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1. Introduction

Let be a bounded and simply-connected open set inRY, d 2, with Lipschitz
continuous boundary @. On , we consider the partial di erential equation

Lu=r (aru)+r (bu+ cu=f; Q)

wheref 2 L,() and c2 L; () are real-valued functions, b= fhg, is a vector
function whose entriesh are Lipschitz continuous real-valued functions on. We
shall, further, assume thata = fa; gﬁj -1 is asymmetric matrix whose entries a;;
are bounded, Lipschitz continuous real-valued functions @ ned on *, and that the
matrix a is positive semide nite, almost everywhere on, i.e.,

()= "a(x) 0 8 2RY% forae.x2 : (2)

Under hypothesis (2), the equation (1) is referred to as gartial di erential equation

with nonnegative characteristic form Equations of this kind frequently arise as
mathematical models in physics and chemistry [40] (e.g. in lie kinetic theory
of polymers [7, 44, 49] and coagulation-fragmentation prolems [43]). They also
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appear in molecular biology [21], population genetics (e.gin mathematical models
of random genetic drift) and in mathematical nance. Import ant special cases of
these equations include the following: (a) when the diusin matrix a = a> is
positive de nite, (1) is an elliptic partial di erential eq uation; (b) when a 0 and
the transport direction b 6 0, the partial di erential equation (1) is a rst-order
hyperbolic equation; (c) whenb=(0;:::;0;1)> 2 RY and

a= o .

o o0

where isa(d 1) (d 1) symmetric positive de nite matrix, (1) is a parabolic
partial di erential equation, with time-like direction b. The family of partial di er-
ential equations with nonnegative characteristic form al® includes a range of other
linear second-order partial di erential equations, such & degenerate elliptic and
ultra-parabolic equations. Furthermore, by a result of Hormander [35] (cf. Theo-
rem 11.1.10 on p.67), second-order hypoelliptic operatoraith constant coe cients
have nonnegative characteristic form, after possible mulplication by 1.

For classical types of partial di erential equations, such as those under (a), (b)
and (c) above, rich families of reliable, stable and accura numerical techniques
have been developed. Yet, there have only been isolated atwgpts to date to
explore computational aspects of the class of partial di eential equations with
nonnegative characteristic form as a whole (cf. [30] and [3B In particular, only a
limited amount of research has been devoted to the construaon and mathematical
analysis of adaptive nite element algorithms for these equations; similarly, there
has been very little work on the nite element approximation of high-dimensional
partial di erential equations with nonnegative character istic form (cf. [57]).

The aim of this paper is to present a brief survey of some recémresults in
these directions. In Section 2, we state the weak formulatio of a boundary-value
problem for equation (1). In Sections 3 and 4, we give an oveiew of stabilised
continuous and discontinuous nite element approximations to these equations; we
shall also address the question of residual-based a posteri error estimation for
hp-version discontinuous Galerkin approximations of these gquations, as well as
the construction of sparse stabilised nite element method for high-dimensional
partial di erential equations with nonnegative character istic form (Section 5).

2. Boundary conditions and weak formulation

For the sake of simplicity of presentation, we shall assumehat is a bounded

open polytope inRY and we denote by the union of its (d  1)-dimensional open
faces; clearly, @ with strict inclusion. The equation (2) will be supplement ed
by boundary conditions. For this purpose, let (x) = f ;(x)g’; denote the unit
outward normal vector to at x 2 . On introducing the Fichera function (cf.

[48)x2 7! (X):=(b )(x)2 R, we de ne the following subsets of :

o=Ffx2 : ( (x))> 0g;
=fx2 ngo: (x)<O0g; +=fx2 ngo: (x) Og:
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The set ¢ is the elliptic part of , while [ + represents thehyperbolic part
of . The sets and . will be referred to as the hyperbolicin ow and out ow
boundary, respectively. Clearly, = o] [ +. If o6 ; and has positive

(d 1)-dimensional Hausdor measureH? ( o), we shall further decompose it
into disjoint subsets p and §\ whose union is o, with Hd (p) > 0. We
supplement the partial di erential equation (1) with the bo undary conditions

u=g on p[ ; (aruy=gv on \; 3)

and adopt the (physically reasonable) hypothesis that (x) 0 fora.e. x 2 y,
whenever y is honempty. In addition, we assume that the following (stardard)
positivity hypothesis holds: there exists a positive consant €, such that

cx)+ 2r bx) € ae. x2 ; 4)

anddenecy= c+ % r b on~ Now, consider the following boundary-value

problem, corresponding togp =0 and gy =0: nd u such that

Lu r (aruwy+r (bwy+cu=f~f in ; (5)

u=0 on p[ ; (6)

(aru) =0 on n: @)

Function spaces and weak formulation. The classical Sobolev space on

of integer orderm, m O, will be denoted by Wg' () for q2 [1;1 ]; in the case
g=2we write H™() for W J'(); W 8() is simply L (). W ['() is equipped
with the Sobolev normk ky () and seminormj jwm () . For the sake of simplicity,
we shall write k k instead ofk k_,() , andk k will denote k k_,( ) for an open
subset of . Welet V= v2HY(): 0@ (V)j, =0 where ¢g (V) signies
the trace of v on @, and de ne the inner product ( ; )y by

(W; V) = (ar w;r v)+(w;v)+ hwyvi [

Here (; ) denotes the Ly inner product over and hw;vig = st jwv ds; with
denoting the Fichera function b , as before, andS . We denote by H the
closure of the spaceV in the norm k ky de ned by kwky = (w;w)ifz. Clearly,
H is a Hilbert space. Forw 2 H and v 2 V, we now consider the bilinear form
B(;):H V! Rdenedby

B(w;v):=(ar w;rv) (w;brv)+(cw;v)+ hwyvi [ ,;

and for v 2 V we introduce the linear functional L : V! R by L(v) := (f;v).
Note, in particular, that by (4),

B(v;v) = (ar v;r v)+ keovk? + Thv;vi [ K okvk?, 8v2V;

+

where Ko = min('c3; %) > 0. We shall say thatu 2 H is a weak solutionto the
boundary-value problem (5), (6) if

B(u;v) = L(v) 8v2V: (8)
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We note that the boundary conditions uj = 0 on the inow part of the
hyperbolic boundary n ¢ = [ + and the boundary condition (ar u)=0
on the Neumann part y of the elliptic boundary ¢ are imposed weakly, through
(8), while the boundary condition uj , = O on the Dirichlet part, p, of ¢ is
imposed strongly, through the choice of the function spaceH. The existence of
a unique weak solution is guaranteed by the following theorm (cf. also Theorem
1.4.1 on p.29 of [48] and [57] for a similar result in the speal case of \ = ;; for
n 6 ; the proof is identical to that in [57]).

Theorem 2.1. Suppose thatcy(x) €& > Ofor all x 2 . Then, for each
f 2 Lo() , there is a uniqueu in a Hilbert subspaceH of H such that (8) holds.

Next, we shall consider the discretisation of the problem (§, | rst by a
stabilised Galerkin method based on continuous piecewisegbynomials, and then
using discontinuous piecewise polynomials.

3. Continuous piecewise polynomial approximation:
the streamline-di usion method

As in the previous section, we suppose that is a bounded operpolytope in RY,
d 2. LetT, =f gbe an admissible subdivision of into open element domains
which is subordinate to the decomposition of into the subses p, n, and
+; hereh is a piecewise constant mesh function withh(x) = h =diam( ) when
x is in element 2 Ty. We shall assume that each 2 T, is the image, under a
bijective ane map F , of a xed master element”®, where ~is either an open unit
simplex or an axiparallel open unit hypercube inRY. We shall also suppose that

the family of partitions fThg,,  is:

(a) regular (namely, the closures of any two elements in the subdivisiomre either
disjoint or share a common face of dimension d 1); and

(b) shape-regular(namely, there exists a@ositive constantc;, independent ofh,
such that c;h?  meas() forall 2~ Ta).

For p 1, we denote byP,(") the set of polynomials of degree at mosp on *
when " is an open unit simplex; when "is an axiparallel open unit hypercube, we
let Qp(") denote the set of all tensor-product polynomials of degreeat most p in
each coordinate direction. We de ne the nite element space

Hhp = V2H\ C(): vj 2Rp() 8 2Th ;

whereRp( )=fw2Li():w F 2Rp("™)gandRy is either P, or Qp.

Next, we formulate the streamline-di usion nite element a pproximation of (8).
The method was originally introduced by Hughes and Brooks [8] in 1979 for ellip-
tic transport-dominated di usion equations. Its analysis was pursued by a number
of authors (see [38, 39, 54], for example). The de nition of he method stems from
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the empirical observation that standard Galerkin nite ele ment approximations to
transport-dominated di usion problems exhibit nonphysic al numerical oscillations
which occur predominantly in the direction of subcharacteiistic curves (i.e. the
characteristic curves of the underlying hyperbolic problen); the standard Galerkin
method is therefore supplemented with numerical di usion/dissipation in the direc-
tion of the subcharacteristics through the inclusion of astreamline-di usion stabil-
isation term. For a survey of recent perspectives on stabilised and mulsicale nite
element methods for partial di erential equations, including transport-dominated
di usion problems, we refer to the survey paper of Brezzi andMarini [14]; see
also [13, 15]. Here, we follow the exposition in [33] and coider the bilinear form
B (;) dened by

X
B (w;v)=(ar w;r v) (w;b r v)+(cw;v)+hwyvi .+ ®w; brv

2T+

and the linear functional = (v) = P (f;v+ b rv) ,where, onelement 2Ty,
wedenelbyl'w=r (P (ar w))+ br w+ew, w2 HY( ),&=c+r bandP
signi es the orthogonal projection in [L2( )]¢ onto [Rp( )]¢. In these de nitions
(; ) denotes the L, inner product over and the nonnegative piecewise constant
function , called the streamline-di usion stabilisation parameter, is de ned by
j = for 2Tu,where isanonnegative constant on element. The precise
choice of will be discussed below.

Now, the streamline-di usion nite element method is de ne d as follows: nd
usp 2 Hnyp such that

B (Uspiv) = (V) BV2Hpyp: ©)

Here, we shall focus on the stability and error analysis of tis method. A key
property is the following: from (8) and (9) we deduce that if u 2 H\ H?() then
X

B ((u usp);v)= (r (aru P (aru); brv 8V2Hnp: (10)

In particular, if a is a constant matrix, then the projection operator P can be
replaced by the identity operator. In this case the right-hand side in (10) is zero
and this identity is then referred to as the Galerkin orthogonality property of the
streamline-di usion nite element method (9).

Next we show the stability of the method (9) and state an optimal order a priori
error bound. The bound will be expressed in terms of the so-dked streamline-
diusion norm kK kjsp de ned by

p_
Kivkigp = kr vKkZ +&gkvk® + kvk® | |  +k b r vk
wherekr vkZ = (ar v;r v). The analysis requires the following results; cf. [33].

Lemma 3.1. (Inverse inequality) There exists a positive constanCi,, = Ciny (C1),
independent ofa, h and p such that

2
kr (P (ar v))ki,()y Cin E—kar VK () 8v2Hpp 8 2Th:
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Lemma 3.2. Suppose thatM is areald d symmetric positive semide nite matrix
and letj j denote the Euclidean norm onRY; then jM j? (M)YM ; ) for all

are the (real, nonnegative) eigenvalues oM .

Now we are ready to discuss the coercivity of the bilinear fom B (; ) over
Hnp H hp. To this end we de ne T\0= 2Th t kbk, ()80 .

Proposition 3.3.  Suppose that the streamline-di usion parameter on element
is selected, with the conventionl=0 = 1 , so that
|
. h2 6
0 1 min : 8 2T (11)
T (Cin)k @k, (Pt KEKE ()

Then, the bilinear form B (; ) is coercive onHp, H pyp, i.€.
B (v;v) 3kvkiZp 8V2Hnpy:

Proof. Integrating by parts gives

Z
B (v;v) (arvirv)+ cvidx+ Fkvk? | [, + Ko v
X
(ki (P (ar )k + kévk )kb 1 vk : (12)
2Th0

for v2 Hp,p. Now, using Lemma 3.1 and Lemma 3.2 withM = aand =r v,

2
ki (P (ar v))k + kévk  Ciny E—k (A)k( 7 ykr Vi + Kok, (kv ;
with the notation kr vky. = (ar v;r v)lzz. Thus, for any real number > 0,

X X
(kr (P (ar v))k + kévk )kb r vk kb r vk2

210 2T 0

LY e wies 2
to Ly (H)KVKEF 5=

4
(Cinv)zk (a)kL1 ( )E_z kr ng: :
2T 0 2T 0

Choosing =1=2, we deduce from (12) and the de nition of ¢y that

B (viv) kr vki+aFkvk®+ Tkvk? [+ %kp_b r vk?

X 4
kK2, kvk? (Cin )2k ()KL, ( )E—Zkr VK2

2T ho 2T ho

Selecting the streamline-di usion parameter as in (11), the result follows. O
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Corollary 3.4. (Stability) Under the hypotheses of Proposition 3.3,

X
jiuspiiidgp 46 °kfk*+4 kf k2:

2T ho

In particular, if f =0 then ugp = 0; since Hpy, is a nite-dimensional linear space,
it follows that (9) has a unique solution usp 2 Hpyp for any f 2 La(). The next
result concerns the accuracy of the method (9).

Theorem 3.5. Let the streamline-di usion parameter  be chosen so that
!

1 h2
0< = min . ; f% 8 2Ty,
2 (Cinv) Kk (a)ke, (yp* KO, ()
with the convention 1=0 = 1 . Then, assuming thatu 2 H\ HX() \ C() , with a
positive integerk anda2 WX () ¢ d, 2 Ty, the following error bound holds:
I
. . X p2 1 ,
ku uspkisp C WM (a;b;c;h s p)kukg ;

2Th

where =min(p+1;k), C is a positive constant which depends only ol; and k,
M (a;b;c;h;p)= A (p=h )+ B + C (h =p), with

( kak?, )+kak$v,{ . _
A - kakLl ()t K@k, () ; whenk (a)kL1 ) 60;
0; otherwise
B - kbkLl ) 1+D +D 1! ; when k_bkLl ) 60;
; otherwise
cC = 1+/\c0+/t02kckfl(); D = kbk, ()p=h:

Theorem 3.5 is an extension of classical priori error bounds for the streamline-
di usion discretisation of a rst-order hyperbolic proble m and a second-order el-
liptic transport-di usion problem with a isotropic and constant; see, for example,
[37, 54] h-version) and [29] hp-version), and [33] for a proof in the case of y = ;.

4. Discontinuous piecewise polynomial approxima-
tion: the discontinuous Galerkin method

Discontinuous Galerkin nite element methods (DGFEMSs, for short) date back
to the early 1970's; they were simultaneously proposed by Rmd & Hill [52] in

1973 for the numerical solution of the neutron transport equation and by Nitsche
[45]in 1971 as a nonstandard scheme for the approximation aecond-order elliptic
equations. Since the early 1970's there has been extensivemk on the development
of these methods for a wide range of applications; for an extient historical survey
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of DGFEMSs up until 2000 we refer to the paper of Cockburn, Karniadakis and
Shu in the volume [19].

One of the key advantages of the DGFEM in comparison with stamlard Galerkin
nite element methods based on continuous piecewise polyrmials, such as the
streamline-di usion nite method discussed in the previous section, is their high
degree of locality: the computational stencil of the DGFEM remains very compact
even as the degree of the approximating polynomial is incresed. Hence, high-order
adaptive hp- and spectral element approximations may be handled in a pdicu-
larly exible and simple manner. Indeed, hp-adaptive DGFEMSs o er tremendous
gains in terms of computational e ciency in comparison with standard mesh re-
nement algorithms which only incorporate local h-re nement with a given ( xed)
polynomial degree. For discussions concerning variousp-re nement strategies see
[1, 8, 32, 34, 53, 58]. A further attractive property of the discontinuous Galerkin
nite element method for a transport-dominated di usion pr oblem is that, unlike
its counterpart based on continuous piecewise polynomialsthe method is stable
even in the absence of streamline-di usion stabilisation.

In this section, we surveya priori and a posteriori error bounds for discon-
tinuous Galerkin nite element approximations of second-ader partial di erential
equations with nonnegative characteristic form. We shall hen show how thea pos-
teriori error bound can be used to drive anhp-adaptive nite element algorithm.
The presentation in this section is based on the paper [25].

We consider shape-regular meshef, = f g that partition the domain into
open element domains , with possible hanging nodes We shall suppose that
the mesh is 1-irregular in the sense that there is at most one dnging node per
(d 1)-dimensional element-face, e.g. the barycenter of the t®. We denote by
h the piecewise constant mesh function withh(x) h = diam( ) when x is
in element . Let each 2 T, be a smooth bhijective image of a xed master
element A thatis, = F (®) forall 2 T, where *is either the open unit
simplex s = fR = (X;::5;R) 2 RY : 0<x1+  +Xxg< 1, xi>0;i=

polynomials of degreep 1 as follows: Qp, = spanf® :0 i p; 1 i dg,
P, = spanf® :0 j j pg. To each 2 T, we assign an integerp 1;
collecting thep and F inthe vectorsp=fp : 2ThgandF =fF : 2Tug,
respectively, we introduce the nite element space

SP( ;ThiF) = fu2Lla(): ui F 2Qp if F ¥()="¢
and uj F 2P, if F }()="s 2Thg:
We assign toT, the broken Sobolev spacef composite orders de ned by H3( ;Tp) =
fu2Lla(): uj 2HS () 8 2Thg; equipped with the broken Sobolev norm

X 1=2
kuks;Th = kUkaS ( ) :
2T,
Whens = sforall 2Ty, we write H¥( ;Tp) and kuks: T, .

An interior face of T, is de ned as the (hon-empty) (d 1)-dimensional interior
of @i\ @;, where ; and ; are two adjacent elements ofT,, not necessarily
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matching. A boundary faceof T, is de ned as the (non-empty) (d 1)-dimensional
interior of @\ , where is aboundary element ofT,. We denote by i, the union
of all interior faces of T,,. Given a facee int » shared by the two elements ; and

j» where the indicesi and j satisfy i>] , we write . to denote the (numbering-
dependent) unit normal vector which points from ; to ;; on boundary faces
we put o = . Further, for v 2 H( ;T,) we de ne the jump of v acrosse
and the mean value ofv on e, respectively, by ] = Vig\e Vj@;\e and hvi =

% Vi@\vet Vj@;\e - On a boundary facee @, we set J] = vjg\e and hvi =
Vj@\ e. Finally, given a function v 2 H( ;T,) and an element 2 Ty, we denote
by v* (respectively, v ) the interior (respectively, exterior) trace of v de ned on
@ (respectively, @ n). Since below it will always be clear from the context which
element in the subdivision T, the quantities v* andv correspond to, for the sake
of notational simplicity we shall suppress the letter in the subscript and write,
respectively,vt andv instead. Given that is an element in the subdivisionT,
we denote by @ the union of (d 1)-dimensional open faces of. Let x 2 @
and suppose that (x) denotes the unit outward normal vector to @ at x. With
these conventions, we de ne the in ow and out ow parts of @, respectively, by
@ =fx2@ : hx) X)<0g, @ =fx2@ : bx) (x) Og.

For simplicity of presentation, we suppose that each entry & the matrix a is
piecewise continuous oril, and belongs toS°( ; Ty;F). With minor cthges only,
our results can easily be extended to the case when each entgf =~ a belongs
to S9( ;Th;F), where the composite polynomial degree vectoq Bas nonnegative
entries; for more generah, see [23]. In the following, we writea = j* aj3, wherej j,
denotes the matrix norm subordinate to the I,-vector normonR% anda = g ;
by a- we denote the arithmetic mean of the valuesa o over those elements ©
(including itself) that share a (d 1)-dimensional face with .

The hp-DGFEM approximation of (1), (3) is de ned as follows: nd upg in
SP( ;Th;F) such that
Bpg (Ups;V) = ‘pa(v) 8v2SP( ;Th;F): (13)

Here, the bilinear form Bpg (; ) is de ned by

Bpg (W;V) = Ba(w;V) + Bp(w;V) + Be(v;w) Be(w;Vv)+ B (wW;V);

where

x Z X z
Ba(w;v) = ar w r vdx; Bp(w;Vv) = (wb r v cwv)dx

2Th 2Th

z z )
(b Yw"v ds+ (b Yw vids ;
@ @ n
z
Be(w;V) = har w)  ei[v]ds; B (w;v) = [w]lv]ds;

in [ D inn [ D
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and the linear functional “pg () is given by

(z y
pe (V) = fv dx (b )gpov'ds
@ \(ol )
7 z
+ go((ar v©) )ds+ gV’ ds+ gpv©ds :
@\ b @\ n @\ o
Here, is de ned by
. hapi
je=C m—plz for e [ b; (14)

where C is a positive constant, called the discontinuity-penalisation parameter;
cf. [30]. We shall adopt the convention that edgese int [ pwith jo=0
are omitted from the integrals appearing in the de nition of B (w;Vv) and "pg (V),
although we shall not highlight this explicitly in our notat ion; the same convention
is adopted in the case of integrals where the integrand conias the factor 1= .
Thus, in particular, the de nition of the DG-norm, cf. (15) b elow, is meaningful
even if jo happens to be equal to zero on certain edges i« [ b, given that
such edges are understood to be excluded from the region oftagration.

Selecting the parameter = 1 gives rise to the so-calledNonsymmetric Inte-
rior Penalty (NIP) method , while setting = 1 yields the Symmetric Interior
Penalty (SIP) scheme in the following we write SIP/NIP to denote the symmet-
ric/nonsymmetric versions of the interior penalty method.

While a symmetric discretisation of a symmetric di erential operator seems
quite natural, the NIP scheme is often preferred, especiajifor transport-dominated
problems where the underlying discretisation matrix is norsymmetric anyway, as
it is stable for any choice of the parameterC > 0; see, for example, [2, 30, 51],
and Theorem 4.1 below. On the other hand, the SIP scheme is oplstable when
C > 0 is chosen su ciently large. In terms of accuracy, both schenes converge
at the optimal rate when the error is measured in terms of the DG-norm (cf. (15)
below), but the lack of adjoint consistency (see, [2]) of theNIP method leads
to suboptimal convergence of the error when measured in tersof the L, norm.
In this case, the SIP scheme is still optimally convergent, vkile the NIP method
is suboptimal by a full order; however, numerical experimets indicate that in
practice the L, norm of the error arising from the NIP scheme converges to zer
at the optimal rate when the polynomial degreep is odd, cf. [30]. Thereby, in
practice the loss of optimality of the NIP scheme when the eror is measured in
terms of the L, norm only arises for evenp. However, we showed in [25] that, for
p 2, the lack of adjoint consistency of the NIP scheme leads tomeven more
dramatic deterioration of its convergence rate when the eror isgneasured in terms
of a certain (linear) target functional J(), such asJ : v 7! v(x) (x)dx, for
example, where is a given weight-function: for xed p the error measured in
terms of J( ) behaves likeO(h??) when the SIP scheme is employed, while for the
NIP scheme, in general we only have the rate of convergendg@(hP) as h tends to
zero. For related work ona posteriori error estimation for DGFEMs with interior
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penalty, see e.g. Beckeet al. [9, 10] and Rivere & Wheeler [53]. For further
perspectives on the construction and postprocessing of DAEMSs, see [12, 18].
Before embarking on the analysis of the discontinuous Gal&in method (13),

X 1 1
fiwiigde = krwiG + keowk®+ Skw'kg () + Skwkg

2Ty 2
1 z z 1
+ ikW+ wky o, o+ [w]? ds + Zhar w) i?ds;(15)
int [ D int [ D
wherekr wkg; =(arw;rw) ,k k, @, denotes the (semi)norm induced by
the (semi)inner-product (v;w) = jb jvwds, and ¢ is as de ned in (4). The

in [30]; fora > 0,b 0, (15) corresponds to the norm proposed by Baumanret
al. [8, 47] and Bakeret al. [5], cf. [51]. With this notation, we state the following
coercivity result for the bilinear form Bpg (; ) over SP( ;Th;F) SP( ;Th;F).

Theorem 4.1. With de ned as in (14), there exists a positive constantC, which
depends only on the dimensiord and the shape-regularity ofTy, such that

Bos (v;V)  Ciijviigs 8v2SP( ;ThiF);

provided that the constantC arising in the de nition of the discontinuity penali-
sation parameter is chosen so that:C > 0 arbitrary when =1, and C co
with C° su ciently large when 6 1.

This result is an extension of the coercivity result derivedby Prudhomme et
al. [51] with b 0O; see also [30] for the proof in the case when = 1. For the
case ofa 0, the connection of stabilisation to upwinding has been disussed in
[16]. In particular, Theorem 4.1 implies that (13) has a unique solution for any
f 2La(),any go 2 Lo( p)andanygy 2 La( n). Theorem 4.1 also indicates that
while the NIP scheme is coercive oveSP( ;Tn;F) SP( ;Th;F) for any choice
of the constant C > 0 arising in the de nition of the discontinuity-penalisati on
parameter , the SIP scheme (corresponding to = 1) is only coercive ifC is
chosen su ciently large; see [25] for details about the minmum size ofC .

Henceforth, we shall assume that the solutioru to the boundary value problem
(1), (3) is su ciently smooth: namely, u2 H?( ;Ty) andthat uand (ar u) . are
continuous across each face @ n that intersects the subdomain of ellipticity,

a=fx2 : ~a(x) >08 2 RYg. Ifthis smoothness requirement is violated,
the discretisation method has to be modi ed accordingly, cf [30]. We note that
under these assumptions, the following Galerkin orthogonkty property holds:

Bog (U Upg;v)=0 8v2SP( ;ThF): (16)
We shall assume thatb2 W1 () % is such that

brrv2SP(;T;F) 82SP( ;T;F): a7
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Let us denote by , the orthogonal projector in L»() onto the nite element
spaceSP( ;T;F). We remark that this choice of projector is essential in the
following a priori error analysis, in order to ensure that pUsb rr,v) =0
forall vin SP( ;T;F). If, on the other hand, the scheme (13) is supplemented by
streamline-di usion stabilisation, then alternative choices of , may be employed
(see, [29, 59], for example); in that case, hypothesis (17siredundant. We now
decompose the global errou  upg as

U Uups =(u pU)+( puU Upg) + (18)

Lemma 4.2. Assume that (4) and (17) hold and let 1j = kc=¢k, ( ), then
there exists a positive constantC that depends only ond and the shape-regularity
of T, such that the functions and de ned by (18) satisfy the following inequality

( X
i fide C Koar K+ Zkeo KR+k *kG \ +k Ky,
2Th ) .
+ “har ) ei’ds+ [ 2ds

in [ o inn [ o

The proof is given in [25]. We also need the following result @ncerning the
approximation properties of the projector ,; for simplicity, we restrict ourselves
to 1-irregular, shape-regular meshes consisting of a ne egivalent d-parallelepiped
elements (cf. [4, 30], and also [24] for similar results in agmented Sobolev spaces).

Lemma 4.3. Suppose that 2 Ty, is a d-parallelepiped of diameterh and that
uj 2HK (), k 0, for 2 Ty. Then, the following approximation results hold:

hs s 1=2

ku  pukg,() Ckauka () ku o puk,@) Co——Kukyk ();
hs 1 s 3=2

ju pUjH1( ) Cﬁkukm () Ju pUiHi @) C— gz Kukye (y;

wherel s min(p +1;k ) and C is a constant independent ofu, h and p ,
but dependent on the dimensiord and the shape-regularity ofT}.

For the rest of this section, we assume that the polynomial dgree vectorp,
with p 1, 2T, hasbounded local variation i.e., there exists a constant 1
such that, for any pair of elements and °which share a @ 1)-dimensional face,

' p=po (19)
On noting that = u pu and combining Lemmas 4.2 and 4.3, we deduce that
I
...... X h2s b hzs  pAs 12
jii fige C 39 T 2 T w1 kukf ()i

2T, P p p
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where j =a., 2 =( 1 )* kook?, (), (1] = ke(co)?ky, ( ), cf. Lemma 4.2),
j = kbk_, () and C is a positive constant that depends only ond, the parameter
in (19) and the shape-regularity of T,. The DG-norm jjj jijpc of = u  pucan

be estimated directly using Lemma 4.3 to show that a bound ankbgous to that on

ji lioc above holds. Hence, a bound on the discretisation errau upg = + in
Very often in practice the objective of the computation is not the approxima-
tion of the analytical solution u in a given norm, but controlling the error in an
output/target-functional J() of the solution. Relevant examples of output func-
tionals include the lift and drag coe cients of a body immersed into a viscous
uid, the local mean value of the eld, or its ux through the o ut ow boundary

of the computational domain. Here we give a brief survey ofa posteriori and a

priori error bounds for general linear target functionalsJ () of the solution; for

related work, we refer to [11, 26, 28, 31, 32, 34, 42, 58, 59prfexample, and to
the recent monograph of Bangerth & Rannacher [6]. We shall cone ourselves
to Type | (dual-weighted) a posteriori bounds; the computationally simpler, but

cruder, Type Il error bounds will not be discussed here (see s & Suli [22]).

Type | a posteriori error analysis. We proceed as in [34, 58] and begin by
considering the followingdual or adjoint problem: nd z 2 H?( ;Ty) such that

Bpe (W;2) = J(w) 8w 2 H?( ;Th): (20)

Let us assume that (20) possesses a unique solution. Clearlhe validity of this
assumption depends,inter alia, on the choice of the linear functional under con-
sideration. We shall return to this issue below; see also [238, 34].

For a given linear functional J() the a posteriori error bound will be ex-
pressed in terms of the nite element residualRjy dened on 2 Ty, by Rint] =
(f L upg)j , which measures the extent to whichupg fails to satisfy the dif-
ferential equation on the union of the elements in the mesh Ty; thus we re-
fer to Rjx as the internal residual. Also, since upg only satis es the bound-
ary conditions approximately, the dierences go upg and gy (ar upg)
are not necessarily zero on p | and |y, respectively; thus we de ne the
boundary residualsRp and Ry by Rpje\( 51 )=(9 Upglie\( »[ ) and
Rnjev v=(ov (ar upg) )ie\ .. respectively. By using the divergence theo-
rem, the Galerkin orthogonality property (16) may be rewrit ten as follows:

OZBDGEU UDG;V)=\§G(V) Bbe (Upc V)

X
= Rint v dx (b )Rpv'ds+ (b )[upg]v' ds
@ \ @ n

2Ty 7

+ Rp((ar vi) )ds+ Rpv' ds+ Ryvids  (21)
@\ D @\ D @\ N

z ) z )
slupsl(ar v)  + S[(ar upg) v ds [upc V' ds

@n 2 2 @n

forall v2 SP( ;Th;F). The starting point is the following result from [25].
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Theorem 4.4. Let u and upg denote the solutions of (1), (3) and (13), respec-
tively, and suppose that the dual solutiorz is de ned by (20). Then, the following
error representation formula holds:

X
J(u) J(upg) = E (Upg;h;p;z  znp) ; (22)
2Th
where
Z Z
= Rint (z  zn;p)dx (b )Rp(z znp)' ds
z @ z
+ (b )uocl(z znp)* ds+ Ro((ar (z znp)*') )ds
@ n @\ o
Z Z
+ Rp(z znp)' ds+ Rn(z znp)t ds
Z@\ D @\ n
+ 1 +
E[UDG](ar (z znp)") + é[(ar Upg ) 1z znp) ds
2o
[upcl(z znp)* ds 8zhp 2 SP( ;Th;F): (23)
@n

Proof. On choosingw = u upg in (20) and recalling the linearity of J( ) and the
Galerkin orthogonality property (22), we deduce that

J(u) J(upg)=J(u upg)= Bps(U Upg;z)= Bpc(U Upc;Z Znp); (24)
and hence (22), with  de ned by (23), using the de nitions of the residuals. O

Corollary 4.5. Under the assumptions of Theorem 4.4, and with de ned as in

(23), the following Type | a posteriori error bound holds:
X
jd(u) J(uog)i Ej j(ups:;hip;z  zZnp) i (25)
2Ty
As discussed in [6, 11, 26, 58], the localeighting termsinvolving the di erence
between the dual solutionz and its projection/interpolant zn, onto SP( ;Ts;F)
appearing in the Type | bound (25) contain useful information concerning the
global transport of the error. Therefore, we shall retain the weighting terms involv-
ing the (unknown) dual solution z in our bound and approximate them numerically,
| instead of eliminating z, as one would in the derivation of a structurally simpler,
but cruder, Type Il a posteriori bound. However, before proceeding any further, we
need to consider more carefully the dual problem de ned by (8). Let us suppose,
for example, that the aim of the computation is to approximate the (weighted)
mean value of the solutionu; i.e., J() M (), where M (w) = w dx and
2 Lo(). When = 1, performing integration by parts, we nd that the cor-
responding dual solutionz = z5" is the solution of the following mesh-dependent
problem: nd z such that

1
5

Lz r (arz) brz+cz
z=0 on p[ +; (b )z+(ar 2)

1l
o
o
=

z
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Thus, for = 1 the dual problem is well-posed for this choice of target funtional.
We remark that, since in this case the dual problem formed by tansposing the
arguments in the bilinear form Bpg (; ) = BSE (; ) involves the formal adjoint
of the partial di erential operator L, BSE (; ) is said to be adjoint consistent, cf.
Arnold et al. [2]; in particular, when = 1 and the primal and dual solutions are
su ciently smooth, the error in the functional will be seen t o exhibit an optimal
order of convergence. As we shall explain below by means afpriori error anal-
ysis, the situation is dramatically di erent when 6 1: then, the bilinear form
Bpe (; ) is not adjoint consistent; this, in turn, leads to degradation of the conver-
gence rate of the error in the computed functionald () as the nite element space
SP( ;Th;F) is enriched (by reducing h or by increasing the polynomial degree
vector p). Once again, we refer to [25] for technical details.

A priori error bounds. We continue to use the superscripts SIP and NIP to
distinguish between the two methods and writeBg5 (; ) Bpc(; )when = 1
andB3gz (;) Bopc(;)when =1. The corresponding numerical solutionsugg
and ulg satisfy the following problems: nd ugy in SP( ;Ty;F) such that

26 (UBG V) = “pe (V) 8v2 SP( ;Th;F);
and nd ugg in SP( ;Th;F) such that
BpG (Upg:V) = ‘b (V) 8v2 SP( [ThiF);

respectively. The starting point for the a priori error analysis is the identity (24)
in the proof of Theorem 4.4. Again, using the above notation,we see that

J(u) J(upg)= Bpg(u ugg;z®  Znp)
when the SIP scheme is employed, while for the NIP scheme, weabe
J (u) J (uNIP ) = BNIP (u ugg ZNIP Zh,p)

for all z,,, in SP( ;Th;F). Here, z°* and z"* are the analytical solutions to the
following dual problems: nd z* 2 H?( ;T,) such that

Se(w;zSF) = J(w) 8w 2 H2( ;Th);
and nd z"* 2 H2( ;Ty) such that
BNE (W;ZV )= J(w) 8w 2 H?( ;Th):
Hence, for allzy, 2 SP( ;Th; F),
J(u) J(upg)= Bpe (U upc;Z°" znp) (1+ )Be(z°;u upg); (27)

where upg is either uSl or ud¥ , depending on whether = lor =1, re-

spectively. In partlcular the second term on the right-hand side of (27) is absent
for the SIP scheme, i.e. when = 1, but it is present when the NIP scheme is
employed,i.e., when = 1. Since this second term is of lower order than the rst
term in (27), it will lead to suboptimal rates of convergenceas the nite element

spaceSP( ;Ty;F) is enriched in the case of 6§ 1.
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Theorem 4.6. Let RY be a bounded polyhedral domainT,, = f g a shape-
regular subdivision of into d-parallelepipeds andp a polynomial degree vector of
bounded local variation. Let (4) and (17) hold, let the entries of a be piecewise

constanton Ty, anduj 2 H* (), k 2, for 2Ty, z5°j 2H (), | 2 for
2 Ty; then, the solution upg 2 SP( ;Thy;F) of (13) satis es the error bound
I
) 5 ( X hZ(S 1) h2s hZ(S 1=2) 5 )
J‘] (u) J (UDG )J C 2(k 3:2) + 3 oK + 2(k 1:2) kuka ( )
( 2T p | p p )
X h2(t 1) h2t h2(t 1=2) ° 5 )
SIP SIP
2(1  3=2) + Ao + 20 1) kz I(HI ) + (1 + ) kz kZ;Th
2T p p p

forl s min(p +1;k ), 1 t min(p +1;1), p 1, 2Ty, where
jo=a, 8 =@+ 4 )Dkeok?, (), (1 = ke()=(co(x)?ke, (), 4 =

k(ic+r b)=c0kf1 () j = Kbk, () and C is a constant depending on the
dimension d, the parameter from (19) and the shape-regularity of Tj,.

If we assume uniform ordergp = p,s =s,t =t, k =k,| =1,wheres,t, k
and | are positive integers, andh = max ,r, h , then, in the di usion-dominated
case (viz.b 0), Theorem 4.6, with = 1 implies that for the SIP scheme

jI(u) J(upg)j C(h*" 2=p*! 2) pkukpey Kz k() (28)

wherel s min(p+1;k)and1l t min(p+1;l). This error bound is optimal

with respect to h and suboptimal in p by a full order. We note, however, that
“order-doubling' of the rate of convergence inJ(u) J(upc)j observed when the
SIP scheme is employed, as expressed by (28), is lost when tiNlP method is

used. In the hyperbolic case & 0), the bound in Theorem 4.6 becomes

jIU)  J(upg)j C(h**" 1=p*! 1) p*™2kukpye() Kz ki) -

This error bound is optimal in h and suboptimal in p by p'=2 (cf. also [34]).
Adaptive algorithm. In the light of Theorem 4.6, we now con ne ourselves to
the SIP scheme ( = 1). For a user-de ned toleranceTOL we consider the prob-
lem of designing anhp- nite element space SP( ;Ty;F) such that the inequality
jJ(u) J(upg)] TOLholds, subject to the constraint that the number of degrees
of freedom in SP( ;T,;F) is minimized. Following [34], we use thea posteriori
error bound (25) with z replaced by a discontinuous Galerkin approximation z*
computed on the same mesHi;, as for the primal solution upg , but with a higher
degree polynomial,i.e., 22 SP( ;Th;F), P = p+ Pinc; iN OUr experiments we set
Pinc = 1, cf. [26, 32, 58]. Thereby, in practice we enforce the stoppg criterion

§; Eji(ups;h;p;2 znp) TOL (29)

If (29) is not satis ed, then the elements are marked for re nement/dere nement
according to the size of the (approximate) error indicatorsj” j; these are de ned
analogously toj jin (23) with z replaced by2* In our experiments we use the xed
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Figure 1. (@) Prole of " alongy =0:5,0 x 1; (b) DGFEM approximation to the
primal problem on a 129 129 mesh with piecewise bilinear elements p = 1); from [25].

fraction mesh re nement algorithm, with re nement and dere nement fractions set
to 20% and 10%, respectively.

Once an element 2 T, has been agged for re nement or dere nement, a
decision must be made whether the local mesh siza or the local degreep
of the approximating polynomial should be altered. The chote to perform ei-
ther h-re nement/dere nement or p-re nement/dere nement is based on the local
smoothness of the primal and dual solutionau and z, respectively; cf. [32, 34]. Let
us rst consider the case when an element has been agged fae nement. If u or
z are locally smooth, then p-re nement will be more e ective than h-re nement,
since the error will be expected to decay quickly within the arrent element as
p is increased. On the other hand, if bothu and z have low regularity within the
element , then h-re nement will be performed. To ensure that the desired lewel
of accuracy is achieved e ciently, in [34] an automatic procedure was developed
for deciding when to h- or p-re ne, based on the smoothness-estimation strategy
proposed by Ainsworth & Senior [1]. For a review of varioushp-adaptive strategies
as well as descriptions of new algorithms based on Sobolevdex estimation via
local Legendre expansions, we refer to [31, 32]. If an elemtehas been agged
for dere nement, then the strategy implemented here is to coarsen the mesh in
low-error-regions where either the primal or dual solutiors u and z, respectively,
are smooth and decrease the degree of the approximating paipmial in low-error-
regions when bothu and z are insu ciently regular, cf. [34].

Numerical experiments. We explore the performance of thehp-adaptive
strategy outlined above for the symmetric version of the interior penalty method,
applied to a mixed hyperbolic-elliptic problem with discontinuous boundary data
(cf. [25]). We let a= "(x)I, where" = % (1 tanh((r 1=4)(r +1=4)=)), r? =
(x 1=2)?+(y 1=2)2and  Oand > Oareconstants. Letb=(2y? 4x+1;1+y),
c=r bandf =0. With > 0 and 0< 1, the diusion parameter "
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Figure 2. Comparison between h- and hp-adaptive mesh re nement; from [25].

is approximately equal to in the circular region de ned by r < 1=4, where the
underlying partial di erential equation is uniformly elli ptic. In this example, we
set =0:05and =0:01; across-sectionof along0 x 1,y =1=2isshownin
Figure 1. As the value ofr is increased beyond 4, the function " rapidly decreases
through a layer of width O( ); for example, whenr > 0:336 we have" < 10 1°,
so from the computational point of view " is zero to within rounding error; in
this region, the partial di erential equation undergoes a change of type becoming,
in e ect, hyperbolic. Thus we shall refer to the part of with r> 1=4+ O( )
as the hyperbolic region while the set of points in with r  1=4 will be called
the elliptic region; of course, strictly speaking, the partial di erential equation is
elliptic in the whole of ". The characteristics associated with the hyperbolic part
of the operator enter the computational domain from three sides of , namely
through the vertical edges placed along« = 0 and x = 1 and the horizontal edge
along y = 0; the characteristics exit through the horizontal edge a long y = 1.
On the union of these three faces we prescribe the followingdundary condition:

8

<1 forx=0 ; O<y 1;
u(y)=  sin’(x) for0 x 1;y=0;

T e ' forx=1;0<y I

Figure 1 shows the numerical approximation to (1) using the 3P method on a
uniform 129 129 uniform square mesh withp = 1. Let us suppose that the
objective of the computation is to calculate the value of theanalytical solution u
at a certain point of interest, x = (0:43;0:9), i.e., J(u) = u(0:43;0:9); cf. Figure
1. The true value of the functional is given by J(u) = 0:704611313375.

In Table 1 we show the performance of our adaptive nite elemat algorithm
using hp-re nement. Clearly, the computed Type | a posteriori error bound (25)
is very sharp in the sense that it overestimates the true erro in the computed
functional by a factor of about 1{8 only, and by a factor of only 3:34 on average
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Table 1. History of the adaptive hp-ﬁe nement. The e ectivity index is de ned as the

ratio of the a posteriori error bound j™ j and the error jJ(u) J(upg)j; from [25].

Nodes | Elements Degrees of jJU)  J(upg)j P ™ E ectivit
freedom index
81 64 576 1.924e-02 3.330e-02 1.73
99 76 740 1.056e-02 1.085e-02 1.03
162 130 1451 1.006e-02 2.290e-02 2.28
241 193 2483 7.400e-04 2.385e-03 3.22
302 244 3776 3.760e-05 2.754e-04 7.32
323 262 4777 1.270e-05 1.026e-04 8.08
396 325 6916 9.896e-06 2.245e-05 2.27
487 403 9941 1.224e-06 6.466e-06 5.28
577 481 13528 4.656e-07 1.163e-06 2.50
713 601 19855 2.449e-07 2.582e-07 1.05
960 820 31019 1.574e-08 3.202e-08 2.03
1313 1132 47406 6.531e-10 2.154e-09 3.30

on the meshes that arise in the course of our adaptivéap-re nement.

Figure 2 showsjJ(u) J(upg)j, using both h- and hp-re nement, against the
square-root of the number of degrees of freedom on a lineady scale. After the
initial transient, the error in the computed functional usi ng hp-re nement is seen
to become (on average) a straight line, which indicates expmential convergence
of J(upg ) to J(u); this occurs sincez®® is a real analytic function in the regions
of the computational domain where u is not smooth and vice versa Figure 2
also demonstrates the superiority of the adaptivehp-re nement strategy over the
standard adaptive h-re nement algorithm when TOL/ 10 3. Onthe nal mesh the
error betweenJ (u) and J(upg ) using hp-re nement is over 4 orders of magnitude
smaller than the corresponding quantity whenh-re nement is used alone.

Figure 3 depicts the primal mesh after 11 adaptive mesh re nenent steps. We
display the h-mesh alone, as well as the corresponding distribution of th polyno-
mial degree on this mesh and the percentage of elements witthat degree. We see
that some h-re nement of the primal mesh has taken place in the region ofthe
computational domain upstream of the point of interest, as well as in the circu-
lar region where the underlying partial di erential equati on changes type. Once
the h-mesh has adequately captured the structure of the primal ad dual solu-
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Figure 3. h- and hp-meshes after 11 re nements, with 1313 nodes, 1132 elementsand
47406 degrees of freedom: hergJ(u) J(ups)j=6:531 10 °; from [25].

tions, the hp-adaptive algorithm performs p-re nement elsewhere in the domain of
dependence of the point of interest.

5. High-dimensional transport-di usion problems

We conclude by giving some pointers to recent results on stdlised sparse nite
element methods for high-dimensional partial di erential equations (1) with non-
negative characteristic form (cf. [57]). Such high-dimennal equations arise from
a number of important applications in physics, chemistry, biology and nance. The
origins of sparse tensor-product constructions and hyperblic cross spaces can be
traced back to Babenko [3] and Smolyak [56]; we refer to the gaers of Temlyakov
[61], DeVore, Konyagin & Temlyakov [20] for the study of high-dimensional approx-
imation problems, to the works of Wasilkowski & Waniakowski [62] and Novak
& Ritter [46] for high-dimensional integration problems and associated complexity
questions, to the paper of Zenger [63] for an early contribuibn to the numerical
solution of high-dimensional elliptic equations, to the atticles by von Petersdor &
Schwab [50] and Hoang & Schwab [27] for the analysis of sparggid methods for
high-dimensional elliptic multiscale problems and parabdic equations, respectively,
and to the recent survey article of Bungartz & Griebel [17].

Suppose that = (0 ;1)4, n = ; and go = 0 in (3), and that the operator
L in (1) has constant coe cients. In the simplest case, the corstruction of the
nite element space OOL H begins by taking the tensor product of d copies of a
nite element space of univariate hierarchical continuouspiecewise linear functions
(p = 1) on a uniform mesh of sizeh, =2 -, L 1. The resulting tensor-
product spaceVy has dimension dim{/+) = O(h, 9. Clearly, the use of this
space would lead to exponential growth of computational corplexity for xed h,
as d increases. Thus, the idea is to reduce the complexity of the amputation
for large d by sparsifying the spaceVy ; the resulting sparse nite element space



Finite Element Algorithms of Transport-Di usion Problems 21

is denoted V¢ and has only dim®3) = O(h, Yjlogh.j? 1) degrees of freedom.
The relevant result from [57], stated in the theorem below, § that, with a careful
choice of the streamline-di usion stabilisation parameter | and assuming that
u2H?() \H, whereH?() = fv : D v2Lx();ji1 2g is the space
of functions with L ,-bounded mixed second derivatives, one can ensure that this
reduction of computational complexity is achieved at essetially no loss in accuracy
in the streamline-di usion nite element method compared t o the case when the
full tensor-product space V¢ is used instead of the sparse spad%)L.

Theorem 5.1. Letf 2 Ly() ,c>0andu2H?() \H . Then, the following
bound holds for the erroru  usp between the analytical solutionu of (8) and its
sparse nite element approximation usp 2 ¥, with L 1andh=h =2 L:
2 aih2 4 A 2(d 1) I dib )
jiu uspjiisp C(u) jajh{ + hijlog, hy | max h?  hijlog,hij T c

with the streamline-di usion parameter | de ned by the formula

- h? hijlogyhcjd b1
L=K mn —;, ——M—; —
jaj djby c
with K 2 R a constant, independent ofh. and d, and C(u) = Const :kukﬁz()
where Const: is a positive constant independent of the discretisation pameter h, .

We refer to [57] for further technical details, including the proof of this result.

6. Concluding remarks

We surveyed continuous stabilised and discontinuous Galdin nite element meth-
ods for the numerical solution of second-order partial di erential equations with
nonnegative characteristic form. We stateda priori and residual-baseda posteriori
error bounds, and in the case of the discontinuous Galerkin rathod we showed how
the a posteriori bound may be used to drive anhp-adaptive nite element algo-
rithm. We also commented on the use of sparse stabilised ni element methods
for high-dimensional transport-dominated di usion equations: stochastic analysis
and kinetic theory are particularly fertile sources of Fokker{Planck equations of
this kind [41]. The numerical solution of high-dimensionalpartial di erential equa-
tions has been an active area of research in recent years [1Though the bulk of
the research has been con ned to self-adjoint elliptic and prabolic equations. As
we have brie y indicated, extensions of these results to thevastly richer, class of
partial di erential equations with nonnegative character istic form are feasible, and
we expect that activities in this direction will continue to ourish.
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22

Endre Quli

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

E]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

Ainsworth, M., Senior, B., An adaptive re nement strate gy for hp- nite element
computations. Appl. Numer. Maths. 26 (1998), 165{178.

Arnold, D. N., Brezzi, F., Cockburn, B., Marini, D., Uni  ed analysis of discontinuous
Galerkin methods for elliptic problems. SIAM J. Numer. Anal. 39 (2002), 1749{1779.

Babenko, K., Approximation by trigonometric polynomia Is is a certain class of peri-
odic functions of several variables. Soviet Math, Dokl., 1, 672{675. Russian original
in Dokl. Akad. Nauk SSSR 132 (1960), 982{985.

Babuska, 1., Suri, M., The hp-version of the nite element method with quasiuniform
meshes.M2AN: Mathematical Modeling and Numerical Analysis 21 (1987), 199{238.

Baker, G. A., Jureidini, W. N., Karakashian, O.A., Piece wise solenoidal vector elds
and the Stokes problem. SIAM J. Numer. Anal. 27 (1990), 1466{1485.

Bangerth, W., Rannacher, R., Adaptive Finite Element Methods for Solving Di er-
ential Equations. Birkhauser, 2003.

Barrett, J. W., Schwab, C., Suli, E., Existence of globa | weak solutions for some
polymeric ow models. M3AS: Mathematical Models and Methods in Applied Sci-
ences6(15) (2005), 939{983.

Baumann, C., An hp-adaptive discontinuous Galerkin FEM for computational u id
dynamics. Doctoral Dissertation, TICAM, UT Austin, Texas, 1997.

Becker, R., Hansbo, P., Discontinuous Galerkin methods for convection-di usion
problems with arbitrary Reclet number. In: P. Neittaanma ki, T. Tiihonen and P.
Tarvainen, eds., Numerical Mathematics and Advanced Applications: Proceedings of
the 3rd European Conference. World Scienti ¢, 100{109, 2000.

Becker, R., Hansbo, P., Larson, M. G., Energy norm a posteriori error estimation for
discontinuous Galerkin methods. Chalmers Finite Element C enter Preprint 2001-11,
Chalmers University of Technology, Sweden, 2001.

Becker, R., Rannacher, R., Weighted A Posteriori Error Control in FE Methods.
Preprint 1, Interdisziplimares Zentrum far Wissenschaf tliches Rechnen, Universitat
Heidelberg, Heidelberg, Germany, 1996.

Brezzi, F., Cockburn, B., Marini, L. D., S4li, E., Stab ilization mechanisms in discon-
tinuous Galerkin nite element methods. Computer Methods in Applied Mechanics
and Engineering. (To appear).

Brezzi, F., Hughes, T. J. R., Marini, L. D., Russo, A., Seuli, E., A priori error analysis
of residual-free bubbles for advection-di usion problems . SIAM J. Numer. Anal. 36
(1999), 1939{1948 (electronic).

Brezzi, F, Marini, L. D., Subgrid phenomena and numeric al schemes. In:Mathemat-
ical modeling and numerical simulation in continuum mechan ics (Yamaguchi, 2000),
vol. 19 of Lect. Notes Comput. Sci. Eng. Springer, Berlin, 73{89, 2002.

Brezzi, F., Marini, L. D., Sdli, E., Residual-free bub bles for advection-di usion prob-
lems: the general error analysis. Numer. Math. 85 (2000), 31{47.

Brezzi, F., Marini, L. D., Suli, E., Discontinuous Gal erkin methods for rst-order
hyperbolic problems. M3AS: Mathematical Models and Methods in Applied Sciences
14(12) (2004), 1893{1903.



Finite Element Algorithms of Transport-Di usion Problems 23

[17] Bungartz, H.-J., Griebel, M., Sparse grids. Acta Numerica 13 (2004), 1{123.

[18] Cockburn, B., Luskin, M., Shu, C.-W., Q4li, E., Postpr ocessing of the discontinuous
Galerkin nite element method. Mathematics of Computation 72 (2003), 577-606.

[19] Cockburn, B., Karniadakis, G. E., Shu, C.-W., The devel opment of discontinuous
Galerkin methods. In: B. Cockburn, G.E. Karniadakis and C.- W. Shu, eds., Discon-
tinuous Galerkin Finite Element Methods . Lecture Notes in Computational Science
and Engineering, 11, Springer-Verlag, 2000.

[20] DeVore, R., Konyagin, S., Temlyakov, V., Hyperbolic wa velet approximation. Constr.
Approx. 14 (1998), 1{26.

[21] EIf, J., Letstedt, P., Spberg, P., Problems of high d imension in molecular biology.
Proceedings of the 19" GAMM-Seminar Leipzig (W. Hackbusch, ed.), 2003, 21{30.

[22] Giles, M. B., Q4li, E., Adjoint methods for PDEs: a post eriori error analysis and
postprocessing by duality. Acta Numerica 11 (2002), 145{236.

[23] Georgoulis, E. H., Lasis, A., A note on the design of hp-version interior penalty
discontinuous Galerkin nite element methods for degenerate problems. Advance
Access published online on October 4, 2005,IMA Journal of Numerical Analysis .

[24] Georgoulis, E. H., Sdli, E., Optimal error estimates f or the h-version interior penalty
discontinuous Galerkin nite element method. IMA Journal of Numerical Analysis
25 (2005), 205{220.

[25] Harriman, K., Houston, P., Senior, B., S4li, E., hp-version discontinuous Galerkin
methods with interior penalty for partial di erential equa tions with nonnegative
characteristic form. In: C.-W. Shu, T. Tang, and S.-Y. Cheng , eds., Recent Advances
in Scienti c Computing and Partial Di erential Equations. Contemporary Mathe-
matics Vol. 330, 89{119, AMS, 2003.

[26] Hartmann, R., Houston, P., Adaptive discontinuous Gal erkin nite element methods
for nonlinear hyperbolic conservation laws. SIAM J. Sci. Comp. 24 (2002), 979{1004.

[27] Hoang, V. H., Schwab, C., High dimensional nite elements for elliptic problems
with multiple scales. Multiscale Modeling and Simulation: A SIAM Interdisciplin  ary
Journal 3 (2005), 168{194.

[28] Houston, P., Rannacher, R., Q4li, E, A posteriori erro r analysis for stabilised -
nite element approximations of transport problems. Comput er Methods in Applied
Mechanics and Engineering 190/11-12 (2000), 1483-1508.

[29] Houston, P., Schwab, C., Sdli, E., Stabilized hp- nite element methods for rst-order
hyperbolic problems. SIAM J. Numer. Anal. 37 (2000), 1618{1643.

[30] Houston, P., Schwab, C., Sdli, E., Discontinuous hp- nite element methods for
advection-di usion-reaction problems. SIAM J. Numer. Anal. 39 (2002), 2133{2163.

[31] Houston, P., Senior, B., Q4li, E., hp-Discontinuous Galerkin nite element methods
for hyperbolic problems: error analysis and adaptivity. In t. J. Numer. Meth. Fluids
40 (2002), 153{169.

[32] Houston, P., Senior, B., Q4li, E., Sobolev regularity estimation for hp-adaptive nite
element methods. In: ENUMATH 2001, European Conference on Numerical Math-
ematics and Applications, F. Brezzi, A. Murli et al., eds., S pringer-Verlag, 2003.

[33] Houston, P., S4li, E., Stabilized hp- nite element approximation of partial di erential
equations with nonnegative characteristic form. Computing 66 (2001), 99{119.



24 Endre Quli

[34] Houston, P., Suli, E., hp-Adaptive discontinuous Galerkin nite element methods fo r
hyperbolic problems. SIAM J. Sci. Comp. 23 (2001), 1225{1251.

[35] Hermander, L., The Analysis of Linear Partial Di eren tial Operators II: Di erential
Operators with Constant Coe cients. Reprint of the 1983 edi tion, Springer-Verlag,
Berlin, 2005.

[36] Hughes, T. J. R., Brooks, A. N., A multidimensional upwi nd scheme with no cross-
wind di usion. In: T.J.R. Hughes, editor, Finite Element Methods for Convection
Dominated Flows, Vol.34 of AMD. ASME, New York, 1979.

[37] Johnson, C., Navert, U., Pitkaranta, J., Finite elem ent methods for linear hyperbolic
problems. Comp. Meth. Appl. Mech. Engrg. 45 (1984), 285{312.

[38] Johnson, C., Saranen, J., Streamline di usion method f or the incompressible Euler
and Navier{Stokes equations. Math. Comp. 47 (1986), 1{18.

[39] Johnson, C., Schatz, A., Wahlbin, L., Crosswind smear and pointwise errors in the
streamline di usion nite element methods. Math. Comp. 49 (1987), 25{38.

[40] van Kampen, N. G., Stochastic Processes in Physics and Gemistry. Elsevier, Ams-
terdam, 1992.

[41] Lapeyre, B., Pardoux, E., Sentis, R., Introduction to Monte-Carlo Methods for Trans-
port and Di usion Equations , Oxford Texts in Applied and Engineering Mathemat-
ics, Oxford University Press, Oxford, 2003.

[42] Larson, M. G., Barth, T. J., A posteriori error estimati on for discontinuous Galerkin
approximations of hyperbolic systems. In: B. Cockburn, G. K arniadakis, and C.-
W. Shu, eds., Discontinuous Galerkin Finite Element Methods . Lecture Notes in
Computational Science and Engineering 11, Springer-Verlag, 2000.

[43] Laurercot, P., Mischler, S., The continuous coagulat ion fragmentation equations
with di usion. Arch. Rational Mech. Anal. 162 (2002) 45{99.

[44] Le Bris, C., Lions, P.-L., Renormalized solutions of some transport equations with
W1 velocities and applications. Annali di Matematica 183 (2004), 97{130.

[45] Nitsche, J.,Uber ein Variationsprinzip zur Lesung von Dirichlet-Prob lemen bei Ver-
wendung von Teilaumen, die keinen Randbedingungen unter worfen sind. Abh. Math.
Sem. Univ. Hamburg 36 (1971), 9{15.

[46] Novak, E., Ritter, K., The curse of dimension and a unive rsal method for numerical
integration. In: Multivariate Approximation and Splines , G. Ndrnberger, J. Schmidt
and G. Walz, eds., International Series in Numerical Mathem atics, Birkhauser, Basel,
177{188, 1998.

[47] Oden, J. T., Babska, I., Baumann, C., A discontinuous hp-FEM for di usion prob-
lems. J. Comput. Phys. 146 (1998), 491{519.

[48] Oleinik, O. A., Radkevc, E. V., Second Order Equation s with Nonnegative Charac-
teristic Form. American Mathematical Society, Providence , R.l., 1973.

[49] Ottinger, H.-C., Stochastic Processes in Polymeric Fluids. Springer-Verlag, New
York, 1996.

[50] von Petersdor, T., Schwab, C., Numerical solution of p arabolic equations in high
dimensions. Mathematical Modelling and Numerical Analysi s 38 (2004), 93{128.

[51] Prudhomme, S., Pascal, F., Oden, J. T., Romkes, A., Review of a priori error esti-
mation for discontinuous Galerkin methods. TICAM Report 00 {27, Texas Institute
for Computational and Applied Mathematics, 2000.



Finite Element Algorithms of Transport-Di usion Problems 25

[52] Reed, W. H., Hill, T. R., Triangular Mesh Methods for the Neutron Transport
Equation. Technical Report LA-UR-73-479, Los Alamos Scienti ¢ Laboratory, Los
Alamos, NM, 1973.

[53] Rivere, B., Wheeler, M. F., A posteriori error estima tes and mesh adaptation strat-
egy for discontinuous Galerkin methods applied to di usion problems. TICAM Re-
port 00{10, Texas Institute for Computational and Applied M athematics, 2000.

[54] Roos, H.-G., Stynes, M., Tobiska, L., Numerical Methods for Singularly Perturbed
Di erential Equations. Convection-Di usion and Flow Prob lems. Vol. 24 of Springer
Series in Computational Mathematics. Springer-Verlag, New York, 1996.

[55] Schwab, C., p- and hp- Finite Element Methods: Theory and Applications in Solid
and Fluid Mechanics. Numerical Methods and Scienti c Computation. Clarendon
Press, Oxford, 1998.

[56] Smolyak, S., Quadrature and interpolation formulas fo r products of certain classes
of functions. Soviet Math. Dokl. 4, 240-243. Russian original in Dokl. Akad. Nauk
SSSR 148 (1963), 1042{1045.

[57] sdli, E., Finite element approximation of high-dimen sional transport-dominated
di usion problems. Oxford University Computing Laborator y, Numerical Anal-
ysis Technical Report Series, 05/19. In: Foundations of Computational Math-
ematics 2005 L.-M. Pardo, A. Pinkus, E. Sdli and M. Todd, eds., LMS
Lecture Note Series, Cambridge University Press, 2006. Available from:
http://web.comlab.ox.ac.uk/oucl/publications/natr/i ndex.html

[58] suli, E., Houston, P., Adaptive Finite Element Approx imation of Hyperbolic Prob-
lems. In: T. Barth and H. Deconinck, eds., Error Estimation and Adaptive Discretiza-
tion Methods in Computational Fluid Dynamics . Lecture Notes in Computational
Science and Engineering, Vol. 25, pp. 269-344, Springer-Velag, 2002.

[59] Suli, E., Houston, P., Schwab, C., hp-Finite element methods for hyperbolic prob-
lems. In: J. R. Whiteman, editor, The Mathematics of Finite E lements and Appli-
cations X. MAFELAP 1999. Elsevier, 143{162, 2000.

[60] udli, E., Schwab, C., Houston, P., hp-DGFEM for Partial Di erential Equations
with Nonnegative Characteristic Form. In: B. Cockburn, G. K arniadakis, and C.-
W. Shu, eds., Discontinuous Galerkin Finite Element Methods. Lecture Notes in
Computational Science and Engineering, Vol. 11, pp. 221{230. Springer-Verlag 2000.

[61] Temlyakov, V., Approximation of functions with bounde d mixed derivative. Vol. 178
of Proc. Steklov Inst. of Math., AMS, Providence, RI, 1989.

[62] Wasilkowski, G., Wazniakowski, H., Explicit cost bou nds of algorithms for multivari-
ate tensor product problems. J. Complexity 11 (1995), 1{56.

[63] Zenger, C., Sparse grids, inParallel Algorithms for Partial Di erential Equations.
(W. Hackbusch, ed.), Vol. 31 of Notes on Numerical Fluid Mechanics, Vieweg, Braun-
schweig/Wiesbaden, 1991.

Endre Suli,

University of Oxford,
Computing Laboratory,
Wolfson Building,
Parks Road,

Oxford OX1 3QD,
United Kingdom

E-mail: endre.suli@comlab.ox.ac.uk



