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ABSTRACT. This survey paper reviews recent developments concerning the ex-
istence of global weak solutions to Fokker—Planck equations with unbounded
drift terms, and coupled Navier—Stokes—Fokker—Planck systems of partial dif-
ferential equations, that arise in finitely extensible nonlinear elastic (FENE)
type kinetic models of incompressible dilute polymeric fluids in the case of
general noncorotational flow.

1. Introduction. This paper is a survey of recent results concerning the ques-
tion of existence of global weak solutions to coupled Navier—Stokes—Fokker—Planck
systems of nonlinear partial differential equations that appear in kinetic models of
dilute polymer solutions. We also explore the existence and uniqueness of global
weak solutions to Fokker—Planck equations with unbounded drift terms that arise in
such coupled Navier—Stokes—Fokker—Planck systems when, for a given divergence-
free velocity field, the Fokker—Planck equation is decoupled from the Navier—Stokes
system.

The solvent is assumed to be an incompressible, viscous, isothermal Newtonian
fluid confined to a bounded open set Q C R?, d = 2 or 3, with boundary 9. For
the sake of simplicity of presentation, we shall suppose that {2 represents a closed
container with solid boundary 0f2; the velocity field v will then satisfy the no-slip
boundary condition u = Q on 9. The polymer molecules, which are suspended
in the solvent, are assumed not to interact with each other. The conservation of
momentum and mass equations for the solvent then have the form of the incom-
pressible Navier-Stokes equations in which the elastic extra-stress tensor 7 (i.e., the
polymeric part of the Cauchy stress tensor) appears as a source term:
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Given T € Ry, find u : (z,t) € Q x [0,T] = u(z,t) € R? and p : (z,t) €
Q% (0,7] — p(z,t) € R such that

ST u- At Vep = [4Veor m@x07, (1
V. ou = 0 in Q% (0,77, (1b)

u = 0 on 00 x (0,T], (lc)

uw(z,0) = uo(z) vz €, (1d)

where u is the velocity field, p is the pressure of the fluid, v € R+ is the viscosity
of the solvent, and f is the density of body forces acting on the fluid.

In the kinetic models under consideration here the extra-stress tensor T is de-
fined as the weighted mean of 1, the probability density function of the (random)
conformation vector of the polymer molecules (cf. (6) below). The Kolmogorov
equation satisfied by v is a Fokker—Planck-type second-order parabolic equation
whose transport coefficients depend on the velocity field w.

Many of the interesting properties of dilute polymer solutions can be understood
by modelling them as suspensions of simple coarse-grained objects (e.g. dumbbells)
in a Newtonian fluid. This paper is devoted to the mathematical analysis of dumb-
bell models that are nonlinearly coupled Navier—Stokes—Fokker—Planck systems of
partial differential equations: from the technical viewpoint these relatively simple
models already exhibit many of the analytical difficulties encountered in the study
of more complex models.

Suppose that the domain of admissible conformations D C R? is a balanced
convex open set in R%; the term balanced means that g € D if, and only if, —¢ € D.

Hence, in particular, 0 € D. Typically, D is the whole of R? or a bounded open
d-dimensional ball centred at the origin 0 € R%. Let O C [0, 00) denote the image of
D under the mapping ¢ — 3 |q|2 and consider the spring-potential U € C*(O;Rxy).
Clearly, 0 € 0. We shall suppose that U(0) = 0 and that U is monotonic increasing
and unbounded on O. The elastic spring-force F' : D C RY — R is then defined
by

F(g) =U'(zlel*) ¢ (2)
Example 1. In the Hookean dumbbell model, the spring force is defined by E(g) =

q, withq € D = R?, corresponding to U(s) = s, s € O = [0,00). Unfortunately,
this szmple model is physically unrealistic as it admits arbitrarily large extensions.

We shall therefore assume in what follows that D is a bounded open ball in R?,
d = 2,3, centred at the origin ) € R%. o

We shall further suppose that there exist constants ¢; > 0, ¢ = 1,2,3,4, and
~ > 1 such that the (normalized) Maxwellian M, defined by

o UGIg)

_U(Lig12 ’
/ UGN g,
b ES
and the associated potential U satisfy

c [dist(g, 9D)]" < M(q) < 2 [dist(q, OD)]" Vq € D, (3a)
< [dist(q, 9D)| U'(L]g?) < e Vg € D. (3b)

M(q) =
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A simple application of the chain rule shows that
M(q)Vq[M(q)]™ = —[M(q)] ' Ve M(q) =V, U(3l¢”) =U'(5lg) g (4)

Since [U(%\QP)P = (=InM(q) + Const.)?, it follows from (3a,b) that (if v > 1, as
has been assumed here, then)

| [+ 0GP + 0 GlaPP] M(g) dg < . 5)

Example 2. In the FENE (finitely extensible nonlinear elastic) dumbbell model the
spring force is given by

1 1

E(g)_17|g|2/bg7 QED_B(Q’I)2)>

corresponding to U(s) = —2In (1 —28), s € O = [0,%). Here B(0,b2) is a bounded
open ball in RY, d = 2,3, centred at the origin 0 € R and of fized radius b%, with
b > 0. Direct calculations show that the Mazwellian M and the elastic potential U
of the FENE model satisfy conditions (3a,b) with v = % provided that b > 2; thereby
(5) also holds for b > 2.

It is interesting to note that in the (equivalent) stochastic version of the FENE
model a solution to the system of stochastic differential equations associated with
the Fokker—Planck equation exists and has trajectorial uniqueness if, and only if,
b > 2 (c¢f. Jourdain, Leliévre, and Le Bris [22] for details). Thus, the assumption
v > 1 can be seen as the weakest reasonable requirement on the decay-rate of M in
(3a) as dist(q,0D) — 0. See also the papers of Liu and Liu [34] and Masmoudi [37]
for related discussion. ¢

Due to the flow-induced thermal agitation, polymer molecules are subjected to
Brownian forces. Let (z,q,t) — ¢(z,q,t) denote the probability density function
corresponding to the vector-valued stochastic process (X (t), Q(t)), where X (t) € Q
is the position vector of the centre of mass of the dumbbell at time ¢ > 0, and
Q(t) € D is the conformation (or end-to-end) vector of the dumbbell at time ¢ > 0.
f{oughly speaking, ¥(z, ¢, t) represents the probability at time ¢ of finding the centre
of mass of a dumbbell at z and having elongation vector q.

The governing equations of the coupled Navier-Stokes-Fokker-Planck model are
(la—d), where the extra-stress tensor 7 is defined by Kramer’s expression:

with the density of polymer chains located at g at time ¢ given by

p%®=/w%%ﬂ@. (7)
D
The probability density function 1 is a solution of the Fokker—Planck equation

0
L Va4V (W) g¥) = o5 Vo (Vo +U'Bla) g 9) +e Mgt (8)

ot

with g(v) = Vou, where (Vov)(z,t) € R and {Vov}i; = g;’] (cf. Barrett
and Siili [5]). Here, ¢ = ¢3/(8)) is the centre-of-mass diffusion coefficient of the
dumbbells, ¢y < diam(Q) is the characteristic microscopic length-scale (i.e. the

characteristic dumbbell size) and A = (/4H. The parameter A € R+ characterizes

[
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the elastic relaxation property of the fluid, { > 0 is a friction coefficient, H > 0
is a spring-constant, kg > 0 is the Boltzmann constant, 7 > 0 is the absolute
temperature, and [ is the d x d identity matrix.

A noteworthy feature of (11) compared to classical Fokker—Planck equations for
bead-spring models in the literature is the presence of the g-dissipative centre-of-
mass diffusion term e A ) = (£2/8)\) A9 on the right-hand side of the Fokker—
Planck equation (8). We refer to Barrett and Siili [5] for the derivation of (8) and
the mathematical justification of the presence of the centre-of-mass diffusion term
e A,1; see also the recent article by Schieber [41] concerning generalized dumbbell
models with centre-of-mass diffusion. In standard derivations of bead-spring models
the centre-of-mass diffusion term is routinely omitted, on the grounds that it is sev-
eral orders of magnitude smaller than the other terms in the equation. Indeed, when
L ~ 1 is a characteristic macroscopic length-scale (such as, for example, diam(Q2)),
Bhave, Armstrong, and Brown [9] estimate the ratio ¢3/L? to be in the range of
about 107 to 10~7. On practical grounds at least, the omission of the centre-of-
diffusion term e A, 1) from (8), in the case of a homogenous solvent velocity u = u(t)
exhibiting no spatial variation, is perhaps justified; however, in the case of a het-
erogeneous solvent velocity u = u(z,t), this is a mathematically counterproductive
model reduction. When € A, is absent, (8) becomes a degenerate parabolic equa-
tion exhibiting hyperbolic behaviour with respect to (z,t). Since the study of weak
solutions to the coupled problem requires one to work with velocity fields u that have
very limited Sobolev regularity (typically u € L°°(0,7;L%(Q)) N L2(0,T; HY(Q))),
one is then forced into the technically unpleasant territory of hyperbolically degen-
erate parabolic equations with rough transport coefficients (cf. Ambrosio [1] and
DiPerna and Lions [15])'. The resulting difficulties are further exacerbated by the
fact that, when D is bounded, a typical spring force F' (g) for a finitely extensible
model (such as FENE) explodes as q approaches 0D; see Example 2 above. For
these reasons, here we shall retain the centre-of-mass diffusion term in (8). At the
macroscopic level, centre-of-mass diffusion can be seen as stress diffusion: in the
case of the Hookean model with centre-of-mass diffusion, the corresponding macro-
scopic model is Oldroyd-B with stress diffusion. For a careful numerical study of
the Oldroyd-B model with stress diffusion, we refer to the paper of Sureshkumar
and Beris [44]; see also the paper of Bhave, Armstrong and Brown [9].

We conclude this introduction with a brief survey of recent developments on the
analysis of classical bead-spring models. We emphasize at the outset that, with the
exception of the paper [5] mentioned above, our subsequent articles [6], [7] and [8],
and a recent paper by Degond and Liu [13] surveyed below, all of the mathematical
literature we are aware of, concerned with the existence, uniqueness or regularity
of solutions to these equations, or the mathematical analysis of their numerical
approximations, has so far focused on models that correspond to formally letting
e — 04 in (8), i.e., omitting the centre-of-mass diffusion term.

An early contribution to the existence and uniqueness of local-in-time solutions
to a family of bead-spring type polymeric flow models is due to Renardy [40].
While the class of potentials F'(¢q) considered by Renardy [10] (cf. hypotheses (F)
and (F') on pp. 314-315) does include the case of Hookean dumbbells, it excludes
the practically relevant case of the FENE model (see Example 2 above). More
recently, E, Li, and Zhang [17] and Li, Zhang, and Zhang [28] have revisited the

1 For a function-space Y, let Y := [Y]4, Y := [Y]?*4, with the norm denoted by || - ||y for each.
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question of local existence of solutions for dumbbell models. A further development
in this direction is the work of Zhang and Zhang [48], where the local existence
of regular solutions to FENE-type models has been shown. All of these papers
require high regularity of the initial data. More recently, Lin, Zhang and Zhang
[31] have shown the global existence of smooth solutions to the two-dimensional
corotational FENE dumbbell model, in which the velocity gradient g(u) = V. u in
the drag term V- (¢(u)qv) in the Fokker-Planck equation is replaced by its skew-
symmetric part, georot (1) := 5 (Vo u— (Vo u)"). Replacement of g(u) by georot (1)
leads to cancelation of the drag term in the energy estimate for the Fokker—Planck
equation when this is tested with the probability density function, which, in turn,
simplifies the analysis. Here, instead, we shall be interested in a general class of
noncorotational models, where by noncorotational we mean that g(u) = V,u in
the drag term.

Constantin [10] has considered the Navier—Stokes equation coupled to a nonlin-
ear Fokker—Planck equation describing the evolution of the probability distribution
of the particles interacting with the fluid. He described, in the case when D is a
Riemannian manifold, relations determining the coefficients of the stresses added
in the fluid by the particles; these relations link the extra stresses to the kinematic
effect of the fluid velocity on the particles and to the interparticle interaction po-
tential. In equations (of Type 1, in the terminology of Constantin [10]) where the
extra stresses depend linearly on the particle distribution density, as is the case in
the present paper, the energy balance requires a response potential. In equations
(of Type 2) where the added stresses depend quadratically on the particle distribu-
tion, it is shown that energy balance can be achieved without a dynamic response
potential, and global existence of smooth solutions is shown if inertial effects are ne-
glected. The necessary relationship (eq. (2.14) in Constantin [10]) for the existence
of a Lyapunov function in the sense of Theorem 2.2 of Constantin [10] does not hold
for the polymer models considered in the present paper. The regularity of solutions
to coupled two-dimensional nonlinear Navier—Stokes—Fokker—Planck systems, with
the velocity field in the Fokker—Planck equation replaced by a time-averaged veloc-
ity field, has been studied in the work of Constantin, Fefferman, Titi and Zarnescu
[12]. See also Section 2 in the survey paper [l 1] by Constantin.

Otto and Tzavaras [39] have investigated the Doi model (which is similar to a
Hookean model (cf. Example 1 above), except that D = S?) for suspensions of
rod-like molecules in the dilute regime. For certain parameter values, the velocity
gradient vs. stress relation defined by the stationary and homogeneous flow is not
rank-one monotone. They considered the evolution of possibly large perturbations
of stationary flows and proved that, even in the absence of a microscopic cut-off,
discontinuities in the velocity gradient cannot occur in finite time.

Jourdain, Lelievre, and Le Bris [22] studied the existence of solutions to the
FENE model in the case of a simple Couette flow. By using tools from the theory of
stochastic differential equations, they established the existence of a unique local-in-
time solution to the FENE model in two space dimensions (d = 2) when the velocity
field u is unidirectional and of the particular form w(z1,22) = (ui(z2),0)T. The
notion of solution for which existence is proved in the paper of Jourdain, Lelievre,
and Le Bris [22] is mixed deterministic-stochastic in the sense that it is determin-
istic in the “macroscopic” variable g but stochastic in the “microscopic” variable
q. In contrast, our notion of solution (cf. Section 4 below) is deterministic both
frlacroscopically and microscopically, since the microscales are modelled here by
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the probability density function (g, q,t). The choice between these different no-
tions of solution has far-reaching consewquences on computational simulation: mixed
deterministic-stochastic notions of solution necessitate the use of Monte Carlo-type
algorithms for the numerical approximation of polymer configurations, as proposed
in the monograph of Ottinger [38] and, for example, in the paper of Jourdain,
Lelievre, and Le Bris [21]; whereas weak solutions in the sense considered herein
can be approximated by entirely deterministic (e.g., Galerkin-type) schemes, as
was done, for example, in Lozinski, Chauviere, Fang, and Owens [35] and Lozin-
ski, Owens, and Fang [36]—at the cost of solving a Fokker—Planck equation in 2d
spatial dimensions. See also the papers by Knezevic and Siili [24, 25] concerning
the spectral approximation of FENE-type Fokker—Planck equations with unbounded
drift, and the numerical analysis of heterogeneous alternating-direction methods for
Fokker-Planck equations with unbounded drift on Q x D C R, involving a finite
element discretization over the flow domain Q C R? and a spectral discretization
over the configuration domain D C R? of the Fokker-Planck equation; the paper
[25] also includes numerical experiments for coupled Navier—Stokes—Fokker—Planck
systems with FENE potentials where the Fokker—Planck equation is solved, using
the proposed numerical algorithm, on 2 x D C R%. We note in passing that the con-
vergence of a general family of Galerkin methods for the numerical approximation
of weak solutions to corotational Navier—Stokes—Fokker—Planck systems with FENE
type potentials has been studied in [7], while our subsequent paper [8] considers the
convergence of a Galerkin finite element method to a weak solution of a general
noncorotational Navier—Stokes—Fokker—Planck system with microscopic cut-off.

In the case of Hookean dumbbells, and assuming € = 0, the coupled microscopic-
macroscopic model described above yields, formally, taking the second moment of
q— w(g,g,t), the fully macroscopic, Oldroyd-B model of viscoelastic flow. Lions
and Masmoudi [32] have shown the existence of global-in-time weak solutions to the
Oldroyd-B model in a simplified corotational setting. The argument of Lions and
Masmoudi [32] is based on exploiting the propagation in time of the compactness of
the solution (i.e. the property that if one takes a sequence of weak solutions, which
converges weakly and such that the corresponding sequence of initial data converges
strongly, then the weak limit is also a solution) and the DiPerna—Lions [15] theory
of renormalized solutions to linear hyperbolic equations with nonsmooth transport
coefficients. It is not known if an identical global existence result for the Oldroyd-B
model also holds in the absence of the crucial assumption that the drag term is
corotational. We note in passing that, assuming € > 0, the coupled microscopic-
macroscopic model above yields, taking the appropriate moments in the case of
Hookean dumbbells, a dissipative version of the Oldroyd-B model. In this sense,
the Hookean dumbbell model has a macroscopic closure: it is the Oldroyd-B model
when ¢ = 0, and a dissipative version of Oldroyd-B when ¢ > 0 (cf. Barrett and
Sili [5]). In contrast, the FENE model is not known to have an exact closure at
the macroscopic level, though Du, Liu and Yu [16] and Yu, Du, and Liu [47] have
recently considered the analysis of approximate closures of the FENE model; see
also the work of Hyon, Du and Liu [20] concerning an enhanced macroscopic closure
approximation.

The subtle question of choice of boundary conditions for microscopic FENE mod-
els has been discussed in the works of Liu and Liu [34] and Masmoudi [37].

Lions and Masmoudi [33] proved the global existence of weak solutions for the
corotational FENE dumbbell model, once again corresponding to the case of € = 0,
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and the Doi model, also called the rod model. As in Lions and Masmoudi [32],
the proof is based on propagation of compactness; see also the related paper of
Masmoudi [37] already mentioned.

Previously, El-Kareh and Leal [18] had proposed a macroscopic model, with
added dissipation in the equation that governs the evolution of the conformation
tensor A(z,t) := fquTU’(%|q|2) ¥(z,q,t)dq, in order to account for Brownian
motion across streamlwiﬂes; the model can be tNhought of as an approximate macro-
scopic closure of a FENE-type micro-macro model with centre-of-mass diffusion.

In a recent article, Degond and Liu [13] consider kinetic polymer models that arise
from stochastic dynamics with inertial terms. The resulting Fokker—Planck equation
is, for d = 2,3, a degenerate parabolic equation in 4d space-like variables: the
position vector of the dumbell, the conformation vector, the translational velocity
and the orientational velocity. They show (cf. Theorem 1.1 in [13]) that in the limit
of the mass-sizes of the beads in the dumbbell tending to zero, the integral average
of the corresponding probability density function over all translational velocities
and orientational velocities satisfies a Fokker—Planck equation with centre-of-mass
diffusion.

Barrett, Schwab, and Siili [4] established the existence of, global in time, weak
solutions to the coupled microscopic-macroscopic model (1a—d) and (8) with e = 0,
an g-mollified velocity gradient in the Fokker-Planck equation and an g-mollified
probability density function v in the Kramers expression—admitting a large class of
potentials U (including the Hookean dumbbell model as well as general FENE-type
models); in addition to these mollifications, u in the z-convective term (u -V, )¢ in
the Fokker—Planck equation was also mollified. Unlike Lions and Masmoudi [32], the
arguments in Barrett, Schwab, and Siili [1] did not require the assumption that the
drag term was corotational in the FENE case. The mollification S, of the velocity
field u that was considered in Barrett, Schwab and Sili [4] was stimulated by the
Leray-« model of the incompressible Navier—Stokes equations (the viscous Camassa—
Holm equations), proposed by Foias, Holm, and Titi [19], with the mollified velocity
field Syu defined as the solution of a Helmholtz-Stokes problem, thus ensuring that,
like u, Squ is still divergence-free and satisfies the same boundary condition as .

In [5], we derived the coupled Navier-Stokes—Fokker—Planck model with centre-
of-mass diffusion stated above. The anisotropic Friedrichs mollifiers, which natu-
rally arise in the derivation of the model in the Kramers expression for the extra
stress tensor and in the drag term in the Fokker—Planck equation, were replaced by
isotropic Friedrichs mollifiers. We established the existence of global-in-time weak
solutions to the model for a general class of spring-force-potentials including in par-
ticular the FENE potential. We justified also, through a rigorous limiting process,
certain classical reductions of this model appearing in the literature that exclude
the centre-of-mass diffusion term from the Fokker—Planck equation on the grounds
that the diffusion coefficient is small relative to other coefficients featuring in the
equation. In the case of a corotational drag term we performed a rigorous passage
to the limit as the Friedrichs mollifiers in the Kramers expression and the drag term
converge to identity operators.

In the present paper neither the probability density function ¢ in the Kramers
expression (6) nor the velocity field u in the drag term

Y, (g w) =V, - [gwa M (7)) )
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appearing in (8) will be mollified. Instead, motivated by recent papers of Jourdain,
Lelievre, Le Bris, and Otto [23] and Lin, Liu, and Zhang [29] (see also Arnold,
Markowich, Toscani, and Unterreiter [3], Desvillettes and Villani [14], and Lin and
Zhang [30]) concerning the convergence of the probability density function v to
its equilibrium value ¢oo(2,q) := M(q) (corresponding to the equilibrium value
Uoo(z) := Q of the velocity field) in the absence of body forces f, we observe that
if ¢»/M is bounded above then, for L € Ry sufficiently large, the drag term (9) is

equal to
e [g(y)gMﬁL (Ai)] :

where 3L € C(R) is a cut-off function defined as

L/~ | s for s < L,
ﬂ(s)'_{L for L < s.

It follows that, for L > 1, any solution ¢ of (8), such that /M is bounded
above, also satisfies

9%
ot

(10)

+ - Va)b+ V- [g(y)gMﬂL (;ﬁfﬂ

1
=53 Ve~ <Myq <A¢4)>+5Aw in Qx D x (0,T]. (11)

We impose the following boundary and initial conditions:

M {21)\ Yy (;\Z) — g(g)gﬁL (;Z)} “nap =0 on Q x 9D x (0,T], (12a)
e(Va®) - non =0 on 9Q x D x (0,77, (12b)
¥(z,q,0) =1o(z,q) =0 V(z,q) €Q2xD;  (12¢)

where q is normal to 9D, as D is a bounded ball centred at the origin, so ngp :=
q/lq| is the unit outward normal vector to 0D, and noq is the unit outward normal
to 0. Here [, ¢0(z,q)dg =1 for ae. z € Q.

The coupled problem (la-d), (6), (7), (11), (12a—c) will be referred to as a
dumbbell model with microscopic cut-off. In order to highlight the dependence on
¢ and L, in subsequent sections the solution to (11), (12a—c) will be labelled . ..
Due to the coupling of (11) to (1a) through (6), the velocity and the pressure will
also depend on € and L and we shall therefore denote them in subsequent sections
by Ue,L and Pe,L-

A detailed argument for introducing cut-off, albeit of a very different nature,
was put forward in El-Kareh and Leal [18] (cf. (3.10a,b)); the authors used a
nonnegative function ¢ € D +— ¢(|g|) that is compactly supported in D, in both the
right-hand side of thewmomentumwequation and in the macroscopic counterpart of
the Fokker—Planck equation, in order to truncate the unbounded function q€ D —

U'(3lg1*) = 1/(1 = [q[?/b), lg|* < b, to a bounded compactly supported function
q € D g(lg) U'(3lg).

The cut-off 3 proposed here has several attractive properties. We observe that
the couple {Uoc, Yoo}, defined by uso(z) := 0 and ¢uoo(z,q) = M(q), is still an
equilibrium solution of (la-d) with f =0, (6), (7), (11), (12a-—c) for all L > 0. Thus,
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unlike the truncation of the (unbounded) potential proposed in El-Kareh and Leal
[18], the introduction of the cut-off function B% into the Fokker—Planck equation
(8) does not alter the equilibrium solution (¥so, o) of the original Navier—Stokes—
Fokker—Planck system. In addition, the boundary conditions for 1) on 9Qx D x (0, T
and Q x 9D x (0,T] ensure that

o [ wegndgdz= [ volzqidgdr=1  vieRs.
|Q| QxD ~ - |Q| QxD -

The paper is structured as follows. We begin, in Section 2, by stating the weak
formulation of the coupled Navier—Stokes—Fokker—Planck system with centre-of-
mass diffusion and microscopic cut-off, for the general class of potentials U under
consideration. In particular, the FENE model fits into the general setting. In
Section 3 we step back from the coupled Navier—Stokes—Fokker—Planck system,
and consider the Fokker—Planck equation in isolation, with a given velocity field
u € C([0,T); Wy™(€2)). We introduce a family of weighted Sobolev spaces that
provide the natural functional-analytic framework for the problem: the weight of
the space is the Maxwellian induced by the potential U appearing in the Fokker—
Planck equation. We then prove the existence of a unique weak solution to the
Fokker—Planck equation; microscopic cut-off on the drag term will not be required
in this case. We also show that the weak solution to the Fokker—Planck equation
is a probability density function in the sense that it is nonnegative over ) x D for
allt >0 and [, ¢(z,q,t)dg =1 for a.e. z € Q and all ¢ € [0,T], whenever ¢)o > 0
on Q x D and [,¢0(z,q)dg = 1 for a.e. x € Q. In Section 4 we return to the
coupled Navier—Stokes—Fokker—Planck system with microcopic cut-off (1la—d), (6),
(7), (11), (12a—c), and reproduce from our paper [6] the main steps of the proof of
existence of global weak solutions to this system. Our arguments require a special
compact embedding result in Maxwellian-weighted Sobolev spaces, which is proved
in the Appendix to paper [6] by combining compact embedding theorems by Antoci
[2] and Shakhmurov [12]. A key ingredient, resulting in sufficiently strong a-priori
bounds, is a special testing procedure based on the convex entropy function

s€R>g+— F(s):=s(lns—1)+1€Rxg

in the weak formulation of the Fokker—Planck equation. This leads to a fortu-
itous cancellation of the extra stress term on the right-hand side of the Navier—
Stokes equation with the drag term in the Fokker—Planck equation and results in
an L>(0,T;L'(Q2)) bound on the Kullback—Leibler relative entropy &£xr(¢)) of v
with respect to the equilibrium solution ¥, = M, where

i) = /}Jf(ﬁ) M(q)dg.

Our choice of the entropy function F has been motivated by the papers of Arnold,
Markowich, Toscani, and Unterreiter [3], Desvillettes and Villani [14], Jourdain,
Lelievre, Le Bris, and Otto [23] and Lin, Liu, and Zhang [29] cited above. It is
important to note that the cut-off function 3 and the entropy function F are
closely related, viz.

3% (s) = min(1/F"(s), L),
and this connection will play a crucial role in our argument. Due to the fact that
F"(s) is unbounded at s = 0, in Section 4 the strictly convex entropy function F
will be replaced by a strictly convex regularization ]—"(;L whose second derivative is
bounded above by 1/§ and bounded below by 1/L, § € (0,1), L > 1; at the same
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time the cut-off function B will be replaced by a strictly positive cut-off function
BE defined by
By (s) = 1/[F51"(s)-

The existence of global weak solutions to the regularized cut-off problem is shown
in Section 4.2. In Section 4.4 we then pass to the limit 6 — 04 with the regulariza-
tion parameter J, to deduce the existence of a global weak solution to the coupled
Navier-Stokes—Fokker—Planck system (la-d), (6), (7), (11), (12a—c) with micro-
scopic cut-off. Ideally, one would like to replace 3%(s) = min(s, L) by £(s) = s in
the Fokker—Planck equation. However, our current proof of existence in the general
noncorotational case requires the presence of the microscopic cut-off function 8% on
the drag term. Nevertheless, in the case of a corotational drag term at least passage

to the limit L — oo recovers the Fokker—Planck equation (8), without cut-off (see
Remark 3).

2. The polymer model. We term polymer models, under consideration here,
microscopic-macroscopic-type models, since the continuum mechanical macroscopic
equations of incompressible fluid flow are coupled to a microscopic model: the
Fokker—Planck equation describing the statistical properties of particles in the con-
tinuum. We first present these equations and collect assumptions on the parameters
in the model.

Let © C R? be a bounded open set with a Lipschitz-continuous boundary 0,
and suppose that the set D of admissible elongation vectors q in (8) is a bounded

open ball in R?, d = 2 or 3, centred at the origin.

Gathering (1a—d), (6) and (8) together, we then consider the following initial-
boundary-value problem, dependent on the parameters ¢ < 1 and L > 1:

(P.r) Find ue g, @ (z,t) € R4 e 1 (z,t) € RY and p. g @ (2,t) € RIFL
Pe,r(z,t) € R such that

G%Z’L + Wer Vi )uer =V AsUer +Vaver = [+ Ve 7(¥er)
in Qx(0,7], (13a)
Vo er = 0 inQx(0,7], (13b)
Uer = 0  ondQx(0,T], (13c)
uer(,0) = w onQ, (13d)

where 7(¢ez) : (z,1) € R (1. 1) (2, t) € R™? is the symmetric extra-stress
tensor, dependent on a probability density function ¢. : (z,q,t) € Rl
Ye.r(z,q,t) € R, defined as

L—(ws,L) =kpT (g(wE,L) - p(djs,L) £)a (14)
with

Clber)(mt) = /D e (0, U (L1g?) " dg (150)

and

p(dje,L)(%’ﬂt) = /Dwe,L(%>g7t) d(l (15b)
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The Fokker-Planck equation with microscopic cut-off satisfied by . 1 is:

31/15,L

ot + (e, Vi )e,r + Vg - {g(ggjL)gMgb (M)]

M

My (Myq (qﬁf))jueAwE,L in Qx D x(0,T]. (16)

Here, g(v) = V, v and, for a given L > 1, 3% € C(R) is defined by (10).
We impose the boundary and initial conditions (12a—c), where now we write ¢ 1,
instead of ¢ in order to emphasize the dependence on ¢ and L:

M [1V (wE’L> —g(yg’L)gﬁL (1/“)} ‘nagp =0 on Q xdD x (0,7T], (17a)

2A~ 1T\ M M
e(Vater) - noa =0 on dQ x D x(0,T], (17b)

Ujs,L(gang) = 7/}0(93"]) > 0 v(gvg) €QxD. (17C)

The boundary conditions for ¢, , on 92 x D x (0,T] and Q2 x 9D x (0, T] have been
chosen so as to ensure that [, e £(2,q,t)dgdz = [, Po(z,q) dg dz = |Q] for
all ¢ > 0.

3. Existence of weak solutions to the Fokker—Planck equation. We begin
by considering, for a given velocity field u € C([0,T}; W5 (Q)), Va - u = 0, the
Fokker—Planck equation
i W Y _ ! \Y \Y U (1lq)? A

g T4V + Ve (Ve)qv) =55 Vo (Vo + U (3lg° ) q¥) + € Bath.
In this section we shall not explicitly indicate the dependence of 1 on the centre-
of-mass diffusion coefficient €, and there will be no need to introduce cut-off into
the drag term. Following Kolmogorov [26], the equation can be recast as follows:

& Ve + Yy (e ) )
1

ot
=55 Vo <M v, <z\i>) ey, (18)

where k := g(u) = V,u. Equation (18) is supplemented with the following initial
and boundary condltlons where npq is the unit outward normal vector to 02 and
naop = q/|q| is the unit outward normal vector to D:

w(;@ g 0) = ¢0(%7g)7 for all (%‘7%) €0 x D7 (19&)
e(Vz) -nga = 0, on 00 x D x (0,T] (19b)

and
M[;qu (;Z) Kq (]\i)] ‘nop =0 on Q x 9D x (0,T]. (19c¢)

Here, the initial datum )y is such that o > 0 and [, ¥o(z,q)dg = 1 for a.e. z € Q.
The imposition of the boundary condition (19¢) will ensure that this property is
propagated in time, i.e. that fD ¥(z,q,t)dg =1 for a.e. z € Q and ¢ € (0,T].
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Let us define 12 := t/M; with this notation, since V, - u = 0, (18) becomes:

o . .
M%e+ V.- (Mula, ) + Y, (Mls(z.)9) )
1 ~ —~
= Yo (M qu) e M AL (20)
Equation (20) is considered subject to the following initial and boundary conditions:
U(z,q,0) = dolz,q), forall (z,q) €Qx D,  (2la)
eM(Va?) noa = O, on 09 x D x (0,7 (21b)
and
1 ~ Iy
M Myqd)(gg)d)}'@apo on Q x 9D x (0,7, (21c)

where 12;0 := 1o/M. When restated in terms of IZ, the problem naturally lends itself
to a weak formulation in a Maxwellian-weighted Sobolev space, which we shall next
introduce.

Let L2,(Q x D) signify the Maxwellian-weighted L? space over {2 x D with norm

%
el o= { [ rlPagas}
QxD

Similarly, we introduce L3,(D), the Maxwellian-weighted L? space over D.
On introducing

1
2
Blhoem = { [ o1 [16P+19.68 +19,68 ] agaz} . (22
X
we then set

R=Hy(@x D) = {FELhl(@x D) |8l mxpy <o} (23)

The dual of X with respect to the pivot space L2,(Q x D) will be denoted X/,
It follows that

C>(Q2 x D) is dense in X.
This can be shown, for example, by a simple adaptation of Lemma 3.1 in Barrett,
Schwab, and Siili [4], which appeals to fundamental results on weighted Sobolev
spaces in Triebel [16] and Kufner [27]. We have from Sobolev embedding that
HY (;13,(D)) — L*(Q; L3,(D)), (24)

where s € [1,00) if d =2 or s € [1,6] if d = 3.

We are now ready to state the weak formulation of the Fokker—Planck initial-
boundary-value problem (20), (21a—c). We begin by listing our hypotheses on the
data:

00 e CO, Py eL2,(Qx D), th >0, /M@O(g, Jdg=1 ae z€Q;
5 9)dq
ueC(0,T;Wy™(Q), Ve -u=0 onQx[0,T]; (25)
and v >1 in (3ab).

Under these assumptions, and writing  := V. u, we consider the following problem:
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(Q) Find ¢ € L®(0,T5 13, (Q2x D)NL2(0, T; X)NH! (0, T; X') such that (-, -, 0) =
Yo(+,+) and

T/ oy T -
0 ot % o Jaxbp ~ ~ ~

- /OT QxD M((

1 [T R T ~
tor | [ oMY@ Vpdgazdtre [ [ MV, Vipdgdzdr o
272 Jo Jaxp ~ 0 JaxD ~

(2,t)q) (@, q:1) - VoP(x, g, ) dg dz dt (26)

=

V3 € L2(0,T;X),

where X’ is the dual space of X with respect to the pivot space L3,(Q2 x D), and
(M-, )% denotes the duality pairing between X’ and X.

Theorem 3.1. Under hypotheses (25), there exists
¥ € L0, T;L3,(Q x D)) N L0, T;X) NHY(0,T; X")

satisfying (26); moreover, ¥ € C([0,T; L%,(Q x D)),

o~ o~

iﬁ('mo) :¢0('»')» (27)

and 1; is unique.
The function 1p will be referred to as the solution of problem (Q), and 1) := M
will be called the weak solution of the initial-boundary-value problem (18), (19a—c).

Proof. The proof proceeds in several steps.

Step 1. For T" > 0 and a positive integer N, let NAt = T and t" := nAt,
n =0 — N. We begin by considering the following semidiscrete problem: given
0 := o = o /M € L2,(Q x D), find ¢ € X for n = 1 — N such that

,{/J\n _,&)\n—l R ~ R
pdgdz — Mu™ 9™ - Vepdgdz
Qx D At ~ QxD ~
~ 1 ~ R
—/ M [(g”gw" - Mqu"} -Vqpdgdz
QxD
+e MY, " Vopdgdz =0  VgeX, (28)
QxD ~

where 5" = V, u" and ™ = u(-,t"). It is easily shown that this problem possesses
a unique solution for each n = 1 — N; to this end, consider the bilinear functional
B"(-,-) on X x X defined by

vedt [ MY.D-V.pdgds WD peX (29)
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~

and, for "1 € L2,(Q x D) fixed, we define the linear functional £(¢"~1)(-) on X
by
(W@ =  My"'gdgdz  vpeX.
QxD ~

Hence, (28) amounts to solving, for n = 1 — N, the problem: find 7,;” € X such
that

B, P) =@ VpeX. (30)

The existence of a umque solution to (30) is easﬂy shown using the Lax—Milgram
theorem on noting that: X is a Hilbert space; E(w” 1)(-) is a bounded linear func-
tional on X for each ¢! € L2 27(Q x D); B"(-,-) is a bounded bilinear functional
on X x X; and, for At sufficiently small, B (-, -) is a coercive bilinear functional on
X x X. For example, the last of these properties follows by recalling that V,-u™ =0
and noting the inequality

B(30) = (1= AAbslw oramion) [ MIpPdgdz
QxD
At

+— [ M|V,@dgdz+eAt [ M|V,3[°dgdz  VpeX. (31)
4\ Jaxp ~ QxD ~

Hence, on assuming that At \b ||§||200(0’T;L00(Q)) < 1 and letting
car = 1= AtAD[|5lF 0 1.1 ()

we deduce the coercivity of B"(-,-):
nis o - At =112 S~
B(5.5) > min car, Src A ) B, VEEX (32)

Having shown that, for any At = T'/N such that At Ab ||/;;||im(0,T,Lm(Q)) < 1 and

any 12"_1 € L2,(Q x D), the problem (30) has a unique solution zZ" € X for each

n =1 — N, and noting that 1/)0 € L3,(Q x D) we deduce that the semidiscrete
blem (28) h lution (¢%,...,9N) e X x - x X.

problem (28) has a unique solution (¢, YY)

N
Step 2. Next, on taking @ = ™ in (28), we deduce that, forn =1 — N,

(1—colt) [ M [dgdz + M|y — " 2 dg dg
QxD ~ QOxD ~
At n2 2
+57 M|V¢"|°dgdz +2Ate M|V,4" " dg dz
2) QxD ~ QxD ~
< M [~ dg dg, (33)
QxD ~

where ¢g := 2b)\||§||ioo(07T;Loo(Q)). Let us assume that

0<00At§

1 (whereby, a fortiori, At b ”’QEHiw(o,T;Lw(Q)) <1). (34)
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On dividing (33) by (1 — ¢pAt) and using that 1 < 1/(1 — ¢pAt) < 14 2¢oAt, we
have that
MG Pdgds+ [ M- P dgd
~ QxD ~
At

+— M |V,0"?dgdg + 2 Ate M |V, ¢")? dg dz
2X Jaxp ~ QxD ~

<a —|—2c0At)/ M 9" 12 dg de (35)
Qx D ~

QxD

for n =1 — N. Summing these inequalities through n =1 — m gives

/ M|&m|2dqdzc+2/ MIG" — 371 dg dg
QxD - o1/ Q%D -

1 m =N m =N
+ = At/ M|V, " ?dgdg +2e Y At M |V 4"* dg dg
2)‘; QxD | ! | ~ 7;1 QxD | | ~
m—1
<[ MIPPdgdroe Y A MEPdgd (36)
QxD ~ n—0 QxD ~

for m = 1 — N. Thus, by induction (or by using a discrete Gronwall lemma), we
obtain the following energy estimate for the solution of (28):
2

R m TZH _{p\n—l
M |p™|* dg dz + At/ M |——F——=—| dgdz
/Q><D w1 dg ; QxD VAL ~
1 m R m R
+—= ) At M|V " *dgds +2¢ Y At M |V ™ ? dg dz
2A nz_:l QxD ! ~ nz::l QxD ’ ~
< (1 + 2c0A8)™ M [¢°[ dq dg
QxD ~
< eZcomAt M |7$0|2 dq dag
QxD ~
<etol [ MY dgdg (37)
QxD -

form=1— N.
Step 3. Let us denote by

A € C([0,T); L3, (2 x D)) NL2(0, T X)

the continuous piecewise linear interpolant, with respect to ¢ € [0, T, of the semidis-
crete solution {¢)™ : n =0 — N} to (28), defined for n > 1 by

TNt L t—tn! gl " —

and by QZM’* and @At” the piecewise constant interpolants defined, for n > 1, by
QZ;At,Jr(HVt) = Jn('a')u te (tn_latnL ’J;At’_('aﬁt) = {p\n_l('v')v te [tn_lvtn)'
We shall denote by $2t(*) any one of the functions A%, YA+, $AL— defined

above; {@At’(i)}At will signify the sequence of functions $2t(®) | indexed by At =
T/N — 04, for T fixed, as N — oc.

t ~
wn—l(_,_)7 te [tn—l’tn];
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Using analogous notation for x, equation (28), with ¢ € X replaced by @(-, -, t) €
X for ¢ € (0,T] where @ € L2(0,T; X), integrated over [t"~1,¢"] and summed over
n=1— N, yields

~

T 8¢At T R
/ M ¢ dgdgdt — / M yAbt A+ LV, G dg dz dt
o Jaxp ot ~ o Jaxp ~

T
—~ / M (520 q)p20T) - Vof dgdz dt
0 JOxD = ~ ~

1 (7 ~
+ 7/ M V28" V,@ dg de dt
27 0 QxD

Inequality (37) implies that

{@At’(i)}m is bounded in  L°°(0,T;L3,(2 x D)),  (39a)
{pAtE 5, is bounded in  L%(0,T;X), (39b)
DAL+ AL —
{%} is bounded in  L2(0,T;L%,(Q x D)).  (39¢)
At

Now, (38) and the Cauchy—Schwarz inequality yield that

A
< allpt +||L2(0,T;5<)

T DAL
/ M o » dgdzdt
0 JaxD ot ~

. ~ 1/2 . ~
X (”yx(PHiQ(O,T;L?u(QXD)) + quﬁpﬂi?(o,T;L?w(QxD))) Vg € L*(0, T3 X),

where

N

e1 = (Il 0.z ) + BllSIE = 070 ey + €%+ 1/(439))

Hence, using (39b), we deduce that

aqz)\At N
o is bounded in  L2(0,T;X). (39d)
At

Identifying, by means of the Riesz representation theorem, L3,(Q x D) with
L2,(Q x D), we deduce that X C L2,(Q x D) = L2,(Q2 x D)’ ¢ X/, so that each
space is dense in the next one in the chain, with continuous and injective embedding.
It thus follows from (39b) that {1/} A, is also bounded in L2(0, T;X’). Combining
this with (39d) implies that

{@At}A is bounded in  H'(0,T;X). (39e)
t
Now, (39a), (39b) and (39e) imply that we can extract a subsequence from

{pAt(H)Y A, which, for the sake of notational simplicity, we still label {A6F)} o,
such that, as At — 04,

{ALEY L, weak—* converges in  L°(0,T;L2,(Q x D)), (40a)
{&At’(i)}m weakly converges in  L%(0,T; }A(), (40b)
{21} 5, weakly converges in H'(0,7T;X’). (40c)
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Specifically, (40a) implies the existence of 1Z € L>(0,T;L2,(Q x D)) such that

T
/ M (3 (2. q.1) — Dz.q.0) @z g ) dgdzdt -0 as At —0, (41)
QxD ~ ~ ~ ~

for all p € L1(0,7;L2,(Q x D)). On the other hand (40b) implies the existence of
* € L2(0,T;X) such that

/0 (M 3(e), T2 (t) — F*(B) dt — 0 as At — 0, (42)

for all 3 € L2(0,T;X’).

Again, since X C L2 2.(QxD)=12,(Qx D) C X', so that each space is dense
in the next one in the chain, with continuous and injective embeddlng, 1t follows
that <M§0,1/)> fﬂxDMcpwdqu = fQXprgpdqu for all ) € X and all
? € L2,(Q2 x D). Returning to (42), we then deduce that

T
/ M (5%(z,,t) — 9 (2, ,8)) Bl ¢, 1) dg d dt
0 QxD

- / (M B(t), DA (8) — 0 (£))5 dt — 0

as At — 0, for all $ € L2(0,T;L2,(Q x D)) (C L2(0,T;X’)); this and (41) yield
¥ =% € L>(0,T;L3,(Q x D)) NL2(0,T;X).
It remains to show that the weak—+ limits ¢~ of the sequences {1/)“ i}At in

L>°(0,T;1L2,(Q x D)) are also equal to . We shall show below that ¢+ = 1)
Once we have done so, recalling from the definitions of wAt and wAt + that

QZAt(W 7t) - Ji('a at)

_n—1 =N n_ R R
= %(wAt,+(.7 -,t) _ ¢+(.7 ~,t)) + u(d}m,f(., ',t) _ 1/,*(.’ ',t))

for all t € [t"~!,t"] and n = 1 — N, and passing to the weak— limit in the space

Lo°(0,T;L3,(Q x D)) as At — 04, will imply that 1/} ’t/)i
To show that ¢+ = ¢)~, observe that

M (925 (2, q,t) — 028 (2,q,1)) P(z, ¢, t) dg dz dt
QxD ~ ~ ~ ~

1ZAt,Jr N {/}At,f
T VAL ”‘p”L?(O,T;L?W(QXD))a
L2(0,T;L2,(2x D))

for any p € L2(0,7;L3,(Q2 x D)) c LY(0,T;L2%,(Q x D)). Since by (39¢) the first
factor on the right-hand side is bounded, independent of At, on passing to the limit
At — 04, it follows that

T
lim M (2" (z,q,t) — =" (2,q,t) P(z,q,t) dg dg dt = 0
At—0+ Jo  Jaxp ~ ~ ~ ~

for all € L2(0,T;L%,(Q x D)) C LY(0,T;L%,(Q x D)). Therefore,

/ A DM(1/’+(§Q t) =9~ (2,q,1) B(z,q,t) dgdz dt = 0
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for all ¢ € L2(0,7;13 1(Q x D)). This, in turn, implies that Yt =1, Thereby, as
has been argued above, 1) = ¢* = ¢~ € L>°(0,T;13,(Q2x D))NL2(0, T; X) Finally,
(40c¢) and an argument identical to the one that we used to show that w ¢* implies
that, also, {wm}m converges weakly to L/) in HY(0,T; X’), and therefore

¢ =¢t =9~ € L™(0,T;L3,(Q x D)) nL*(0,T;X) N H'(0,T;X').

As the sequences {u®*+1} A, and {gAt’+}At converge (strongly) in L°°(0,T;L>°(Q2))
and L>°(0,T;L>°(2)) to u and £, respectively, passing to the limit At — 04 in (38)
and using (40a—c) implies that O satisfies (26).

We note that since ¢ € L2(0,T; )2) and 812 € L2(0,T; )A(’), Lemma 1.2 in Ch. 3,
Sec. 1.4 of Temam [15] (with V = X, H = 5 (QxD), V' =X and (-,-) = (M-, -)g)
implies that ¢ is a.e. equal to a continuous function from [0, 7] into L%, (2 x D), and
therefore 1) € C([0,T];L2,(Q x D)) N L2(0,7;X) N H'(0,T;X’); and the following
identity holds in the sense of distributions on (0,7):

d -~
&kuif\l(gxp) = 2< 1/)71/)> : (43)
X

In fact, for ¢ € L2(0,T; X)NH' (0, T; X) the right-hand side of (43) belongs L' (0, T"),
so the same is true of its left-hand side; hence, (43) holds as an identity in L1(0 T).

Step 4. Next we show that ¢ satisfies the initial condition O(-,-,0) = ( ).
Integrating by parts in the first term on the left-hand side of (38), with ¢ €
H'(0,T;X) — C([0, T); X) — L2(0, T; X), we deduce that

M ™ (z,q,T) §(z,q,T) dg dg — M ™ (z,q,0) Bz, q,0) dg dz
QxD ~ ~ ~ QxD ~ ~ ~

T -~ T

D ~

- / M2 72 dg dg dt / Myt §A+ .Y, 5 dgdp dt
o Jaxp ot~ o Jaxp ~

T
—/ M ((5%Fq) ¥20%) - V@ dg dz dt
QxD ~ ~ ~
T =R ~
+a/ MV, 2" V,pdgdzdt =0 Ve HY(0,T;X). (44)
0

T —~
~ /\8
- Mwo(g:,q)a(@,qﬁ)dng—/ M2 agagar

QxD ~ ~ ~ QxD at ~

Z

/ Muv -V, dqudt—/ M((5q)¥) - Vo dq dg dt
QxD QxD ~ ~

T
// MY,D-,pdgdedtt e [ [ MY V.pdgdrdi—0
QxD ~ 0 JOxD ~

VQB € Hl (Oa T; i)a 9/5() K T) =0. (45)
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In particular, upon choosing p = Zﬂ)\ € Cr((0,7)® X in (45), where ZE Ce(0,7)
and w € X are arbitrary, it follows that

£0,8) (1,0 Vad) ~ (59D, Vo) + 5 (V40 V) +£(Va, Vi) =0 (46)

for all @ € X, in the sense of distributions on (0,7, where (-,-) denotes the inner
product in L2,(Q x D).

Since, for any w € )A(, the second, third, fourth and fifth term on the left-hand
side of (46) belong to L'(0,T), the same is true of the first term; therefore the
function ¢ € [0,7T] +— (¢(-,-,t), @) is absolutely continuous on [0, 7] for any @ € X.
Consequently, it makes sense to multiply (46) by Ze H'(0,7) (C C[0,T]), such
that E (T') = 0, integrate over [0,T] and integrate by parts with respect to ¢ in the
first term to deduce, on writing @ = Z@, that

—~ T ~ 0P T —~
*(lﬁ,@h:o*/ jVgniad dngdt—/ Mud V.3 dgdgdr
0o Jaxp ot~ QxD ~

T
*/ M((5q)¥) - Vep dgdzdt + —/ / Vyp dqdzdt
0 JaxD o QxD

T
+5/ MVm'L/) Vaop dgdzdt =0 (47)
0

for all 3 € H(0,T) ® X, $(-,-, T) = 0.

Applying (45) with ¢ € H! (0 T)® X c H(0, T} X) and comparing with (47),
it follows that (2, P)lt=0 = = (%0, P)|¢=o for all § € HY(0,T) ® X, 2(,,T) = 0,
and therefore, since X is dense in L2 27(Q x D), it follows that (1/} Yo, @ W)|t=0 = 0
for all @ € L2,(Q x D). Recalling that ¢ € C([0,T]);L2,(Q x D)), it follows that
(¢|t 0— @[107 ) =0 for all @ € L%,(Q x D), and thus ¢ satisfies the initial condition

1/)|t O_d)Ov ie. ¢(7 ) ):177}\0(7)
Step 5. We shall show that problem (Q) has a unique solution. Suppose that

zZ € C([0,T];L3,(2 x D)) N L2(0, T )2) N HY0,T; 5\(') is a solution of the initial-
boundary-value problem (Q). Then, by (43), for any s € (0, 7],

1d s o ~
/0 2dt\|¢||L2 (@xp) At = /o <M at,¢>g dt

Therefore,
%mﬂwgmp|wmmw)
+ 5H~V:c7$”iz(o,s;L2 @xp)) T 2/\”vquL2 0,5:L2, (2% D))
| (@899 + (0)5.9.0)) at
< (||HH%oo(o,s;Loo(Q)) +0[l51F < (0,51 () ) ||¢||L2(05L (QxD))

~ 1/2
X (||~Vw1/’||i2(o,s;L 2 (@xD)) T quw”L?(O 512 I(QXD)))
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for all s € (0, 7). This implies that
~ 1
4 (s )||L2 (@x p) T min <<"5» ) (||Vm1/)||L2(osL 2, (axp)) T ||Vq1/)||L2(o L2 (QXD)))

< WoHiMQX[)) + max <87 2>\> (H@”iw(o,s;Lw(Q)) + b||§||ioc(o,s;Loo(Q)))
x ||77/1||iz(075;L%4(QxD)) for any s € (0,T7.
Thus, by Gronwall’s lemma, any solution 1? of (Q) satisfies the following energy
inequality

[4(s )||L2 (@xp) T min (5» ) (||Vx¢||L2(osL @xp)) T ||~Vq¢||i2(o,s;L2‘M(QxD)))

< 10123, oy 50 [smuax (£,20) (Il race o + s R0

for all s € (0,T]. Note, in particular, that if ¢y = 0, then O(-,+,8) =0in L2,(Qx D)
for all s € (0,7, which in turn implies that the solution to (Q), whose existence we
have shown, is unique. [

Next we shall show that ) = M1 has the usual properties of a probability density
function: if 1o is nonnegative and has unit integral over D, then the same is true
of (-, -, t) for all t € [0, 7.

Lemma 3.2. Let 121\0 = tpg/M € L3,(2 x D) and suppose that Jp oz, q)dg =1
for a.e. € Q. Suppose further that ¢ = M@Z, where

W € C([0, T L3,(Q x D)) NL2(0,T;X) NH(0, T;X)
is the solution to problem (Q) subject to the initial datum 120. Then,

/ Y(z,q,t)dg =1 for a.e. x € Q and all t € [0,T].
Furthermore, if 19 > 0 a.e. on Q x D, then ¥(-,-,t) > 0 a.e. on Q x D for all
te0,T].

Proof. We begin by noting that since 120 = hg/M € L3,(2 x D), we have that
[YollLi@xpy < [[¥ollLz, (axp), and therefore v € LY(Q2 x D). By the Fubini-

Tonelli theorem o (z,-) = M()@O( ) € LYD) for ae. x € Q Let 12 denote
the (unique) solution to problem (Q), and define ¢(z,t) := [, M(q) ¥ (z g, )ch] for

(z,t) € @ x [0,T] and (o(z) == ¢(2,0) = [, M ¢0xq)dqfora:6(2

By taking ¢(z, q,t) = ¢(z,t), independent of g, in (45), we have that

/Co dex—//C )ddt
/ / ) - Vaep(z,t) dzdt

+s/ /ymc-ywwdgdtzo Vo € HLO,TsHI(Q), (- T) =0 (48)
0 Q

Hence,
¢ € C([0,T]; L*(2)) N L*(0,T; H' () N H' (0, T; H' (2)")



WEAK SOLUTIONS TO KINETIC MODELS OF DILUTE POLYMERS 21

is a weak solution to the parabolic equation

Ct + yx ' (%(%‘J’)C) - EAJC =0
subject to the initial condition ((-,0) = (s € L?(2) and the homogenous Neumann
boundary condition €V,( - nao = 0 on 0f2. This, however, has a unique weak

solution. Since (o(z) = 1 for a.e. x € Q, it follows that the corresponding unique
weak solution must be the constant function ((z,t) = 1 for a.e. z € Q and all

t € [0,T]. Hence, [}, MQZ(QNc,g,t) dg =1 for a.e. z € Q and all ¢ € [0,T]. Recalling
that 12 := /M, it follows that we have fD w(g,g,t) dg =1 for a.e. € Q and all
te€0,77.

Now, suppose that 1y > 0 on  x D; then, 150 :=1po/M >0 on Q x D and, by
hypothesis, @Zo € L2,(Q x D). Selecting At small enough, as in (34), and defining
1;” as in the proof of the previous theorem, consider the sequence of functions
{{b\" N_ c X. Then, by Lemma 3.3 below with K = 0, we have that {[¢"]_}_, C
X. Hence,

B ([9"]-, [B"]-) = B @, [$"]-) = €@ ("))
guppoie, for induction, that 1,2”’1 > 0; this is certainly true for n = 1, since
Y = 1)y > 0. Hence,

(M=) = o M " [ dg dg < 0.

Therefore, B"([¢"]_, [$"]-) < 0; thus, (32) implies that || [¥"]— |1 (xp) < 0,
whereby [1;”], = 0 and hence ¢ > 0. By induction, " > 0 for all n = 0 — N.
Therefore, each of the functions 2%, ¢+ and ¢ ~, defined in the proof of Theorem

3.1, is nonnegative on 2 x D x [0,T]. Hence the common limiting function 15 of the
three sequences, as At — 0, is also nonnegative on 2 x D x [0,T]. O

Lemma 3.3. For z € R, let [x]+ = (x £ |2|)/2; [z]+ and [z]- are referred to as

~

the positive and negative part of x, respectively. Suppose that € X and K € R>q;
then,
5_ _ V(o -K)=V¢ ifo>K,
vie-&L={ ; A (49
and

. 5-K)=V.,5 if3<K,
vip- Kl ={ T IO=Te Hock (50)

Analogous identities hold when the differential operator ¥, is replaced by V5.
Furthermore, [ — K |4+ and [ — K ]_ belong to X.

Proof. We shall prove (49); the proof of (50) is analogous, mutatis mutandis. We
begin by noting that since K > 0 on  x D,

[ — K]+ <ol (51)
Following [4], for any € > 0, we define the following regularization of [-]:

(P4 ed)z—e ifs>0,
Prels)i=1q g if s < 0.

Clearly, 0 < p (s) < [s]4 for all s € R. Let n € C§°(22 x D) be fixed. Thus,
(Vol@— K4, nce@xpy = —([@—Klt, Vg mcy@xn)s
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where (-, '>CSC(Q>< p) denotes the duality pairing between the topological vector space
of distributions D’'(2 x D) = [CF (22 x D)}’ on 2 x D and D(Q2 x D) := C5° (2 x D)
(on the right-hand side of this identity) and, with a minor abuse of notation, for
d-fold vectorial versions of these spaces (on the left-hand side in this identity).

Let x s denote the characteristic function of a set S C Qx D. Since n has compact
support in  x D, by Lebesgue’s dominated convergence theorem we deduce that

(Vol® = Ky, ncg@xp) = — lim Pt,e(@— K)(Vq-n)dgdz
~ =0+ Jaxp Vo
L R RCE SR A ST
e=0+ Jaxp -

- /g Xe>x(@) Val@— K) - ndgdz = (xpox Vo(@ ~ K, ez @x)
X

for all n € CF(Q x D). Thus V4[@ — K|+ = xs>k(q) V¢(@ — K ), and hence (49).

Now, since Vol — Kt = Xo>k V4@, and the riwght—hand side in this equality
belongs to L3,(Q2 x D) (recall that ¢ € X by hypothesis), it follows that we have
Vi@ — K]t € L3,(Q x D); analogously, V.[¢ — K]+ € L3,(2 x D). Hence, and
by (51), [ — K] € X, as required. [

4. Existence of global weak solutions to the coupled system. Now we turn
our attention to the coupled Navier—Stokes—Fokker—Planck system. Our aim is
to establish the existence of global weak solutions, in the presence of microscopic
cut-off on the drag term in the Fokker—Planck equation. The remaining sections
represent an overview of the main results in our paper [6]. We begin with some
preliminary considerations.

4.1. Definitions and preliminary results. Let
Hi={wel?(®):V, w=0} and V:={wecH;(®?):V, w=0} (52

where the divergence operator V, - is to be understood in the sense of vector-valued
distributions on Q. Let V' be the dual of V. Let S : V' — V be such that Sv is
the unique solution to the Helmholtz—Stokes problem

/§y~wd$+/yz(§y):yxwd$=<y,@>v Vwey, (53)
Q Q

where (-, )y denotes the duality pairing between V' and V. We note that
(wSv)y =18ulfne VeV D Q) (54)

and ||S - || (o) is a norm on V.
For later purposes, we recall the following well-known Gagliardo—Nirenberg in-
equality. Let r € [2,00) if d = 2, and r € [2,6] if d = 3 and § = d (3 — 1),

Then, there is a constant C', depending only on 2, r and d, such that the following
inequality holds for all n € H(€):

L) <C H77Hi3(69) 1711551 0 (55)

Our aim here is to prove existence of a (global-in-time) solution of a weak for-
mulation of the problem (P, ) for any fixed parameters € € (0,1] and L > 1 under
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the following assumptions on the data:
90 e CO wg e H, o= M 1epy € L2, (Q x D) with 1 > 0 ae. in Q x D,
- (56)
y>1 in (3a,b), and  fe€L*0,T;V).

~

Similarly to (55) we have, with r and 6 as defined there, that there exists a
constant C, depending only on €2, r and d, such that

18l @, 0 < CIEIEs oy 181 @z, my V8 € HAQL3,(D). (57)
In addition, we note that the embeddings

Hj, (D) — L3,(D), (58a)
Hj, (2 x D) = L*(Q; Hj (D)) N H' (25 L3,(D)) — L3,(2 x D) = L*(%; L3, (D))
(58b)

are compact if v > 1 in (3a,b); see the Appendix in [8].
Let X’ be the dual space of X with L3,(Q x D) being the pivot space. Then,
similarly to (53), let G : X’ — X be such that G7 is the unique solution of

/ M[(%)@Jrvq(Qﬁ)-Vq@Jer(gﬁ)Vz@ dg da
QxD ~ ~ ~ ~ ~ ™
= (M7,¢)x VpeX, (59)

where, as in the previous section, (M -,-)g denotes the duality pairing between X/
and X. Then, similarly to (54), we have that

(M7,G0)g = G712 VvieX, (60)

and [|G - || is a norm on X'

We recall the following compactness result, see, e.g., Temam [15] and Simon
[43]. Let By, B and B; be Banach spaces, B;, i = 0,1, reflexive, with a compact
embedding By — B and a continuous embedding B <— B;. Then, for o; > 1,
i1 =0, 1, the embedding

{n € L(0,T;8y) : &1 € L*1(0,T;By) } — L(0,T;B) (61)

is compact.

We note that our proof, in the previous section, of Theorem 3.1, which concerns
the existence and uniqueness of weak solutions to the Fokker—Planck equation for
a given divergence-free velocity field u € C°°([0,T]; W™ (£2)), did not require the
compact embedding of X into L2,(Q x D) or of HY,(D) into L3,(D). In the case
of the Navier—Stokes—Fokker—Planck system here the situation is radically different.
Because of the (nonlinear) coupling between the Navier—Stokes and Fokker—Planck
equations through the transport term u - V1) and the drag term V- (Vo u) g 9)
in the Fokker-Planck equation, the regularity of u cannot simply be hypothesized
as before, but is dictated by the Navier—-Stokes equations. The central difficulty
is that weak solutions to the Navier—Stokes equations do not generally belong to
C([0, T); W§>°(52)), so the energy estimate derived in the previous section no longer
applies here. In [6] we therefore adopted a different strategy: the key element
of our argument was an energy estimate based on the Kullback—Leibler relative
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entropy, which results in a fortuitous cancelation of the drag term in the Fokker—
Planck equation with the extra-stress tensor appearing on the right-hand side of the
Navier—Stokes equation. Applying this estimate to the time-semi-discrete Navier—
Stokes—Fokker—Planck system gives rise to weakly convergent subsequences, as in
the previous section; however now have to deal with products of weakly convergent
sequences in the transport term u - V;4) and the drag term V- (Vo u) ¢ ) in the
Fokker—Planck equation. To this end, we require the compact embedding of H}, (D)
into L3,(D) and the compact embedding (61) with suitable choices of By, B, By,
ag and aq, which were not needed before, when the Fokker—Planck equation was
considered in isolation. We shall reproduce below the main steps of the argument
from our paper [0] leading to the existence of weak solutions to coupled Navier—
Stokes—Fokker—Planck systems with microscopic cut-off.

We will assume throughout that (56) hold, so that (5) and (58a,b) hold. We note
for future reference that (15a) and (5) yield that, for € L3,(Q2 x D),

[ icarap dsgz/ﬂii(/DMaU'qiqj iq) @

i=1 j=1

<a(frerir ) (], i)

<c ( M3 dg dx) , (62)
QxD ~

where C' = C(d) is a positive constant.
In order to prove existence of weak solutions to (P. ), we require a further
regularization. Let F € C(Rs() be defined by

F(s):=s(ns—1)+1, s> 0. (63)

Aslim,_o, F(s) = 1, the function F can be considered to be defined and continuous
on [0,00), where it is a nonnegative, strictly convex function with F(1) = 0.

We then introduce the following convex regularization FL € C21(R) of F defined,
for any 6 € (0,1) and L > 1, by

32;552+s(1n6—1)+1 for s <4,

Fl(s):={ F(s) =s(lns—1)+1 for 6 <s <L, (64)
3227]}2 +s(InL—-1)4+1 for L <s.
Hence,
$+né—1 for s <6,
[FEV(s) =< Ins for 6 <s< L, (65a)
Z4+InL -1 for L <s,
o1 for s < 4,
[FE)"(s) =4 s ' ford<s<IL, (65b)
Lt for L < s.
We note that
% for s <0,
Fi(s) > (66)
%fC(L) for s > 0;
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and that [F£]”(s) is bounded below by 1/L for all s € R. Finally, we set
B3 (s) = ([F51") " (s) = max{B"(s), 8} , (67)

and observe that 3£ (s) is bounded above by L for all s € R.

With the centre-of-mass diffusion coefficient € > 0 and the microscopic cut-off
parameter L > 1 fixed, our proof of existence of weak solutions to problem (P; 1)
will proceed in several steps, each of which is discussed in a separate section.

Step 1. We shall begin by replacing the microscopic cut-off function 3% in the
Fokker—Planck equation by the regularized cut-off function ﬂéL; the resulting
problem will be labelled (P 1 5). Following our approach in the case of the
Fokker—Planck equation, we shall then semi-discretize the resulting equations
in time, with time step At. We will show using Schauder’s fixed-point theorem
that, at each time level, the resulting nonlinear elliptic system has a solution.

Step 2. Having established the existence of solutions to the semidiscretization of
(P..1.s) we shall then derive the relevant energy estimates for the problem,
which will allow us to pass to the limit At — 04 with the time step. Thus we
shall establish the existence of solutions to problem (P, 1, s), for each ¢ > 0.

Step 3. Finally, we shall pass to the limit § — 0, with the regularization param-
eter, to deduce the existence of weak solutions to (P. ).

4.2. Existence of solutions to problem (P. 1 s). Problem (P. 1 s), with solu-
tion {ue 1.s,%e 1.6}, will denote problem (P. 1), where 3L(-) in (16) and (17a) is
replaced by 3£ (-); recall (10) and (67). Here we shall prove existence of a solution
to (P.,1.s) for given parameters ¢, 6 € (0,1] and L > 1 with 1]1\5 L5 =Yers/M:

(Por.s) Find we 15 € L=(0,T; LQ(Q)) n L2(0,T;V) N WL (0,T; V') as well as
Dens € L2(0, T5L3,(Q x D)) NL2(0, T3 R) N W (0, 73X), with C(M .1,5) €
L(0,T; L?(2), such that ue,£.5(-0) = uo(), de..5(-,0) = vo(-,-) and

T 8’U/E,L,(s
= W dt
[{2%52)

T
+ / / (US,L,5 . VT ) U&L’(s} w4+ vVaue s Vg w] dx dt

2/ (f vdt—kBT/ CMwEL(g) Ve wdzdt VweLﬁ(O,T;V);
0 S ~ ~

(68a)
T a{l;i L6 ~
/ <M = SO>5< dt

1 ~ ~
/ / |:7V1/JL6_[ (UELS)q]ﬂ(S(1/JsL5):|'ngﬁdqdl‘dt
QxD 2~ ~ ~
+ / / M avz VeL.s — UeLs @E,L,g] - V.@dgdedt=0 V@ € Lia (0, T;X).
QxD ~ ~ ~ ~ o

(68b)

Remark 1. If d = 2, then u. 15 € C([0,T]; H) (cf. Lemma 1.2 on p. 176 of Temam
[45]), whereas if d = 3, then w. s is Weakly continuous only as a mapping from
[0,7] into H (similarly as in Theorem 3.1 on p. 191 in Temam [45]). It is in the
latter, weaker sense that the imposition of the initial condition to the u. 1, s-equation
will be understood for d = 2,3: that is, limy o, [q(ue,r,5(z,t) —uo(z))-v(z)dz =0
for all v € H. Similarly, for the initial conditions of the 1257 ,5-equation for d = 2, 3:
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im0, foxp M (Ve 1.5, q,t) = Po(z, ) Pz, q) dg dz = 0 for all § € L2, (2 x D).
&

In order to prove existence of a weak solution to (P. 1s), we proceed in the
same manner as in the proof of Theorem 3.1: we discretize in time; and so, for any
T >0,let NAt =T and t" = nAt, n = 0 — N. To prove existence of weak
solutions under minimal smoothness requirements on the initial data, recall (56),
we introduce 4" € V such that

/[uow—i-AthuO:Vzv] dx:/uoovdx Yv € V; (69)
Q L~ ~ ~ ~ ~ ~ ~ [oNad ~ o~

and so
[P+ at]9. 0P )z < [ e <€) (70)
Q Q
In addition, we have that u° converges to 4o weakly in H in the limit of At — 0.

LetgeLé—u aﬂd¢5L5—¢o Then, for n =1 — N, glven{u€L571/JEL5}e
V x L3,(Q x D), find {g&Lﬁ,@/}&L,é} € V x X such that

—1
ulps = UL
e~ V
/Q[ At (sLJ ) L,o

f*wde —kpT C(Ml/JEL(;) V,wdz Yw eV, (71a)
Q~ Q= =~~~ ~ o~

-wdr +v / Veulps: Vywde
~ o~ Q~ ~ ~ o~ o~

n 67wn 1
M e, L, EL&@dqui

QxD At

1 ,\
b M B () 0] 8@ )| - VaPdads
QxD 2A~ ~ ~
+/ M [va J?,L,é*“?l,la@,ga] - Vepdgdr =0 V@G)A(;
QxD ~ ~ ~ ~
(71b)

where

n

f”(~) = Ait - {(.,t) dte V" (72)

Now, letting fA4+ (- t) := f*(:) for t € (t""1,#"], n =1 — N, (56) and (72) imply
that
A4+ — f strongly in L2(0,7; V') as At — 0, (73)

It is convenient to rewrite (71a) as

byl 1.s,w) = Eb(we r.s)(w) Vw e V; (74)
where for all w; € H) (), i = 1,2,

b(wy,wa) ::/ {wl—i—At( sL6 V ) -wodr +Atv [ Vg, wlzvmwgdw,
~e Q ~ Q= ~ o~
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1 5eT2
and, for all w € Hy(R2) and $ € L3,(Q2 x D),

(@) (w) = At (S, >v+/ [ g;}&.y—AthTg(M@:szﬂ dz.  (75b)

‘We note that
/ [(v-Ve)wi] - wedz
Q
_ / (0 Vo)ws - wide VeV, Vww,cHYQ), (76)
Q

and hence b(-,-) is a continuous nonsymmetric coercive bilinear functional on
H(Q) x HY(Q). In addition, ¢,(p)(+) is a continuous linear functional on V for
any ¢ € L2,(Q2 x D).

For r > d, let

Y= {EELT(Q)Z/Q Vewdz =0 Ywe Whrr
Q

It is also convenient to rewrite (71b) as

a(% L6 P P) =4Lq (Ne L5 ¢2L,5)(@) Vo € X, (78)
where, for all 3y, s € X,

o@rf) = [ M(Gioa+ai Ve -uihf] - et
QxD ~ ~ ~
At

+ Sy Vab - Vo) dods, (190

and, for all y € H'(Q), 7 € L2,(Q x D) and § € X,

eaw,ﬁ)(@::/mM[wgmwm[ (v)q] B (A) - qw]dqdm (79h)

It follows from (77) and (24) that, for r > d,
My@-V.@dgdg=0 VyeY', vpeX; (80)
QxD

and hence that a(-,-) is a continuous nonsymmetric coercive bilinear functional on
X x X. In addition, ¢, (u,m)(-) is a linear functional on X for all v € HY(Q) and
neL2,(QxD).

In order to prove existence of a solution to (71a,b), we consider a fixed-point
argument. Given ) € L2,(Q x D) let {u*, ¢*} € V x X be such that

b(u*, w) = o)) (w) Yw € V, (81a)
a(V*, @) = La(w*,9)(@) VB eX. (81b)

The Lax—Milgram theorem yields the existence of a unique solution to (81a,b), and
so the overall procedure (81a,b) is well defined.

The proof of the next lemma contains the key entropy estimate, and is therefore
reproduced from [0] in its entirety.

Lemma 4.1. Let G : L3 (Q x D) — X C L2 2/(Q x D) denote the nonlinear map
that takes ¥ to 1* = (w) via the procedure (81a, b) Then G has a fized point.
Hence there ezists a solution {ul 5,1/16 st €V X X to (7lab).
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Proof. Clearly, a fixed point of G yields a solution of (71a,b). In order to show that
G has a fixed point, we apply Schauder’s fixed-point theorem; that is, we need to
show that (i) G : L2,(Q x D) — L2,(Q x D) is continuous, that (ii) it is compact,
and that (iii) there exists a C, € Rsq such that

||$||L§4(pr) < (. (82)

for every 1 € L2,(Q x D) and w € (0, 1] satisfying V= wG(vZ).
Let {¢/(V};>¢ be such that

9@ =4 strongly in L2,(Q x D) as i — oo. (83)
It follows immediately from (67) and (62) that
M2 BE (@) — Mz BE (@) strongly in L°(2 x D) as i — 00, (84a)
C(M D) — C(M ) strongly in L2(0) asi—oco.  (84b)
We need to show that
79 = GD) = G(¥) strongly in L2,(Q x D) as i — oo, (85)

in order to prove (i) above. We have from the definition of G, see (81a,b), that, for
all © > 0,

(@, 8) = L0, PD) (@) VpeX, (86a)
where (¥ € V satisfies

b(®, w) = L, D)(w)  Ywe V. (86h)

Choosing @ = ) in (86a) yields, on noting the simple identity
2(s1 — 52) 51 = 57+ (51 — 52)% — 53 Vs, 82 € R, (87)
(80) and (67) that, for all ¢ > 0,

i ~ At ~(i i
/ M {|n )12 4 7@ ¢5L5|2 )\lvqn()IQ—l—ZeAthn()F dg dz
QxD ~ ~ o o~

< M|¢6L5|2dqu+C(L,)\)At/ Ve v @2 de. (88)
QxD ~ Q~ ~ ~

Choosing w = v in (86b), and noting (87), (76), (62), (53), a Poincaré inequality
and (83) yields, for all ¢ > 0, that

/ [|v(l)|2 + \U(Z ZL15 } dz + Atv / Ve 1)(")|2 dz
/ W A 4 C AL £ )+ C A / MIFOPdgdr <O (39)
Combining (88) and (89), we have for all ¢ > 0 that

1705 + oD ) < CL, (A)™H). (90)

It follows from (90), (24) and the compactness of the embedding (58b) that there
exists a subsequence {7("*), v("*)}; <4 and functions 7 € X and v € V such that, as
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ik: — 00,
f](ik) -7 weakly in L°(€; L?M(D)), (91a)
M3V, 3% - M3V,7  weakly in L(2 x D), (91b)
M3 V, ﬁ(ik) Mz Vo1 weakly in L?(Q x D), (91c)
nle) 5 strongly in L3,(Q x D), (91d)
IS, weakly in H(Q); (91e)

where s € [1,00) if d =2 or s € [1,6] if d = 3. Tt follows from (86b), (75a,b), (91e)
and (84b) that v € V and ¢ € X satisfy

by, w) = b(D)(w)  Ywe . (92)
It follows from (86a), (79a,b), (91a—e) and (84a) that 7, ¢ € X and v €V, satisfy

alil,?) = la(u, V)@)  VPEX. (93)
Combining (93) and (92), we have that 7 = G (12) € X. Therefore the whole sequence

7 =Gp») — (12) strongly in L2,(2 x D) as i — oo, and so (i) holds.
As the embedding X — L2 77(© x D) is compact, it follows that (ii) holds.
As regards (iii), ¥ = w G(v) implies that {v, 1} € V x X satisfies
b(v, w) = £(1) (w) Yw eV, (94a)
a(th, ) =wla(v,9)(@)  VPeX. (94b)

The next two identities, and the resulting inequality (97), represent the key
ingredients of our argument, highlighting the significance of using the Kullback—
Leibler relative entropy in the testing procedure for the Fokker—Planck equation.

Choosing w = v in (94a) yields, similarly to (89), that

1
3 | [P+l = = 1P | e+ Aty [ 192 0P dg
Q Q

— At [Q””,@v ks T [ COID): yxgd;c] . (95)

Choosing ¢ = []-"(;L}’(J)\) in (94b) and noting (65a), (67), (4), (15a) and that v is
divergence-free yield

[, [0 - stz s
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Combining (95) and (96), and noting (53) and a Poincaré inequality yields that

(;J/ [|v|2+|v ?Llé }derwAtl/ |V v|2dx+kBT M FE (1) dg dz
~ QxD ~

+kpT At /
QxD

M |90 Vo (D) + 55 Vb ¥ (FHO))] dg o

SwAL(f" o)y + o /|u€L5|2dx+kBT M}'a(wwsL(;)dqda:
Qx D

gmy/ Ve ol de 0 ALCE) 18 £ ey

/|U5L5|2dx+k37 M F§ (W%La)dqdﬂ (97)
QxD

It is easy to show that FI(s) is nonnegative for all s € R, with F#(1) = 0.
Furthermore, for any w € (0, 1],

FE(ws) < Fl(s) ifs<Oorl<ws,
Flh(ws) < FE0) <1 if0<ws<1.
Thus we deduce that
Flws) < FE(s)+1 Vs €R, VYw e (0,1]. (98)
Hence, the bounds (97) and (98), on noting (66) and (65b), which implies that
[FL(s)" > L7t foralls € R,

give rise to the desired bound (82) with C. dependent only on L, kg, 7 and 12}\:215
Therefore, (iii) holds, and so G has a fixed point. Thus we have proved existence
of a solution to (71a,b). O

4.3. Energy estimates for (P, 1 5). We refer the reader to [6] for details. Choos-
ing w = ul;;in (74) and ¢ = [FEY (TZJEL(;) and combining, then yields for

m=1— N similarly to (97), but now with w =1,

m
3 l/ \gé’fL,al2dfg+Z/ u 1. _ES,L}HQdf}

+ kT Mf5(¢EL5)dqdm+ ZAt{ /|qu?,L,5|2dx
Q= ~ ~

QxD

—+ kB Te Mvz Q/JQL,(S : vz ([j:(SL}/( ;L,Lﬁ)) dq dz
QxD ~ ~ ~ 7

kT

o [ M s <c (@)
QxD ~ ~ ~

where C' is independent of §, L and At, on assuming that L is chosen so that

0<t¢o<L ae inQxD. (100)
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Choosing p = J‘?,L,é in (78) yields, for m =1 — N, using (99), that
[ iz stdade s> [ MG, - O P dgds
QxD ~ T, Z1/exD ~

+Y At /

n=1 Q

Choosing w = § (W) €V in (74) yields, using (99) and (101), that

n n—1 n n—1
eL,s — UeLs g Uen,s — UeLs
At ~ At

< C(L,T). (102)
Choosing ¢ =G <M> €Xin (78) yields, using (99) and (101),

—~ 2 1 - 2
M {25 ‘vxwg”\ + ‘qupg”‘ }dqugO(L). (101)
D Jeans] oy |Yaters] 1

2 z
dx

2

+

IS

N
;At /Q

At

N > n—1
w?LéidjEL(S

A Iy 3y
S oy

In line with (72) and (73), we now interpolate the time-semidiscrete sequences

Ul

| < C(L,T). (103)

5

{ygL,é}ﬁfzo, {QZQL,B}S/:O with respect to t in order to imbed them into the space-
time function spaces in which the analytical solution is sought, and then we pass to
the limit At — 04. Analogously to the notation in Section 3, we introduce
n—1 n
W0 = T () (), re e, iz,
(104a)
and

%ﬁ%;(i) = @n<'>7 te (tn_lvtn]a @?,E;S(’t) = yn_l(')v te [tn—l’tn)7 n=>1.

(104b)
We note for future reference that
3uAt 5
utl sty = (t—tmF) %’;’, te (@t n>1, (105)
where t™1 := " and ¢~ := t"~!. Using the above notation, and introducing

analogous notation for {&;Lﬁ, fPIN_ ), (74) summed for n = 1 — N can be restated

as

T [Qul ;
/ ~ 2w ) dt
o \ o Y/

T
+/ / @25 Vo )ul ] - wr v Vo ulyS Vew| duat
0 Jo L ~o7" ~ 7 7m0 v AT s ]

T
= / {<fAt’+7w>V —kpT | C(MPEETY wadx] dt Vw e LTa(0,T;V).

0 ~ ~ O~ v o~ o~ ~ ~
(106)
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Similarly, (78) summed for n =1 — N can be restated as

T/ 9
/ <M %”,@> dg dz dt
0 5~ ~
1 .
L [ v - i a @] vapdgara
QxD 2~ ~ oo~

/ / 5V ﬂ’eAEJg ?25¢5L6}'v$¢dqdmdt:0
QxD ~ ~
V@ e L7a(0,T;X).  (107)

We have from (99) and (104a,b), on noting (65b), that

At,+ At

o [ a4 [ [ Mere teral
te(0,7)

+u/ /|vw ull P dgdt < O(T). (108)

dg dt

In the above, the notation uA, (”(;i) means uEAtL s with or without the superscripts =+.

Similarly, we have from (101), (99), (66), (6 ) (102), (103) and (104a,b) that

sup [
te(0,7) LJaxD

/ / ‘V w?z'g‘ dqd:cdt—i—s/ /
QxD QxD

M|1/J8Az(§i \ dg dx] +f sup

TAL(,E
5 { M [215712 dg dx]
te(0,7) LJaxD ~

V. ¢§;§‘ dg da dt

oL 5|2
+ sup [/ \C MibeAz((;i))Fdx]—i-/ M EL(SA €L5 dgdzdt
te(0,7) ~ 0o Jaxp t ~ o~
T ut i SAr |4
Eva‘S 9 e, L,6
+/ / M +llg 2oL |l | agdedt < C(L,T). (109)
o Jaxp ~ Ot ot ||| 1%
x HI(Q) e

We are now in a position to prove the following convergence result.

Lemma 4.2. There exists a subsequence of {uEL(;, AEL(;}At>O; and functions
o5 € L0, T; L2(Q))NL2(0, T; V)WY (0, T; V') and ¢, 1, 5 € L®(0, T; L2, (€2
D)) NL2(0,T;X) N WL (0, T;X’) such that, as At — 04,

uely) = e weak* in L¥(0,T:L7(@),  (110a)

yﬁtL(y’éi) — Ue.L,5 weakly in L2(0,T; V), (110b)
At

S ng’f“s — S ayg’f’é weakly in L4 (0,T;V), (110c¢)

y?,z(”(;i) — Ue L5 strongly in L2(0, T; L"()), (110d)
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where r € [1,00) if d =2 and r € [1,6) if d = 3; and

M3 — M. s weak* in L°(0,T;L2(Q x D)), (llla)
M2V §25 — M2Vt s weakly in L2(0, T;L7(Q x D)), (111b)
M2V, 25 — M2 Vot s weakly in 17(0,T;L3(Q x D)), (111c)

g aAg’E’é -G &%f’é weakly in L%(O,T; X), (111d)

M2 @ﬁﬁf) — M3 ZZg,L,s strongly in L2(0, T;L2(Q x D)), (111e)

M3 BE@RST) — M2 BE(ders)  strongly in L0, T;L(Q x D)), (111f)
OM Y2 — C(Miers)  strongly in L2(0,T;L2(%)). (111g)

Furthermore, the pair {y&L,g,{b\E,L,g} is a global weak solution to (P: ), (68a,b)
satisfying the bounds:

T
sup [ / mg,L,stg] b [ WewpsPasasom, )
Q 0 Q

te(0,T)

sup [
te(0,T) LJaxD

T 1 . 2 N 2
+ / / M |:>\ ’vq wa,L,é‘ + € ‘Vl wa,L,é‘ :| dq dz dt
0 QxD ~ ~ ~

~ 1
M e 1, 5|* dg df] 4+~ sup

5 [ M [TZa,Lﬁ]Q_ dg dﬂﬁ}
te(0,1) LJaxp ~ o~

w s | [ 0G0l

te(0,T)
4
T Oue,n5° " B
+/ S = +llg ets || @t < c(r, ). (112b)
0 ~ Ot ot ||,
HY(Q) %
Proof. We refer the reader to [0]. O

Remark 2. Since the test functions in V are divergence-free, the pressure has been
eliminated in (68a,b); it can be recovered in a very weak sense following the same
procedure as for the incompressible Navier—Stokes equations discussed on p. 208 in
Temam [45]; i.e., one obtains that ¢ — fotpgyL,(;(., s)ds € C([0,T);L2(Q). o

4.4. Existence for (P ). Asthe bounds (112a,b) are independent of the param-
eter d, it follows immediately, similarly to (110a-d), (111a-g), and (112a,b), that
the following lemma holds.

Lemma 4.3. There exists a subsequence of {u. 15, 7:21\57L,5}5>0, and functions
uer € L(0, T3 L3(2) NLA(0, T3 V) N W (0, 75 V')

and
e, € L7°(0,T;12,(2 x D)) NL2(0,T:X) N Wb (0,T;X),



34 JOHN W. BARRETT AND ENDRE SULI

with 12)\57L >0 ae inQxDx(0,T), such that, as 6 — 04,

Ue L5 — Ue L weak™ in L°°(0, T Lz(Q)), (113a)
Ue s — Ue weakly in L*(0,T; V), (113b)
S 8%3;,6 — 9 B%Et'L weakly in L4 (0,T;V), (113c)
Ue,L.5 — Ue,L strongly in L*(0,T;L"(2)), (113d)

where r € [1,00) if d =2 and r € [1,6) if d = 3; and

M3 .5 — M2 4. weak* in L=(0, T; L2(Q x D)), (114a)
M?Vyters — M?Vyter  weakly in L2(0, T;L(Q x D)), (114b)
M? V.5 — M2 Voo weakly in L7(0,T;L3( x D)), (114c)

g 8%f’5 -G ag?L weakly in L4 (0,T;X), (114d)

M3 QZE’L,(; M2 /IZE,L strongly in LZ(O,T; L2(Q x D)), (114e)

M2 BE(hops5) — M2 B (¢or)  strongly in L°(0, T;L°(Q x D)), (114f)
C(Mtpep.5) — C(Mt.1) strongly in L2(0,T; L2()). (114g)

In addition, we have that

T
sup [/ u€7L|2dar] +1// /|quE,L|2dzdt§C'(T), (115a)
Q "~ ~ o Ja=~ ~ ~

te(0,T)

sup [
te(0,T) QxD

T 1 ~ 2 ~ |2
+/ / M L ‘vqws,L‘ ve ]vwei‘ ] dg dz dt
0 QxD ~ ~ ~

T
/
0

The nonnegativity of 1257 1, in the above lemma follows from the second bound in
(112b). Thus we can now pass to limit ¢ — 04 in (P, 1, 5) to obtain global existence
of a weak solution to the following problem for given e € (0,1] and L > 1:

(P..,) Find functions u. , € L°°(0,T;L2(2)) N L2(0,T; V) N Wb (0,7 V') and
Ve € L(0,T312,(2 x D)) N L2(0,T;X) N Whi (0, T;X), with C(M . 1) €

M3 |1Z€7L|2dqu}—|— sup { |C’(M1,//J\57L)|2dx}
~ te(0,T) LJQ = ~

Ul

é ~
auE’L ! 31/}5 L

< .
5 dt < C(L,T) (115b)

o

b

HY(Q)
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o~

LOO(OaTaLP(Q))a such that y87L('70) = @O(')v '(/)E,L('vo) = '(ZO() and

T [ Oue T
J < i vzv> s [ [[en - Voren] - wev Fones: Gow] de
14

:/ (f.w)y d - k:BT/ CM¢5L) Veowdrdt  YweL7a(0,T;V),
0

r 5¢5L ~
/ M —,p dt+/ / vawaL UEL'(/JEL}' w‘pdqudt
0 ot QxD

T 1 R
+/O /QxDM {”\qubE,L_[g(ga,L) ]ﬂ (¢6L)] q@dqudt—o

V@ e Lia(0,T;X).

Remark 3. Although we have introduced x-diffusion and a cut-off above to @Z =
/M in the drag term in the Fokker—Planck equation through the parameters

€ (0,1] and L > 1 in the model (P, 1) compared to the standard polymer model,
(P), we wish to stress that the bounds on w. 1, the variable of real physical interest,
in (115a) are independent of these parameters € and L. In fact, in the case of a coro-
tational model, the right-hand side in the estimate (101) becomes independent of L,
as one can exploit additional cancellations due to the skew-symmetry of gcomt(g).
Hence, (102) is then also independent of L. This raises the question whether in a
corotational model one can pass to the limit L — oo to recover the Fokker—Planck
equation, without cut-off. The answer is positive; the necessary modifications to our
arguments to show this are indicated below.

In our discussion above, because of the cut-off, we also control the time derivative
of 125, 1.,5; without cut-off this does not appear to be possible. Also, one should avoid
(103) as the right-hand side of this inequality remains L-dependent regardless of
whether or not the drag term is corotational. It is possible to get around these
technical difficulties by proceeding as in Barrett and Siili [5]: i.e., (i) the time
derivative has to be transferred from 126’ .5 to the (time-dependent) test function
in the weak formulation of the Fokker—Planck equation, similarly as in Section 3;
(ii) as we will no longer have strong convergence of a subsequence of {wg L.6}5>0
to wg L as 6 — 0y, and of {’(/JE Ltrs1 to ’(/JE as I, — oo, the drag term has to be
rewritten using that for all v € H§(Q2) and $ p e HY(Q;L3,(D))

Mg 2dgdz =3 [ [0 (V. )~ (VaP)gl-v] dgda.

QxD
One can then pass to the simultaneous limit § — 0, and L — oo in a very similar
manner as we did in the final section of Barrett and Sili [5]. <

Remark 4. For any s € (0,7) and At sufficiently small such that 0 < At < s, we
can choose P(z,q,t) = {[s —t]+ — [s — At —t]+} /At in (P. 1); hence,
1

f/ M 4. 1.(z,q,t) dg dg dt = M 4o(z,q) dg dz.
At At JOxD ~ ~ M

QxD

Letting At — 04 yields [, M. 1, (z, q,s)dgdz = [, p M@o(g,g) dg dg for all

5 € (0,T). An identical statement can be made about @Zs,Lﬁ in (Pers). ©
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