it will also be necessary to study deviations of u
and ¢ from the perfect crystal case introduced by localized defects. O
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2.2. FEzistence of a minimizer

We assume from now on that the homogeneous Dirichlet problem is H?-regular,
that is, if f € L2(Q2) and if v € H}(£) is the solution of

(Vu, Vw) = (f,w) vw € HE(Q), (2.8)
then v € H?(9), and there exists a constant Cieg, independent of f, such that

|U|H2 < Creg||fHL2~

20 2

or if © is C2-regular.!? For no-
tational convenience we define the solution operator of the Poisson equation with
homogeneous Dirichlet boundary conditions: (—Ag)~! : L2(Q) — H2(Q) N HY(Q2),
f + v, where v solves (2.8).

Throughout the analysis, the positions R; of the nuclei are fixed. We assume

that F' € C2(R) and that it satisfies the growth condition
—a1 < F(t) < cot? + ag Vvt € R, (29)

This is the case, for example, if €2 is convex

with constants a1, as € R, ¢c3 > 0, and 3 < g < 6. Moreover, we assume that F” is
locally Hélder continuous; more precisely, that

[F(t1) = F"(t2)] < C(1+ [t2]77 + [t 72) (1t — t2|* + [t2 — L)), (2.10)

where 0 < o < 1.

The functional 7' : H'(£2) — R is strongly continuous, twice continuously Fréchet
differentiable and weakly lower semicontinuous.

It is also straightforward to verify that, under condition (2.10), the functional
X : HY(Q) — R, is twice continuously Fréchet differentiable with

(X (u), h) = /Q Fwhde, and  (X"(u)hy, ho) = /Q F'(u)hyhy dz,

for h, hi, he € HY(Q). Furthermore, X and X’ are locally Lipschitz continuous, and
X" is locally Holder continuous, with

1" () = X" (@)l < C(L+ Jullfa® + ol ) (e = vlign + llu = vllgp)- - (2.11)

To prove this we begin as follows:

(X" () = X7 (), o) < /Q |F" (u) — F" (0)|ha] s da (2.12)

: O/ [Pl (L[| 72 0] (Ju — 0]+ |u — v]) do
Q

< Cllhallpa hallpe (1 [Hul=2 ] o+ [[lo1=2]] L)
(e = v[* s + llu = vllpa),

where we have used a generalized version of Holder’s inequality. Now we know that
ul e < Cllull{s forall 0 <y <1 and all k> 1:

k k
el ™l = /Q L Jul™ da < C[Jul™|| ./, = Clullf)
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Applying this inequality to (2.12) and using the embedding H'(Q) in L*(2) we
deduce (2.11).

Since X is strongly continuous in LI(£2) and since H!(Q) is compactly embedded
in LP(Q), for 1 < p < 6, see Adams’ | it follows also that X is sequentially weakly
continuous on H!(Q).

Lemma 2.1. ® : L*(Q2) — R is well-defined and continuous. ® is twice continuously
Fréchet differentiable and the derivatives are, for u € L*(Q), given by

(®'(u),h) = 2/ uphdx  for h € LY(Q) and,
Q

<(I>N(u)h1, h2> =2 ¢h1h2 + 87Tuh1(—A0)_1(’U,h2) dz fOT’ hi,hg € L4(Q),
Q

where ¢ is the weak solution of —A¢ = 4n(u® — p,), dloq = dex- Furthermore, ® is
bounded below on Ay, and the restriction ® |1 (q) is sequentially weakly continuous
in HY(Q).

Proof. For every u € L4(Q), the functional ®(u, -) from (2.5) is clearly continuous,
convex, coercive and weakly lower semicontinuous on V, = {¢p € HY(Q) : ¢[sq =
@ex }- Thus, there exists a unique minimizer ¢,,. This minimizer satisfies the equation

(Véu, Vi) = dn(u? — pn,¥) Vo € Hy(Q),
with boundary condition ¢,|on = dex- The auxiliary function
€= ex = (=00) 7 (= A)Pex € bex + Hp()
satisfies (V&, Vi) = 0 for all 1 € H}(Q). From this, it follows that
Gu = dm(=L80) " (u® = pn) +¢

and, moreover, after straightforward algebraic manipulations, that

() = —d(u, d) = 21 /Q (0 — pu)(—~D0) M1 — py) da

2 1 2
+ [ = pgdo = o [19eP da.

Differentiating with respect to u yields the expressions for ® and ®” as given above.

Finally, we show that ®|4, is bounded below. Clearly, the first term on the
right-hand side in (2.13) is non-negative, and the last term is a constant depending
only on ¢ex. Since we assumed that ¢ex € HZ (R?) and that the Poisson problem is

H2-regular, it follows that £ € L>°(£2). Therefore, the second term on the right-hand
side of (2.13) can be bounded as follows:

’/Q(u2 — pn)éda

Hence, we can conclude that ®(u) > C(N, pp, ¢ex) for all u € A,.

(2.13)

2
< N€lleee (lullz + llonllis) = 1€l (N + llonllLs)-
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The sequential weak continuity of (I>|H1(Q) is a direct consequence of the com-
pact embedding of H!(Q) in L*(Q) (see Theorem 6.3 in Adams' ) and the strong
continuity of ® on L*(). O

Theorem 2.1. F: A, — R has at least one minimizer.

Proof. We apply the direct method of the calculus of variations.'® First, we observe
that F is coercive on A,, which can be seen as follows:

B(w) > 3 [ulls + [ (-an)do+ 8(0)

\

A
5 ”vu”iz - a1|Q| - C(N7 pn7¢ex)
Cl ”uHiIl - 02 ”ueX”?{l - C3(Q7F7 N7 pn7¢ex)-

Y

Here we have used the growth condition (2.9) on F', the lower bound on ®(u),
established in Lemma 2.1, and Poincaré’s inequality for u — uey. Hence, minimis-
ing sequences of E are bounded in H'(Q), and we can find a weakly convergent
subsequence. Since E is weakly lower semicontinuous as a sum of weakly lower
semicontinuous functions, it follows that the weak limit of the subsequence is a
minimizer; see for example Dacorogna.!? O

We mention at this point that, since u was defined to be the square root of p,
the minimizer cannot be unique: if « minimizes E, then so does —u. The question
whether there can be more than two minimizers of the energy (2.4) is beyond the
scope of this article.

2.3. The FEuler—Lagrange Equations

So far, we have shown existence of solutions to the minimization problem (2.7).
Next, we are interested in the characterization of such points, i.e., in optimality
conditions. For example, an article by Maurer & Zowe?” provides necessary and
sufficient optimality conditions for a large class of optimization problems in Banach
spaces.

Throughout this section, the derivatives E’(u) and ¢/(@) are understood as el-
ements of H~1(Q) := H§(Q)*, that is, they operate on functions from H}(£2). This
means, for example, that ker ¢’ () C H{(Q).

Theorem 3.1 in Maurer & Zowe?” yields the first-order necessary optimality
condition

(E'(a),v) =0 Vv € kerc'(a) C Hy(Q),
provided that 0 € int {(¢/(@),v) : v € H§(Q)} € R. Since (¢'(@),v) = (4,v) and

@ # 0, this condition is always satisfied. Theorem 3.2 in Maurer & Zowe?” yields
the existence of a Lagrange multiplier i € R such that

E'(a)+pac () =0 € H1(Q), and c(a)=0. (2.14)
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Using the definitions and results of the previous section we now rewrite the first-
order optimality system in a way that is more suitable for numerical approximation.
Let u € A, be a local minimizer with associated Lagrange multiplier i1 € R and let
¢ € H'(Q) be the associated electrostatic potential, then Lemma 2.1 implies that
i, ¢ and [i € R solve the nonlinear system

AVu, Vo) + (F'(u),v) + 2(du,v) + plu,v) =0 Yo € Hy(Q),

SV, V0) — (0~ p ) =0 VHEHN®),  (215)

V(/uzde>0 Vv eR
Q

ulpq = Uex, and bloa = dex-

with the boundary conditions

We will focus on solving this system instead of (2.14) or the minimization problem
(2.7).
We define the function spaces
Y =H(Q)xH(Q)xR, YVp = (tex + Hg(2)) x (¢ex + Hy(2)) xR,
Vo =Hy(Q) xHF(Q) xR, Vi =H 1Q)xH (Q)xR,

so that the system (2.15) defines an operator F : Yp — Y, rewritten as

(Fu, ¢, 1), (v,9,v)) =0 V(v,0,v) € Vo. (2.16)
For future reference, we split F into

—AAu

f(uv(bnu) - _ﬁAqb +g(u7¢7u),
0

where G contains all terms without derivatives, and where the Laplacian A is un-
derstood as a linear map from H'(Q2) to H=1(Q) in the following way: (—Au,v) =
(Vu, Vo) for all v € H(9).

It can be shown easily that F is Fréchet differentiable with derivative F'(u, ¢, p1) :
Yo — 5,

—AAv + (F"(u) 4+ 2¢ 4+ p)v + 2uy) + vu
F'(u, by p)-(v,9,v) = - =AY — 2w Y(v,,v) € Vo,
2(u,v)

and that F’ is locally Holder continuous: there is a continuous function Lz : R — R
such that

17 (y1) = F' ()l < L (lyilly + lwally) (lyr = w2ll$ + v —2e2lly)  (2.17)

for all y1,y2 € Y. This follows immediately from (2.10). A direct consequence of the
differentiability is that F is locally Lipschitz continuous:

| F(y1) — F(y2)]

vi < Le([lyilly + llvally) llyr — y2lly- (2.18)
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At this point, we make some observations concerning the regularity of solutions
to (2.15). The functions % and ¢ solve equations of the type

1 -
—“Au=g¢g;, and —-—A¢p=gs,
4

subject to the boundary conditions i|gg = Uex, @|on = dex, respectively. Here, the
functions ¢g; and g» obviously depend on %, ¢ and ji. From embedding theorems
and the growth properties of F’ we know that g;, g, € L?(£2). Since we assumed
that the Poisson problem (2.8) is H2-regular, we can deduce that @, ¢ € H?(€2). The
Sobolev embedding theorem?® states H2(Q2) C C%7(Q) for all 0 < v < 1/2. Hence,
a,¢ € CO7(Q) for every v < 1/2, and in particular @, ¢ € L>(1).

2.4. Second-order optimality conditions

The function L(u, ) = E(u)+ pe(u) is called a Lagrangian. Since both E and ¢ are
twice continuously Fréchet differentiable, the same holds for L.

27 we deduce that, if @ is a solution of

From Theorem 3.3 in Maurer & Zowe
(2.7), and [ is its associated Lagrange multiplier, then the necessary second-order

optimality condition
(Vo £(1, )v,v) >0 Vv € ker ' (u),

holds. Conversely, if (4, ) satisfies (2.14) as well as the sufficient second-order
optimality condition

(Vaul (@, 0)0,0) 2 7 |[VolZa ¥ € ker (@), (2.19)

for some constant v > 0, then @ is an isolated local minimizer of £ in A,, see
Maurer & Zowe?” . We call a critical point @ € A, that satisfies (2.19) a uniform
minimizer of (2.7).

Written out explicitly, (2.19) reads

MV, Vo) + (F" (@) + 2¢ + p)v,v) + 167 (av, (—A) ~'av) > v Vo, (2.20)

for all v € ker ¢/ (@), where ¢ is the electrostatic potential associated with 4.

The next step is to prove that, if @ is a uniform local minimizer with asso-
ciated electrostatic potential ¢ and Lagrange multiplier i, then F'(a, ¢, fi) is an
isomorphism. This will be an important tool for the convergence analysis in the
next section.

Proposition 2.1. Let § = (4, ¢, i) € Yp such that (2.20) holds with v > 0. Then,
F'(G) : Yo — Y§ is an isomorphism.

Proof. We need to show that the equation

F'(u, ¢, 1) - (v,0,v) = (f, 9, %) (2.21)
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is uniquely solvable in )y for every (f, g, %) € Y§. To this end we define two bilinear
forms ag : H}(2)? x HY(Q2)? — R and by : H{(2)? x R — R,

ag ((v,9), (w,x)) = M(Vv, Vw) + ((F"(@) + 2¢ + i)v, w) + (2ueh, w)
1
+ —(V, V) — 2(uv, x),
4
b’y((va w)a 7]) = (ﬂ, U)T]
Then equation (2.21) takes the form of a saddle-point problem,
a@((v7 1/’)7 (wa X)) + bﬂ((wa X)7 V) = <f7 U)> + <ga X> vw) X € H(lJ(Q)7
by ((v,0),n) =nk Vn € R. (2.22)
The bilinear forms a; and by are continuous on H}(€2)? x H§(22)? and H§(2)? x R,
respectively. We define
kerby == {(v,%) € Hy(Q)? : by((v,9),n) =0 Vn € R}
= {(v,9) € HH()? : v € ker (@)}
For a saddle-point problem such as (2.22) there are well-known sufficient conditions

for solvability; see Theorem 1.1 in Brezzi & Fortin®. The bilinear form b; has to
satisfy an inf-sup condition of the form

by((v,¢),v)

inf sup > Kp >0,
VER (4 4p)€HL(Q)2 v [[(Vv, Vi) |2

and the linear operator associated with az has to be invertible on ker by.
Step 1. Inf-sup condition for by. Since ||@||;> = N, we have @ # 0, and therefore
by obeys an inf-sup condition on H{(2)? x R:

. by((v,9),v) : v [quvda

inf sup Y = inf sup

veR (o pyert)2 [V [((Vo, VP)[le  veR o yyemip2 (V] [(Vo, V)|
(’U,7( O) u) =: Ky > 0,

Z (@, (—Bo)Ta)12

where for a given v # 0 we have chosen v = sign(v)(—Ag) 14, and ¥ = 0.
Step 2. Invertibility of agz on ker by. The proof of the unique solvability of the
variational principle: find (v,v) € ker by such that

ag((v,d)), (w,X)) = (f,w)+(g9,x) V(w,x) € kerby, (2.23)

where f, g € H71(Q), requires more work and really relies on the assumption that
4 is a uniform minimizer.

First we show that solutions are unique. For f = g = 0 we want to prove that
the only possible solution is (v, 1) = (0,0). Looking at the definition of a; we see
that ¢ = 0 leads to ¢ = 8m(—Ag) luv. Substituting this into (2.23) and testing
with w = v and x = 0 we obtain

A(Vo, Vo) + ((F" (@) + 26 + p)v,v) + 16m(av, (—Ag) 'av) = 0. (2.24)
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Since @ is assumed to be a uniform minimizer we know from (2.20) that the bilinear
form on the left-hand side of (2.24) is coercive on {w € H}(Q) : (w, @) = 0}, so we
get v = 0 and hence also ¢ = 0.

Next we prove that for every f, g € H™1(Q) there exists a solution. Let v €
ker ¢’ (@) be the unique solution of

ANV, Vw) + ((F" (@) + 2¢ + p)v, w) + 167 (aw, (—Ao) ™ av)
= (f,w) — (4ra(=Ao) g, w) Vw € ker ¢ ().

This equation is uniquely solvable by the Lax-Milgram theorem? , again since the
bilinear form (as a function of v and w) on the left-hand side is coercive. Let

Y = 4r(—=Ag) "t (2uv + g).

Combining the last two equations shows that v, ¢ indeed solve equation (2.23).
Thus, we have shown unique solvability in ker b; for every f,g € H™1(Q).

From Theorem 1.1 in Brezzi & Fortin* we can now conclude that F'(%) is indeed
an isomorphism from )y to V. O

For future reference, we mention that the invertibility of ay on ker by shown in
the proof is equivalent to the existence of a constant k, > 0 such that

inf sup (( ¥), (w, ))
(v)eker by (w,x)eker by ||(V0, V)12 [[(Vw, V) |2

. ag ((v,9), (w, x))
inf sup > Kg.
(w,x)€Eker by (v,9p)Eker by || (VU, V’(/J) ||L2 H (V’LU, VX) ||L2

> Kq, and

(2.25)

For this equivalence see for example Proposition 1.2 in Brezzi & Fortin* , respec-
tively the discussion following Remark 1.6 in Brezzi & Fortin®.

3. Galerkin Discretization

In this section, we propose a discretization of the minimization problem (2.7), which
corresponds to a Galerkin discretization of the optimality system (2.15). We will
show that, for sufficiently small values of the discretization parameter, the dis-
cretized problem has a solution and that as the discretization parameter tends to
zero a sequence of numerical solutions converges to the continuous solution. Optimal
convergence rates will be addressed in future work.

3.1. The Discretized Functional

Let (Sh)ne(o,1) be a family of finite-dimensional subspaces of H'(Q2) with the ap-
proximation property

inf [V(u—)|;2 < Chlulgz  Yu € H*(Q),
veSH
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and define Sp, o = S, NH(Q). Let Zj, : H*(Q) — Sp, be an approximation operator
with

|6 — Znollyn < Chldluz  for all ¢ € HA(Q). (3.1)
Moreover, let
Uex,h = Thuex, and ¢ex,h = TpPex-

We introduce an approximation of the energy functional (2.4) defined on S, of the
following form

A
En(up) = 5/ |vuh\2dx+/ F(up) dz + ®(up), (3.2)
Q Q
where
Bp(up) = —  inf [/ L \Venl? = o2 — pn)da| .
¢hEdex,n+Sn0 | Jo 8T

Let Ayp = {un € tex,n + Sho: ||uh||iz = N} be the set of discrete admissible
functions. We consider the discretized minimization problem

min  Ep(up). (3.3)

up €Ay

As in the continuous case, we get the following optimality conditions: if @y, is a
(local) minimizer of Ej, in A, j then there exists a discrete electrostatic potential

¢n € Sy, and a Lagrange multiplier i, € R such that
)\(Vﬂh, VU) + (F'(ﬂh),v) + Q(QEhth,v) -+ uh(ﬁh,v) =0 WYWwe Sh,O;

Vén, V) = (@ — pn, ) =0 V4 € Sho, (3.4)

y</aidx—N>:o Vv € R,
Q

where @, and ¢y, satisfy the boundary conditions

1
o

ﬂh‘BQ = Uex,h> ¢_Sh|89 = ¢ex,h~

These discrete optimality conditions turn out to be the Galerkin discretization of
the optimality system (2.15). We introduce the discrete function spaces

Vi, =85 xSy xR, Vnp = (Uex,h +Sh,0) X (Pex.nn + Sh0) X R,
Yo = Sho X Sno xR, Vpo=2540x8S,0xR.

In analogy to the continuous case we write the system (3.4) in the more compact
form

<-,Fh(ah7(lghaﬂh)v (U7¢7V)> = 0 V(U,QZ},V) S yh,Oa (35)
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where Fy, : Vip — Yo Fn will sometimes be split into two parts,

—/\Ahuh

Fin(wn, ¢ns pin) = | =2 Bnén | + G(un, dn, o),
0

where G has the same form as in the continuous case but it is now restricted to My,
and where the discrete Laplacian (—Ap) : S, — Sh o is defined by (—Apvp,wp) =
(Yo, Vwy,) for vy, € Sy, and all wy, € Sy 9. The operator (—Ap o)t : S;,o — Sho
maps [ to the solution ¢, € S of (Vo Vup) = (f,vy) for all v, € Sho.

Differentiability of Fy, is easily shown. The derivative Fj is again Holder con-
tinuous and takes the form

—AARV 4+ (F" (up) 420+ pn)v + 2upth + vuy,

Fr(wn, dns pin) - (v,90,v) = — = Apt) — 2upv

(uha ”U)
for (v,9,v) € Yp. Just as in the continuous case, this linear operator has saddle-
point structure.

At this point we note that F; may in fact be extended to the whole of Y. Slightly
abusing notation, we will write 7 (y) : Yho — Yho for any y € ), but we stress
that this is still an operator between the discrete function spaces. The next result
is the discrete counterpart of Proposition 2.1.

Proposition 3.1. Let §j = (4, ¢, i) be a solution of (2.15) such that @ is a uniform
minimizer of (2.7) that satisfies (2.19). Then, there exist hg € (0,1] and § > 0
such that F}(y) : Yno — Vo is an isomorphism for every h < ho and for any
y € Bs(y) C Y. Moreover, there is a constant M > 0 such that

[Fn() <M VyeBsy) Yh<hg. (3.6)

Proof. We begin by showing invertibility of 77, (y) : ¥n,0 — Y - To this end, we
again interpret the problem in saddle-point form and prove an inf-sup inequality
for by and the invertibility of agz on S}, ; Nker by.

Step 1. Inf-sup condition for by. We have

inf  sup by((v, %), v) = inf sup

veR (, yyesz, VI I(VO, V)l ver pyesz | W] I1(Vo, V)|

(t, (—Apo)'a)

~IV(=An0)

where, for given v # 0, we have chosen v = sign(v)(—Ap o) ~'a and ¢ = 0. If h is
sufficiently small then

_ (@ (=Apo)tw) (@ (=Ag)ta)!/?

IV(=Ano)tull. — 2
In particular, we deduce that the inf-sup constant & p, is bounded away from zero
if h is sufficiently small.

v fQ uvdz

=: Kb,h,

Kb,h :Iib/2>0.
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Step 2. Considering now ay, we have to prove that the system

ag((v,w), (w,X)) = (f,w)+(9,x) Y(w,x) € kerby N S,%’O (3.7)

has a unique solution (v,®) € kerby N Sf%,o for every f, g € H™Y(Q). If the trial
and test spaces were simply 5%70 instead of the constraint space ker by N Sf%,o’ then
this would follow from a classical argument by Schatz3?. The present case requires
some modifications, which we study in detail in the Appendix. Lemmas 5.2 and 5.1
provide the regularity and approximation results in ker by N 52,0 necessary for an
application of the Schatz argument, which is carried out in Theorem 5.1. Hence, we
deduce that (3.7) is uniquely solvable, provided that h is small enough. Theorem 5.1
also implies the existence of an inf-sup constant &, for az on Kj := Sio N ker by,
similarly as in (2.25), in the continuous case:

ag ((’U, ’L/))’ (wa X))

inf sup : > Kq,n >0, and
@b eRn (w )i, [V V)2 [(Vew, VXl =
. a’ﬂ((vvw)’ (’LU,X))
inf sup
(w,Q)€KR (v,x)EK), H(vv,v¢)”L2 ||(VanX)||L2

Furthermore, Theorem 5.1 guarantees that x, ; is bounded away from zero as h — 0.
Step 8. We have shown that for sufficiently small h, h < hg say, F,(§) is an
isomorphism. This also means that for every h < hg, F} (y) satisfies the inf-sup

> Ka,h > 0.

conditions
F(§)yn, FL(§)yn,
inf sup T4 G)yn, 2n) > kp and  inf sup FL(G)Yn, 2n) > K,
n€Vn zevn [Ynllyllznlly 1€ yoevn [Ynllyllznlly

with s, > 0. Theorem 1.1 in Brezzi & Fortin* shows a way of bounding the inf-sup
constant sy in terms of the inf-sup constants ,  for agz and kg p for by. Since the
latter are uniformly bounded away from zero as h — 0, we deduce that the same
holds for xy,.

Since Fj, satisfies the discrete equivalent of the Holder condition (2.17), it follows
that there exists a neighbourhood Bs(g) C Y, where 6 > 0 is chosen sufficiently
small, such that, for h < hg and y € Bs(§), F,(y) is an isomorphism and such
that the inf-sup constants for F (y)~! are uniformly bounded away from zero. This
implies (3.6). O

3.2. Existence and Convergence

The following convergence theorem constitutes the main result of this section. The
proof uses ideas commonly used in the finite element literature on nonlinear prob-
lems; see for example Brezzi, Rappaz & Raviart® and Dobrowolski & Rannacher'!.

Theorem 3.1. Let @ be a minimizer of (2.7) that satisfies (2.19). Let ¢ and [i be,
respectively, the associated electrostatic potential and Lagrange multiplier. Then,
there exist hg € (0,1],0 > 0 such that the discretized problem (8.4) has a unique
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solution g, = (@n, dn, fin) € Vn.p in the neighbourhood Bs(j) C YV for all h < hy.
Furthermore, there exists a constant C' such that

@ — tnllg + || — @nl|ga + 18— fin] < Ch.

Proof. The proof is divided into four steps.

Step 1. We show that for an approximation I1,§ € Vn.p of § = (4, ¢, i), we have
| FnIny)lly; , < Cih for sufficiently small h where C; is independent of h.

Let uy, ¢, € Sp, be the Ritz projections of @ and ¢, respectively, i.e., the solutions
of the equations

(Vup, Vo) = (Vi, Vo) Yo € Spo and  (Véy, Vo) = (Vh, Vo) Yo € Sp,
with boundary conditions

Uplog = Uex,hy,  Pnlog = Pex.h-

In other words, Apuy, = Atls, , and Ap¢p, = Agf_)|sh,0. We define 11,5 = (up, ép, it)-
Convergence theory for the Poisson equation, 4, ¢ € H?(£2), and the approximation
property (3.1) of Z, then lead to

1y —aylly < Ch.
Using the fact that F(7)|y, , = 0 and 7, (I1,y) = F(I1,7)]y, , we proceed as follows
[ Fn () |y , = | F(Tai)yn0 = F @)l
From the local Lipschitz continuity (2.18) of F we deduce that
| Fn (1 7)|

Step 2. In Proposition 3.1 we have shown that there is an open neighbourhood
Bs(y) of g in Y and hy € (0,1] such that Fj (y) : Yno — Vi is an isomorphism
for all y € Bs(§), h < ho and || F},(y)~|| < M, uniformly for y € Bs(j). Moreover,
we observe that F; satisfies a Holder continuity property similar to (2.17): there is
Ly,s such that

|5 (1) — F,(y2)]

Step 8. Existence and uniqueness of a solution. We want to show that there
exists a locally unique solution of Fp (yp) = 0. The idea is to construct a contractive

, < ||1F(Ihy) — F ()] A

Y,

vio, < Clg—Ipglly < Cih.

Vio < Lysllyr —w2lly + llyr —w2lly) V1,92 € Bs().

mapping whose fixed point is the solution yp. To this end, we rewrite this equation
as

Fr(yn) — Fnlyo) = —Fn(vo),

and choose yo = Il so that the right-hand side is “small”. Linearization leads to

FL(0) (9n — vo) = —Fa(yo) — / (o + t(yn—10)) — Fh.(y0)) dt (yn—0)-
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We recall that F; (yo) is an isomorphism if & is sufficiently small. Let us assume in
what follows that & is small enough such that ||§ — yo|ly < 6/2. Then, for R < §/2,
we define the map N : Br(yo) — Vn,p by

Fr(yo) N (y) — yo) = —Fn(vo) —/O (Fr(yo + t(y—=y0)) — Frnlyo)) dt (y — vo)-

We will show that N is a contraction from Bpg(yo) into Br(yo) if R is chosen
sufficiently small.

First, we prove that A" maps Br(yo) to Br(yo) for sufficiently small R. For each
y € Br(yo) we have

1
MHN () = yolly < [1Fn(yo)llyg + R/ 1 F4 (yo + ty — yo)) — Frlwo)| dt
0
< Cg(h—‘rRLg)g(R—f'Ra)),

where we have used the stability property (3.6). To ensure that A (y) € Br(yo), we
need to bound Cy(h + RLy ;(R + R*)) by R/M.If R and h are sufficiently small,
this obviously holds. It is also clear R can be chosen independently of h.

Next, we show that A is a contraction on Bg(yo). If 71,72 € Br(%), then

Frnyo) N (m) = N(n2)) = Fn(n2) = Fulm) + Fr(yo)(m — n2)
= /0 (3 (yo) = Fp, (1 + t(n2 — m))] (m. — n2)dt.

Thus, [|N(m1) — N(n2)|ly can be estimated as follows,

1
M7HN () = N(n2)ly S/O 175 (y0) = Fn(n1 + t(nz—m)) |y dt [lm—mn2||
< L(R+R%) - [m = n2lly-

For sufficiently small R we obtain L(R + R*)M < 1 and hence N is a contraction
on Br(yo).

We can now use Banach’s Fixed Point theorem®® to obtain the existence and
uniqueness of a fixed point g, of the map N : Br(yo) — Br(yo). This fixed point gp,
is a solution of Fy (y) = 0. For sufficiently small i this solution is in the neighborhood

Bor(9):
19— gnlly <9 —Unglly + [1hy — gully < Ch+ R.

Step 4. Finally, convergence can be obtained by a minor modification of the
above argument. If we let R = Crh and Cg > MC5 we can repeat the previous
steps and deduce ||II,7 — @rlly < Crh. This shows

17— onlly < Ch+ Crh,

which concludes the proof. O
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Proposition 3.2. Under the same assumptions as in Theorem 3.1, the discrete
solution Uy, € Ay p is a uniform minimizer of the discretized functional (3.2) over
Auh-

Proof. We define the two Lagrangians
L(u,p) = E(u) + pc(u), and  Lp(un, pn) = Ep(u) + pnc(un).

Since @ is a uniform minimizer, we have (V2 L(u, i)v,v) > v va”iz for all v €
ker ¢/ (@).

Given vy, € ker ¢ (ap) NSy, we have
(ViuLn(@n, fin)on, vn) = (Vi L(@, @), v) + (Vi La(tn, fin) — Vi, £, 1) )0n, vh)

+2<Viu (@, v, (vn —v)) (3.8)
(Vi L(@, i) (v — ), (vh = v))

for arbitrary v € ker ¢/ ().

Next, we prove that every vy, € kerc (ﬂh) can be approximated by v € ker ¢/ (a)
since |4 — @/ < Crh. Let o = (—Ag)~'a and define
(V(pa V’Uh)

IVl

It follows immediately that (v,a) = 0, i.e., v € kerc'(@). Straightforward calcula-
tions also yield ||V (v — wvp)|; . < Ch ||VvhHL2 and [|[Vol|;. > (1 — Ch) [|[Vug||12-

With this choice of v we see that the first term on the right-hand side of (3.8)
satisfies

Vp —

(V2L (@, i)v,v) > 7(1 — Ch) |[Vop5s -

The third and fourth term on the right-hand side of (3.8) can be bounded by
Ch ||V'Uh||iz. For the remaining term, we get

(VauLn(n, fin) = Vi, L(@, 1))vn, vp) = (X" (@) — X" (tn) )vn, vn)
(@ (@)~ @ (@n) Yon, vn) + (T — 1) [onlI7 -

The part involving the nonlinear local functional X can obviously be bounded by
C(h + h%) ||Vvh||iQ; see (2.11). Using the expression for ®” presented in Lemma
2.1 and its discrete analogue, as well as the convergence of ¢, to ¢, we see that
also [((®"(a) — @} (un))vn, vn)| < Ch ||Vvh||iQ. Finally, since |Gy, — fi]| < Ch we get
|an — Al ||vh||iQ < Ch |\Vvh|\iz by Poincaré’s inequality.
Summarising, we have established that
(V2 Lo (n, fin)on, vn) > /2 |Vonie Yoy, € ker ¢ () N S,

for sufficiently small h. From Theorem 5.6 in Maurer & Zowe?” we deduce that iy,
is a uniform minimizer of E}, subject to ¢(ay) = 0. ]
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4. Numerical Example

We have implemented a two-dimensional version of the discretization described
above using piecewise linear, respectively, cubic Lagrange finite elements. The two-
dimensional functional is obtained by replacing 87 with 47 in the definition of ®
(2.5) and the function F with F(u) = 7mu*/2 — sér\f’//z |u|?, see Ghosh & Dhara.1?

To solve the nonlinear system (3.4) we apply Newton’s method. The justification
for this choice emerges from the availability of good initial guesses for u. Physical
insight suggests that the electron density is higher close to nuclei. In fact, close to
nuclei we expect the electron density to be close to the case of an isolated atom. We
therefore solve the spherically symmetric TFDW problem for a single atom first.
The initial value for u is then the square root of the sum of spherically symmet-
ric single atom electron densities centered around nuclei. An initial guess for ¢ is
obtained by solving —A¢ = 4w (u? — p,). In all computations, p, is the sum of
Gauss functions with variance o centered at nucleus positions. Given a sufficiently
fine mesh, we observe that the Newton iteration enters the regime of fast local
convergence immediately. We conclude that there is no need to apply globalization
stragies.

Results of a computation involving a cluster of 39 atoms in two dimensions are

documented in Figure 1. The configuration was obtained by slightly perturbing a
hexagonal configuration. Parameters used in this computation were Q = (—30, 30)?,
A=3.2,00=0.5and Z; =6 for all i = 1,...,39. The solution %y, is shown on the
left. Note that the solution is only shown on a subset of €2 to highlight the interesting
features. On the right-hand side relative errors of E and p are plotted against the
number of degrees of freedom for linear, respectively, cubic finite elements on a series
of uniform grids. We observe that both the energy E and the Lagrange multiplier
w converge with order 2p if p is the order of the finite element space. This has been
proven for planewave and finite element discretizations of a slightly simpler class of
nonlinear eigenvalue problems in Cances, Chakir & Maday® (see Theorems 2 and
3). In Cances, Chakir & Maday” (Theorem 3.1) the authors prove for a planewave
discretization of the Thomas—Fermi-von Weizsacker functional that the convergence
order of the Lagrange multiplier is the same as for the energy. A rigorous study
of convergence rates for a finite element discretization with numerical integration
will be provided in our forthcoming work Langwallner, Ortner & Siili.?* The main
difference between the work in Cances, Chakir & Maday” and ours is that the plane
wave discretization allows to treat the electrostatic interactions directly, whereas in
the finite element discretization, we solve an enlarged system.

Conclusions and Future Work

The Euler-Lagrange equations for the Thomas—Fermi-Dirac—von Weizsécker func-
tional can be rewritten as a, potentially non-monotone, semilinear elliptic system
with a nonlinear constraint. In this paper, we have combined arguments used for
linear saddle-point problems and linearization techniques based on the Inverse Func-
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10° 10°

Degrees of Freedom Npyp

Fig. 1. Results of calculations for a cluster of 39 atoms in two dimensions: @y, is shown on the left,
convergence orders for E and p are indicated on the right.

tion Theorem, to establish the existence and convergence of the sequence of solutions
of a Galerkin discretization of this system. All results of the present work can be
maintained if numerical integration of sufficiently high order is used. This will be
shown in our forthcoming article.24

In our current research we are developing a theory for optimal convergence rates
in situations where the Laplace operator has higher boundary regularity, and we
are studying how the accuracy of the electronic density and electrostatic poten-
tial affects the accuracy of the nuclei when they are relaxed to their equilibrium
positions. Another extension, which will require a careful study, is the effect of “cut-
ting off” the electronic density and the electrostatic potential by imposing Dirichlet
boundary values on 0f).

We understand this paper as the first in a series of papers, and as a preliminary
step in our effort to develop a theory for coarse-graining the TFDW functional in
the spirit of Garcia-Cervera, Lu & E'¢ and Bhattacharya et al.!”

5. Appendix: An Indefinite Elliptic System with Constraint

In this appendix we generalize Schatz’ classical result on the Galerkin discretization
of indefinite elliptic equations®? to the constrained system, which we encountered
in the analysis in Section 3.1.

As in the analysis in the main text, we assume that  C R?%, d > 1, is a domain
in which the Poisson problem is H?(f2)-regular, that is, for any right-hand side
f € L2(2), the solution u € H}(€2) of

(Vu, Vo) = (f,v) Vv € H(Q)
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belongs to H2(Q) N H{(2) and
‘u|H2 < Creg Hf”Lz . (51)

Let m > 1 and let V' C H}(Q;R™) be a subspace with co-dimension one. We
assume that the linear constraint defining the subspace is given by a nonzero L2-
function g € L2(£2;R™), so that V' can be written as

V = {v e Hy(LR™) : (v,g) =0}
Let a be a bilinear form on Hj(£; R™) x H{(; R™) defined by
a(u,v) = (Vu, Vv) + (u, Mv) for w,v € Hy (4 R™), (5.2)
where M € L (Q; R™>™),
We immediately see that a is bounded:

a(u,v) < Cq ||Vl 2 VU2 Vu,veV, (5.3)
and that there exists a constant K > 0 such that a(u,v) + K(u,v) is coercive,

a(u,u) + K(u,u) > a||Vul?,  Yu,veV. (5.4)

We assume that for every f € L2(Q;R™) there is a unique solution u € V' of
the variational problem

a(u,v) = (f,v) YveV. (5.5)
The adjoint variational problem to (5.5) is given by
a(v,u) = (f,v) Vv e V.

Note that the adjoint problem has the same form except that M is replaced by M.
It follows by an argument involving the Fredholm alternative, and which carries
over verbatim from the scalar case (see Theorem 6.4 in Evans'? ), that the adjoint
problem also has a unique solution. This implies, in particular, the existence of
a > 0 such that

. ) a(v,u)
inf sup —————— >k and inf sup —————— > k.
ueV ey [[ug [[v]lg weV ey [[uflg vl
From that we can infer the solvability of (5.5) for all f € V™.
To define a Galerkin discretization of (5.5), let (Sh,0)ne(0,1) be a family of finite-

dimensional subspaces of Hj(€2), which satisfy the approximation property

a(u,v)

inSf [V (u—up)|lj2 < Capxhlulgz  for all u € H(Q) N H*(Q), (5.6)
h,0

up€

for every h, where Cypx is independent of h. We then define the approximation space
Vi={vn €Sy :(g,vn) =0fori=1,...,m}.
The Galerkin discretization of (5.5) is given by
a(up,v) = (f,v) Yo € V. (5.7)
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Note that it may occur that V', = Sj;. However, it follows immediately from (5.6)
that, for sufficiently small h, the co-dimension of V', in S}:’O is also one.

Our main result of this appendix ensures solvability of the Galerkin discretiza-
tion (5.7), provided that h is sufficiently small. The proof parallels Theorem 5.7.6
in Brenner & Scott.?

Theorem 5.1. There exists hg > 0 such that, for every h € (0, ho] and for every
f € L2(Q;R™), there is a unique solution wy of the Galerkin discretization (5.7),
satisfying

IV(w—up)lly: < Cihlulpz  and  |ju — up|lp. < Coh®|u|pe,

where w is the exact solution of (5.5). Furthermore, there exists kq > 0 such that,

inf  sup
VhEVh w, eV,

a(vp, wp)
>ka  Yhe (0, h. 5.8
Vonlla [Vwnls = (0. o) (5:8)

Remark 5.1. We remark that Theorem 5.1 as well as the following auxiliary Lem-
mas hold for any finite number of linear constraints. For example, if V is given
by

V = {v € HY(Q;R™) : (g;,v) = 0,i = 1,...,n},
where g, € L2(Q; R™), and if the functions g,, i = 1,...,n, are linearly independent,
then either minor modifications of the proofs, or simply a successive application of

the results for a single constraint can establish the results for a finite number of
constraints. O

The proof of Theorem 5.1 requires two auxiliary results, which we provide in
the following two lemmas. The first result shows that the constrained variational
problem (5.5) inherits the H2-regularity of the Laplace operator.

Lemma 5.1. Let f € L%(Q;R™) and let uw € V be the solution of (5.5), then
u € H2(Q;R™) and

lulnz < Clegllfllre-
Proof. The result follows by explicitly computing a representation of u in terms
of the solution @ of a Poisson problem in the entire space Hj(£2; R™):
(Va, Vo) = (f — Mu, v) Yo € Hy(Q;R™).
Let e be the Riesz representation of g in H{(Q),
(Ve,Vv) = (g,v) Yo € H{(Q;R™);
then it follows that the function

(Va,Ve)

u —te, where t= ,
IVel?
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belongs to V', and that
(V(a — te), Vv) = (Va, Vv) — t(g,v) = (f — Mu,v) YveV.
Hence, we deduce that
u=1u-—te.

Assumption (5.1) ensures that @ and e belong to H2(Q; R™), and therefore, we
can deduce that w € H?(Q2). The existence of C/,, follows from the open mapping

reg
theorem and the fact that |u|g2 is a norm on V. O

Our second auxiliary result shows that the constrained subspace V', inherits the
approximation property (5.6) of S, o.

Lemma 5.2. There exists hg > 0 and a constant Cy . such that

inf [|V(u—up)|pe < Chhluluz  for allu € VAH?(Q;R™) and for h € (0, ).

up €V apx

Proof. Let e € S}L’fo be the solution of
(Ven, Vv) = (g,v) Vv € S

It is not difficult to verify, for h sufficiently small, say h € (0, ho], there exists
v € S’y such that (g,v) # 0 and hence e # 0 for h € (0, ho].
Let uy € S,’[fo be the Ritz projection of w, i.e.,

(Vay, Vo) = (Vu, Vo) Vo € Sy
We construct the final approximant up, as in the proof of Lemma 5.1,

- Vay,Ve
up = up — (”Vheh|2h)eh evVy.

Since (g, u) = 0, the error ||V(uj — @4)|| 2 can be estimated as follows:

N [(Ven, Van)| (g, an —w)| _ lgllu-— _
IV (up — @) = = < [V(u— @)l -
- [Veny IVen|: IVenlly.2 -

Since ej, converges in H{(Q) to the Riesz representation of g, the term
llgllu-1/||Venl|; - converges to one as h — 0, and in particular is uniformly bounded
on (0, hgl, provided hg is chosen sufficiently small. Invoking the approximation prop-
erty (5.6) we arrive at the desired approximation result. O

Proof of Theorem 5.1.

Step 1: The Schatz argument. The main part of the proof follows an argument
originally given by Schatz.?? Our presentation is largely analogous to Theorem 5.7.6
in Brenner & Scott.? First, let us simply assume the existence of a discrete solution
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up. From Galerkin orthogonality we get a(u — up, u — up) = a(u — up, u — v) for
every v € V. Then, using (5.4) we deduce that

al|V(u—up)llfe < Ca [V —up)|e IV(w =) |2 + K Ju—uplfe,  (5.9)

for every v € V', where we have used the continuity of a. Considering the adjoint
problem

a(z,w) = (u —up, z) VzeV
we can show that

”u - uhH%ﬁ < Cieg

hIV(u = wn)llpe [wlne < Clogh [V (w = wn)|l [ — w2

reg

where Lemma 5.1 was used to obtain H2-regularity for w. This results in

Hu - Uh||L2 < Céeg

h{IV(w —up)| - (5.10)
Applying this bound to (5.9) and choosing h sufficiently small, we obtain the bound
I9(u = wn)lls < CIV(u—v)lys Vo Vi (5.11)

V), is a finite-dimensional space, so existence of a solution wj, for arbitrary right-
hand sides, and its uniqueness are equivalent. Suppose, for f = 0, the discrete
problem had a nontrivial solution u; # 0. Then, equation (5.11) would produce
a contradiction for h sufficiently small because uw = 0. Hence, there is a unique
solution wy,.

Taking the infimum over v € V}, in (5.11) and using Lemma 5.2 yields the first
error bound stated in the theorem. Combining this bound with (5.10) provides the
second error bound.

Step 2. Uniform Inf-Sup Constant. Unique solvability of (5.5) for f = 0 implies
that a satisfies the inf-sup condition

a(u,v)

inf sup =x>0. (5.12)

weVyey [Vul: [Vol|p
Our aim now is to prove the validity of a corresponding condition for Vi, x V7,
which is uniform in A.
To obtain O(h)-convergence of uy, to w it had to be assumed that f € L2(Q)™.
However, both the continuous and discrete solution u € V', respectively u; € Vi,
exist and are unique if f € H=1(Q)™,

alu,v) ={(f,v) YweV and a(up,v)=(fv) YveV,

We note that, to prove (5.11), we only used that u — uj, € L?(Q;R™) but not
f € L2(Q;R™). Hence, choosing v = 0 in (5.11) and using a triangle inequality and
the inf-sup condition (5.12) we deduce that,

IVunlp: < (1+C)[Val. < A+ C)s I fllv- Vhe (0, ha, (5.13)
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where hg > 0 is chosen sufficiently small, and where C' is the constant from (5.11).
If f € V; then, by the Hahn—Banach theorem, f can be extended to an element of
V* while preserving its norm, and hence, we obtain

VL fll. <A+ O Hfllv;  VFEVS Vhe (0 h

where L; ' denotes the solution operator for (5.7). This statement is equivalent to
the uniform inf-sup condition (5.8) with kq = /(1 + C). m]
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