Time and space adaptivity for the second-order wave equation
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Abstract: The aim of this paper is to show that, for a linear second-order hyperbolic
equation discretized by the backward FEuler scheme in time and continuous piecewise affine
finite elements in space, the adaptation of the time steps can be combined with spatial
mesh adaptivity in an optimal way. We derive a priori and a posteriori error estimates
which admit, as much as it is possible, the decoupling of the errors committed in the
temporal and spatial discretizations.

Résumé: Le but de cet article est de montrer que, pour une équation hyperbolique
modele d’ordre deux discrétisée par schéma d’Euler implicite en temps et éléments finis en
espace, I’adaptativité des pas de temps peut se combiner avec I’adaptativité du maillage de
facon optimale. Pour cela, nous prouvons des estimations d’erreur a priori et a posteriori
permettant de découpler au maximum ’erreur issue de la discrétisation en temps et celle
due a la discrétisation en espace.
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1. Introduction.

Over the last two decades there has been considerable interest in the a posterior: error
analysis of finite element approximations to partial differential equations. While for elliptic
and, to a certain extent, parabolic problems, there is a fairly well-developed body of theory
of a posteriori error estimation which is reviewed in detail in a number of sources (see, for
example, the monographs [20], [1], [3], and the articles [7], [9], [10], [12], [13], [16], [21]),
the a posteriori error analysis of finite element approximations to second-order hyperbolic
problems is in a less complete state [18], [19], [2], [5], [6].

The aim of this paper is to develop the a posteriori error analysis of fully discrete
approximations to a model initial-boundary-value problem for the linear second-order wave
equation

O2u — Au =0,

in a bounded connected open domain in R¢, d = 1, 2 or 3; much of our analysis extends
to more complicated problems.

The outline of the paper is as follows. In Section 2, we recall some key energy estimates
for the wave equation. The purpose of these is to motivate the derivation of the discrete
estimates which are proved in the sequel. Section 3 is devoted to the description of the
time semidiscretization: this is arrived at by using a second difference quotient of u on a
non-uniform temporal grid to approximate 9?u and sampling Au at the upper-most time
level. On using the substitution v = d;u and rewriting the second-order wave equation
as a first-order system, we show that this time discretization is equivalent to a backward
Euler time discretization of the associated first-order system. By mimicking the energy
analysis of Section 2, we then show that the scheme is stable, and we prove optimal a
priori error estimates. In Section 4, we describe the fully discrete problem where the
time discretization from Section 3 is combined with a continuous piecewise affine finite
element method in space. We admit non-uniform time steps and spatial meshes that vary
in time. Concerning the use of variable time steps in the framework of ordinary differential
equations, we refer to the monograph of Hairer, Ngrsett and Wanner [15]. We prove the
unconditional stability of the fully discrete scheme and perform its a prior: error analysis.
Section 5 is devoted to the a posteriori error analysis of the fully-discrete problem. We
exhibit two types of error indicators, associated, respectively, with the temporal and the
spatial discretizations. We prove upper and lower bounds for each of them. Possible
extensions of our analytical result are discussed in Section 6.

2. Some properties of the wave equation.

Let © be a bounded connected open set in R?, d = 1, 2 or 3, with Lipschitz—continuous
boundary 0f€), and let T" be a positive real number. We consider the following initial
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boundary-value problem for the wave equation:
(0?u—Au=0  inQx]0, T,

u=20 on 90x]0,T7,
(2.1)
u(+,0) = ug in Q at time ¢t =0,

\ Oru(+,0) = v in Q at time ¢ = 0.

The data are functions ug and vy defined on €2 and the unknown is the function u defined
on Qx]0,T7.

In what follows, we consider the usual Hilbertian Sobolev spaces H*(€2) for all non-
negative real numbers s. Note that the space H°(2) coincides with the space L2(2) of
square-integrable functions. For simplicity, we denote its scalar product by (-, ) and its
norm by || - ||. As usual, H}(Q) stands for the closure in H!(Q2) of the space 2(Q) of
infinitely differentiable functions with a compact support in €2, and it follows from the
Poincaré-Friedrichs inequality that the seminorm: v +— ||Vv|| is a norm on H} (), equiv-
alent to the norm of H'(Q). Its dual space is denoted by H () and is equipped with
the corresponding dual norm || - [[g-1(g). Finally, for any separable Banach space F, we
consider the space L'(0,T; E) of integrable functions on (0,7") with values in E. For
any nonnegative integer m, we also need the spaces €™ (0,T; E) and W™1(0,T; E) of
continuously differentiable functions on [0,7] up to the order m with values in F and of
functions in L'(0,T; E) such that all their derivatives up to order m belong to L'(0,T; E),
respectively.

We begin with the following identity concerning the solution u. Note that the proofs
in this section are presented in a formal manner; their purpose here is merely to motivate
their discrete analogues to be considered later in the paper.

Lemma 2.1. Assume that the data (ug,vo) belong to H(Q) x L*(2); then, each solution
u of problem (2.1) satisfies at timet, 0 <t <T,

1cul® + [Vl = [lvol|* + | Vuo 1. (2.2)

Proof: Taking the inner product of the first line in (2.1) with 0;u and integrating by parts
in the second term gives

| ~
| ~

(|10eu]?) + = — (|| Vul|?) = 0.

N —
o
N —
o

t t

Integrating this last equation between 0 and ¢ gives the desired estimate.

Remark 2.2. By setting v = dyu and U = <:}L), we observe that the first line in (2.1)

0 1
- (2 No-o
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For a while, let us consider the more general system, with F' = (i; ) and Uy = (:}LO ):
0

0 1 .
oU — (A O) U=F in 2x]0,T7,
u=0 on 90x]0,T7, (2.3)

U(-,0)=U, in  at time ¢ = 0.

For any data (f,g) in L'(0,T; H}(Q)) x L1(0,T; L?(Q)) and (ug,vo) in HE () x L*(),

A

taking the inner product of the first line in (2.3) with W = < _v “) leads to the following

estimate, valid for ¢, 0 <t < T

(Iol2 + 1Vul®)* < (leoll® + | Vuol ) +/O (gl + IV £1)(s) ds. (2.4)

A weaker estimate holds for less smooth data. Indeed, let us consider the Laplace operator
which associates with any data k in H~1(Q) the solution z = Lk of the Laplace equation
subject to homogeneous Dirichlet boundary condition:

z=0 on Of).

This operator is self-adjoint and positive definite, and is an isometry from H~1(Q) onto
H}(2). Moreover, it can be seen [17, Chap. 1, Th. 12.3] that, for each k in H (),

the norm ||£2k| is equal to %]l 7-1(0). Now, let us assume that the data (f,g) belong
to L1(0,T; L*(Q)) x L*(0,T; H~Y(Q)) and (ug, vo) in L*(2) x H~1(Q). Then, taking the

inner product of the first line in (2.3) with W =
which is valid for all ¢, 0 <t < T

, we obtain the following estimate

U
Lv

t
1 1
(ol -1y + lull?)® < (llvollF-1.(q) + lluoll®) +/O (gl -2y + If1)(s)ds.  (2.6)

An analogue of estimate (2.6) will be used later on for proving a posteriori estimates.

To conclude this section, by combining the Cauchy—Lipschitz theorem with estimate
(2.2), we easily deduce the well-posedness of system (2.1).

Proposition 2.3. For any data (ug,vo) in H}(2) x L?(2), problem (2.1) has a unique
solution u in €1 (0, T; L*(Q)) N €°(0, T; H} (). Moreover this solution satisfies (2.2).

3. The time semidiscretization.

Since we intend to work with nonuniform time steps, we introduce a partition of the
interval [0, 7] into subintervals [t,—1,t,], 1 <n < N,suchthat 0 =tg <t; < --- <ty =T.
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We denote by 7, the length ¢,,41 — t,, by 7 the N-tuple (7,...,7n—1) and by |7| the
maximum of the 7,,, 0 <n < N — 1.

The semidiscrete problem is then constructed in a very simple way, by applying Euler’s
backward scheme to system (2.3) in the case F' = 0. Thus, it consists of finding a family
(u™)o<n<n in HH(Q) x L2(Q) x HE(Q)V 1 such that

( n+1 n n n—1

wi—ul_wiowl . p Ayl =0 inQ, 1<n<N-1,
I S ondf2, 1<n<N-1,
(3.1)
u® = g in Q,
(u! = ugp + 70 w0 in €.

Assume that the data (ug,vo) belong to H}(2) x L*(2). Then, u° and u' are defined
by the third and fourth line in (3.1). Moreover, for each n > 1, u™*! is a solution of a
Helmholtz-type equation, — more precisely, of the following variational problem.

Find v+ in H}(Q) such that

Tn

vw e H}(Q), (W™ w) 472 (Vu" ™, Vw) = (u" +

"1, w). (3.2)

Tn—1

By applying the Lax—Milgram lemma it is easy to verify that this problem has a unique
solution. Hence, by induction on n, we also deduce that system (3.1) has a unique solution.

We now prove a stability estimate for the family (u™)o<n<n, which can be thought
of as the semidiscrete analogue of (2.2). It requires a further regularity property of the
function vy, but this is due to our choice of u'.

Lemma 3.1. Assume that the data (ug,vo) belong to H3}(2)?; then, each solution
(u™)o<n<n of problem (3.1) satisfies, for 1 <n < N —1,

un—l—l — "
IITill2 [V TP < lwol” 4+ 2/[[Vuol? + 275 [[ Vo2 (3.3)

n

1
n+ u

Proof: Multiplying the first line of (3.1) by “——=%" and integrating over  gives
Tn

un—|—1 — " u™ — un—l un—|—1 — "
|1 + [Vu" || = ( : ) + (Vu", Vu" ).

Tn Tn—1 Tn

Thus, by using the Cauchy—Schwarz inequality, we obtain

un—l—l —un u” — un—l
=P+ V" < |l——" + [ Vu"]" (3-4)

n n—1



Applying this estimate recursively then leads to
un—i—l —un ul _ UO
17 + IVu" " < [[——* + [IVu'|*.
T T0

n

The desired estimate follows by using the third and fourth lines in (3.1).

Remark 3.2. In contrast with the solution u to initial-boundary value problem (2.1),
the regularity properties of the u™ are easy to . There exists an s > % such each u"t!,
1 <n < N —1, belongs to H*T1(£2); the maximal such value of s is explicitly known when
) is a two-dimensional polygon; in particular the maximal value of s is > 1 when € is
convex or in dimension d = 1. In any case, the following estimate can be derived from

(3.3) for s < 1:

1
o [ i) < e ([voll® + [Vuol® + 75 [Vuoll?) 2, (3.5)

so the norm of u™™! in H*T1(Q) is not bounded independently of 7 under the present
hypotheses on the regularity of the data.

Remark 3.3. When applying Euler’s backward scheme to system (2.3), we obtain the

n

problem consisting of finding a family (U™ )o<n<n, with U™ = <Z” ) , such that

Tn A0
utl =0 on 02, 0<n<N-—-1, (3.6)

w—(o 1)U"“=F”+1 in®Q,  0<n<N-1,

U° =0 in €.

When F*! =0 for all n, 0 < n < N — 1, this system coincides with problem (3.1), except
at the first step when n = 0. It would fully coincide with problem (3.1):

(1) either if the fourth line in problem (3.1), which corresponds to an explicit discretization,
were replaced by the implicit equation

ul — 72 Aut = u® + v in Q,
{ul =0 on 0§ (3.7
(ii) or if system (3.6) were replaced by

(

Un+1_Un . O 1 Un—|—1 — F’I’L+1 in Q, 1 S n S N — 1,

Tn A0

e ondf2, 1<n<N-1, (3.8)

U1:<U0+7'0U0) in Q
\ Yo '

_ n+1
Finally, by taking the inner product of the first line of system (3.8) with W = ( vAnZﬁrl )

and using the same arguments as in the proof of (2.4), we deduce the stability estimate

n 2
o 12+ Va2 < 2 (02 + 196l 2) + 2 (50 7 Qlg™ I+ IV D) (3.9)
m=1
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where f"*1 and ¢g"*! are the two components of FT1. We also note that on taking the
un—‘,—l

Evn—i—l
operator introduced in Section 2, leads to the following estimate in weaker norms:

inner product of the first line of system (3.8) with W = , where L is the Laplace

n+1 n+1 ||2

o™ 1 )+l

n 2
< 2 (0 sy + 10 12) + 2 (32 7 (g™ M a1y + 174D

m=1

(3.10)

The first a priori error estimate relies on estimate (3.9). Indeed, for the solution u of
problem (2.1) and the solution (u")o<n<n of problem (3.1), let us define (with the function
v equal to dzu))

E”:(e
&

We note that the family (E™);<,<n satisfies system (3.8) with the U™ replaced by the E™
and the data F"*! replaced by the consistency errors

v

e3e3

) , with er =u(t,) —u" and e =0v(t,)—v", 1<n<N.(3.11)

n+l _ u(tTH—l) — U(tn> o atU(tn+1), 8”"‘1 — U(tn+1) _ U(tn) — atv(tn—‘,—l)' (312)

Tn Tn

€

Theorem 3.4. Assume that the solution u of problem (2.1) belongs to W1(0,T; L?(2))N
W21(0,T; H}(Q)); then, the following a priori error estimate holds between this solution
and the solution (u™)o<n<n of problem (3.1), for 0 <n < N — 1:

utt — 2 1y (12
10su(tni1) — ————II" + [V (u(tni1) —u" )|

" ) (3.13)

tn+1
<elr? (7 (100l + 102Vul) (9)ds)

Proof: By applying estimate (3.9) to the system satisfied by the E™, we obtain
n 2
leg 112 + (IVer ™ 1* < 2 (legll” + ([ Ve |?) + 2 (Z T ([l ] + HV€um+1H)> - (3.14)
m=1

We now evaluate the terms on the right-hand side of this inequality by using Taylor’s
formula
w(tni1) —w(tn)
Tn

1 tn+1
—w (thi1) = —— / w”(s) (s —t,)ds,
Tn Jt,

for bounding the terms linked to the €7, ” and el and a simpler formula combined with
the embedding of W31(0,T; L?(Q)) into €2(0,T; L*(2)) for bounding the term linked to
el. This leads to the desired estimate.



We skip the proof of the error estimate in weaker norms, since it relies on exactly the
same arguments, with (3.9) replaced by (3.10).

Corollary 3.5. Assume that the solution u of problem (2.1) belongs to W31(0,T; H=(Q))
NW?21(0,T; L*(2)); then, the following a priori error estimate holds between this solution
and the solution (u™)p<n<n of problem (3.1), for 0 <n < N — 1:

utt —un n+112
10su(tnt1) = ————Il-1(q) + lultnt1) — ™|
" (3.15)

o [T as 2 2
<clel? (7 (10ullava + 10Pul)(s)ds)

Since Euler’s scheme is of order 1, estimates (3.13) and (3.15) are fully optimal and
prove the convergence of the time semidiscretization.

4. The space discretization.

Henceforth, for the sake of simplicity we assume that {2 is an interval, a polygon or a
polyhedron in R? for d = 1,2, 3, respectively. At each time t,, 0 < n < N, we introduce
a regular family (7, 5)n of triangulations by closed intervals (d = 1), triangles (d = 2) or
tetrahedra (d = 3), in the usual sense that:

e For each h,  is the union of all elements of b

e For each h, the intersection of two different elements of 7,, 3, if nonempty, is a vertex,
a whole edge or a whole face of the two elements;

e In dimension d = 1, the ratio of the length hx of an interval K to the length of any
interval K’ sharing a vertex with K is bounded by a constant o independent of K, n and h.
In dimension d > 2, the ratio of the diameter hx of an element K in 7, j, to the diameter
of its inscribed circle or sphere is bounded by a constant ¢ independent of K, n and h.
In view of system (3.1) and without restriction, we choose 7; ;, equal to 7y 5. As usual, h"
denotes the maximum of the diameters of the elements of 7,, ,. In what follows, ¢ and ¢/
stand for generic constants independent of the h™ and 7,.

The finite element space is then given by
Xop = {wh € HY(Q); VK € Ty, wy i € Pl(K)}, (4.1)
where P;(K) stands for the space of restrictions to K of affine functions on R,

To describe the discrete problem, we introduce the orthogonal projection operator
I, from H}(Q) onto X, 5: for any function w in H}(Q2), I, ,w belongs to X,, ;, and
satisfies

Vzp, € Xn,h, (V(w — Hn,hw), Vzh) =0. (4.2)

Thus, the discrete problem is derived from (3.2) by a slightly modified Galerkin method.
For appropriate approximations ug, and vgp, of ug and vy in X, (note that the spaces
Xo,» and X7 j, coincide), it reads as follows:



Find (u})o<n<n In H;V:O X, » such that
u% = Ugp and U}L = Ugp + To Von, (4.3)

and, for 1 <n < N —1,

n—1
nt1,hUy Uy — Il puy

Tn Tn—1

n+1
U —1II
Vwy, € Xpgi,h, ( h

,wh> +7n (VU™ V) = 0. (4.4)

In analogy with (3.2), it can be seen that each uZH, 1<n <N —1,is a solution of

the following discrete variational problem.
Find uZH in X415 such that

vwh € Xn—|—1,h7 (UZ+1,'th) + 7—73 (vu;b_'—l? th)

4.
- ((Hn—H,th + (4.5)

Tn n—1

(uy — Iy pup ™), wh).

Tn—1

Thus, it follows from the Lax—Milgram lemma that system (4.3) — (4.4) has a unique
solution.

Remark 4.1. The introduction of the operators II,, ;, is motivated by the fact that, in
contrast with standard fixed-grid finite element discretizations of the wave equation, here
we have chosen to work with different meshes at each time step. Note however that, if
Ty+1,n is only refined with respect to 7,, 5, i.e. if each element of 7,1 is contained in an
element of 7, 5, then X,, 11} contains X, 5, so that II,, 1 pu} is equal to uj.

We now establish a stability property for the family (u})o<n<n. The necessity of
introducing the II, ;, is brought to light in the proof.
Lemma 4.2. Let us assume that the data (ugp,von) belong to Xg,h; then, each solution
(up)o<n<n of problem (4.3) — (4.4) satisfies, for 1 <n < N —1,

|| ”LLZ+1 B Hn-l-l,huz ||2

- +IVup THZ < Jloonl® + 20 Vuon|* + 275 [[Vvon |- (4.6)

+1 n
—Ilpy1,nupy
Tn

Proof: By taking wy equal to Y (which belongs to X,,11,5) in (4.4), we obtain

n+1 _ H n
/] LR h |24 Va2
Tn

—1 ’I’L—|—1 n
u? —I1, hut U —1II U
h n,h Uy h n+1,h % +1
= ( : + (Vud ™, VI puld).

Tn—1 Tn

Thanks to the definition (4.2) of the operator I, ; 5 and since UZ_H belongs to X, 41,1,
we have

(V™ Vg1 puy) = (Vulth Val).
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Hence, by using the Cauchy—Schwarz inequality, we obtain

LR § | un u® — 1L ,un !
| SRR | VP < [ P | V
n n—1
Applying this inequality recursively leads to
R | ul ul —II; pu?
|2 WELA B2 4[|V P2 <R 2 ) Vg 2

Tn

Since the triangulations 7y j, and 73 j, coincide, I, hu% is equal to u%. This gives the desired
estimate.

We conclude this section by proving an a priori error estimate between the solutions
(u™)o<n<n and (u})o<n<n. We recall that there exists a Clément type operator R,, ; (see
[11]) which maps H} () into X, ;, and satisfies the following estimates (see [8, Chap. IX,
Th. 3.11]): for all K in 7,, , and any function v in H**1(Q)N H(Q), 0 <s < 1,

IV(v = R n0) |l L2(r0y2 + b |0 — Runvll2x) < ehie [0l me+i(age), (4.7)

where Ak stands for the union of elements of 7, 5, which have a nonempty intersection
with K. The same estimates hold for the Lagrange interpolation operator Z,, j,, however
with the restriction s > % — 1 since this operator is only defined on continuous functions.
We now state the analogous properties of the operator II,, ;, on the whole domain, and
present a sketch of their proof.

Lemma 4.3. There exists a real number oq, % < oq < 1, such that the following estimates
hold for any function v in H*T1(Q) N H}(Q), 0 < s < 1:

V(v = Iy po) [ + (h") 77 flo = T pol] < ¢ (A7) o] gtr(0)- (4.8)

The parameter oq is equal to 1 either in dimension d = 1 or when (Q is convex, and is < ~
when () is a nonconvex polygon with largest angle w.

Proof: The first estimate in (4.8) is easily derived from the definition (4.2) of the operator
I1,, 5, and estimate (4.7). The second estimate relies on a duality argument: we solve a
Laplace equation with data v —II,, ,v and homogeneous Dirichlet boundary condition on
0Q; recall that the solution w to this problem belongs to He**1(Q) for the values of the
parameter oq introduced above, with the norm in this space smaller than a constant times
|v — IL,, pv||, and use the formula

v — Hn’th2 = / V(v -1, v) - V(w —II, pw)de, (4.9)
Q

together with the first part of (4.8).

Theorem 4.4. Assume that the solution (u™)o<n<n of problem (3.1) belongs to the space
HsTHQ)NFL 0 < s <1, and that the initial data (ugp,von) are defined by

uon, = o, nuo, vor, = 1o, po; (4.10)



then, the following a priori error estimate holds between this solution and the solution
(up)o<n<n of problem (4.3) — (4.4), for 0 <n < N — 1:

(4 — ™) = (0 Taf)
|| : 2 47 rtt — upt 2
Tn
< e (0 1+ B (1)

" 1
2
—1 m 1m4+1y\oq+s m+1—k
+ (Z T (max{h ,h }) Q Z ||u ||Hs+1(Q)> )
m=0 k=0
Proof: We set
ep =up — I pu”, ey =u” =1 pu”, e =u" — Ihqq plln pu™

By combining problems (3.1) and (4.4), and using the orthogonality property (4.2), we
have, for any wy, in X411 p,

n+1 n n n—1
e —1II e e — 11, pe
h n+1,hCph h n,hCp n+1
( — swi | + 1 (Ve ™, V)
Tn Tn—1

~n+1  ~nx ~n __ ~sn—1x

é é é é
h h h h ~n+1
= ( — ,wh> + 7, (Ve , Vuwy,)
Tn Tn—1

~n+41 ~1% ~n __ ~sn—1x

e — e e e
h h h h
= ( — ,wh>.
Tn Tn—1

We now set

n—|—1_]:[

~n4-1

n—|—1,h87i;b ||2 + ||V€Z+1H2)%, En—|—1 — ||MH

n

n

6n+1—Hn+1’h€Z

By taking wy, = -
Lemma 4.2 that

, we derive from the same arguments as in the proof of

(Zn—i—l)Q S ann—l—l 4 (En+En+1)Zn+1,
whence
Zn—l—l S Zn+(En+En+1).

Summing over n leads to
n+1
7N <7 2 Y BT
m=1
It follows from the choice (4.3) and (4.10) of the initial conditions and the fact that the
triangulations 7y 5, and 7; 5, coincide, we have

0 0 0 . 1 _ 1 1_ .0 —
€y = uh—HO,hu = Ho’huO—H()’huO = O, €y = uh—Hl,hu = eh+70 (HO,hUO_HO,hUO) = O,
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so that Z! is zero. Taking the square of the previous inequality and using the triangle
inequalities

~n+1 n+1

(O VA I (VL | MR Vi) e —ep ey — 1,11 nep
s Y A |

(u

TTL n n

and
IV (™ —up ™| < Ve + ([ Vep |

imply that the left-hand side of (4.11) is bounded by

n+1
9 ”v<un—|—1 . Hn—i—l,hun_'_l)”Q +6 (Z Em)2

m=1
On bounding this last quantity using (4.8) and the triangle inequality

_— un—l—l — " u™ u”
E SII(Id—Hn+1,h)(77)II+II(Id—Hn,h)T—II+II(Id—Hn+1,h)(fd—ﬂn,h)7—||,

n n n

we conclude the proof.

We make some further comments on estimate (4.11).
(i) In practical situations, the discrete initial conditions (4.10) are replaced by

uon = Zo,nUo, von = Zo,no- (4.12)

This leads to the same error estimates as before, except that additional regularity require-
ments have to be imposed on the initial data (ug, vp).

(ii) Under the assumption that the expressions [|u"||gs+1(q), 0 < n < N, are bounded,
independent of n, estimate (4.11) proves the convergence of the method when the quantity

(hn—|—1>s + Z 7_;1 (maX{hm,hm+1}>UQ+s

tends to zero. This requires that the A" are small enough in comparison with 7,,. A simple
sufficient condition for retaining the optimality of the spatial approximation error would
be to demand that

max{h™, K"t < Cr2/o9,

(iii) In dimension d = 1 or when € is convex, when combining (4.11) with the regularity
property (3.5), we deduce that the right-hand side of (4.11) is bounded above by

(g, v0) (% (™12 ZT (max{n™, k" 1})2)*)

where the constant c¢(ug, vg) is a constant multiple of the right-hand side of (3.5). Hence,
the conditions for convergence, under the assumed (limited) regularity hypotheses on the
initial data, are made explicit here.

11



(iv) When combining estimates (3.13) and (4.11), we obtain an a priori estimate for the
fully discrete scheme.

5. A posteriori analysis of the discretization.

We describe two families of refinement indicators and prove upper and lower bounds
on the error, focusing first on the temporal and then on the spatial discretisation.

THE TIME DISCRETIZATION

For each n, 1 <n < N — 1, the refinement indicator is defined by

un—|—1 —1I

+1,Up u”—H,hu”_l
M = To |V (up ™ = up) || + 7 | - b b —2h |

(5.1)

Tn Tn—1

We refer to [16] for the original idea to employ indicators of this type and to [7] for their
use in the a posteriori analysis of finite element approximations to the heat equation. We
note that n,, is very easy to compute once the discrete solutions uZ_l, up and uZH are

known. Our aim here is to derive a posteriori bounds on the error in terms of the n,.

As usual, the a posteriori analysis of the time discretization relies on an appropriate
residual equation. In order to define this, let u, denote the function which is continuous,
affine on each interval [¢,,_1,%,], 1 <n < N, and equal to u™ at t,, 0 <n < N. Similarly
let v, denote the function which is continuous, affine on each interval [t,,_1,t,],1 <n < N,

and equal to v" = “n%“i_l at t,, 1 <n < N, and to vy at tg = 0. Setting v = Ju, the

n—

T

residual system, with U = (:}L) and U, = <ZT ), is defined as follows

0,(U — U,) — (g (1)) (U -U,) = (Zz) in Qx]0, T,
w—1uy =0 on 99x]0, T, (5.2)

(U-U;)(-0)=0 in  at time ¢ = 0,

where the residual quantities R, in L*(0,T; L*(Q?)) and R, in L'(0,T; H~1(Q)) are affine
functions on each interval [t,,,t,+1], 1 <n < N —1, equal to

R( t): UT_Q)n-Fl, 1ftn§t§tn+171§n<N_17
u\") O, if0§t<t1, )

R( t)_ A'U/T_Aun—kl, iftngtgtn+1,1§n<N_1,
o B AuT? 1f0§t<t1

We are now in a position to prove our first a posteriori error estimate.

12



Proposition 5.1. The following a posteriori error estimate holds between the solution u
of problem (2.1) and the solution (u™)o<n<n of problem (3.1), for all t, 41,0 <n < N —1:

un—|—1 —um N
[ (Out) (trs1) — ———i;————‘HH>4(Q)'+ u(tnsr) — u™ |

n

n
< ¢ (D2t + 70 Vo] + 7 Vo

m=1

+ ) T > IV R
=1 k=0

Tm—k

n 1 —k +1-k — —k
+ Z T Z ” (um-i-l B u;,n ) B (um b Hm—|—1—k,hu;¢n ) H)
—1 k=0

Proof: We use the same arguments and the same notation as in the proof of estimate

(2.6). On taking the inner product of (5.2) with <L,Q(LU__UUT )) and setting

][

2(6) = (Il = ) 012 + 10 = o) (D)

we obtain
1 dz?
5 a :(Ru, u— uT) + (RU, L(v— UT))
<N Ru(OI(u = ur) G )|+ (|1 Ro Gy ) [ -1 [(0 = 02) G5 ) [ -1
< (1RGO + 1R ) Fr-102y) 2,
whence

dz 1
5 S (RGO + 1R () Fr-1(0)) * < NBuC O+ 1R 0| -1 ()

Integrating this last inequality between 0 and ¢,,+; and noting that Z(0) is equal to zero,
we obtain

tnt1
Z(tn—Fl) S /O (HRu(vS)H + ||RU('7S>||H71(Q)) ds.

We note that Z(t,41) is larger than % times the left-hand side of (5.3). Next, to bound
the integral of || Ry||-1(q) on each interval [ty ty 1], 1 < m < n, we observe that

um—|—1 —um

UT('73>:U _7(tm+1_8)7 thSStm—kla
Tm

whence

m

tm41 . - tm41 tna1 — S Tm .
[ IRy ds = V@t - [ = Ty,
t tm Tm
13



and we conclude by using the triangle inequality that
IV (™ —u™)|| < V(™ = i)+ [V @™ = a D[+ [V (@™ = ).

A similar argument is used to evaluate fg’l IRy (-, 5)|| r-1() ds and ftm“ | Ru(+, s)| ds.
Combining all these bounds leads to the desired result.

The same arguments yield that estimate (5.3) still holds with ¢,,.1 replaced by any ¢
in |t,, t,+1[. Further estimates seem necessary, in order to compare the indicator with the
error.

Corollary 5.2. The following a posteriori error estimates hold between the solution u of
problem (2.1) and the solution (u")o<n<n of problem (3.1), for alln, 1 <n < N —1:

tni1 1 un—Fl—k _ un—k
1] V= uns) sl < Y vt ) — o
tn k=0 ne
) (5.4)
i+ T Y V(TR g R
k=0
and
1 - 1-k
II/ (v —vr)(s)ds]| <) lultnri—g) — w5
:(i (un+1-F +1— k:) ( kI k) (5-5)
ut T — oy u " = Il — gy,
+ 0+ 70 ) s . .
Tn—k
k=0
Proof: Integrating the second line of the residual equation from (5.2) gives
trn41 tnil
—/ Alu—u,)(s)ds = / Ry(s)ds — (v —v;)(tnt1) + (v — 07 ) (tn),
tn tn
and taking the H~1(Q)-norm of the left-hand side thus leads to
tn+1
[ A=) dsl-ro
t
tn+1
< / $)dsll 10 + 10— 0 (i) lir-1oy + 10 = 02) (E) L1110

To evaluate the first term, we write

(f;"Jr1 Au—ur)(s)ds,w)

tn+1
|| / Alu—uy)(s)dsllriy = sup e
. 7 emi@) V]|

~([ M (V(u — ur)(s) ds, V)

tn

= sup
we H(Q) V]|

14



On taking w equal to — ftt"“ (u —u,)(s) ds, we obtain that

tn+1 t'n+1
|| / Alu—uy)(s) dsllarri0 > | / V(u—uy)(s) ds].
tn tn

We note in passing that the two sides of the last inequality are, in fact, equal; this can
be seen by applying the Cauchy—Schwarz inequality in the numerator of the right-most
expression in the penultimate chain of equalities. Similar but simpler arguments (since R,
is piecewise affine with respect to t) lead to the bound

tn+1
1] Rol) dsllr oy < [900 =)
tn

We conclude the proof of (5.4) by using the same triangle inequality as in the proof of
Proposition 5.1. We skip the proof of (5.5) since it relies on exactly the same arguments
(integrating the first line of equation (5.2) and taking the L2(2)-norm of the left-hand
side).

On adding estimate (5.4) to (5.5) and using (5.3) in the right-hand side of the resulting
inequality, we deduce that

H / V- u)(s) ds] + | / o= ) (s) s

is bounded by the right-hand side of (5.3). Next, we prove an upper bound on the refine-
ment indicators n,, 1 <n < N — 1.

Proposition 5.3. The following estimate holds for each indicator 7, defined in (5.1),

1<n<N-1:
1 un—|—1—k - un—k Lk
M < > @) (tng1—x) — — 1) + [ultnii—x) — w77
k=0 n-

i / = ) (s)ds]| + | / o= v)(s) ds]
’ ’ (5.6)

1
1 ) IV )|
k=0

1 _ —k — —k
+ 7 )l A el (i | ERE B )).
k—0 Tn—k

Proof: We first note, by using triangle inequalities analogous to those in the proof of
Proposition 5.1, that it suffices to bound the two quantities

T V@™ —um)l, o [l =0

15



1) To estimate the first of these, we take the inner product of the second line of (5.2) with
u™t!t — u™ and integrate between t,, and ¢, ; this gives

tn41
%1 Hv(un—H _ un)HQ < / (6,5(1) o UT>(S),un+1 o un) ds
t

n

+ (/t - V(= ur)(s)ds, V(u"" —u™)).

n

Integrating by parts in the first term of the right-hand side yields

S =)

n u™ n—1

n+l . n\ _ n+l _  n
p , U u) ((8tu)(tn) 7%_1 LU u)

+ (/t " V(u—ur)(s)ds, V(" —u")).

n

un—l—l

< ((9pu) (tnt1) —

—Uu

Hence, by a simple application of the Cauchy—Schwarz inequality, we get

Tn n n
S V@t =)

un—|—1 u™ un— 1

< @) (tnt1) = ———— -1 + 1(Gw)(tn) — ————lH-1(0)
T, T 1

n - n—
+ ||/ V(u—ur)(s)ds|.
tn

2) Similarly, to evaluate the second quantity, we take the inner product of the first line of
(5.2) with v — v™ and integrate between t,, and ¢, ;1. This leads to

T 0 S (ultn) 0 )~ (ult) — a0 o)

(e s o),

n

We conclude the argument in the same manner as was discussed previously.
THE SPACE DISCRETIZATION

For each K in 7, , we introduce the set £k of endpoints in dimension d = 1, edges
in dimension d = 2 or faces in dimension d = 3 of K which are not contained in 0€2. In
dimension d > 2, for each e in £k, we use the following notation:

e h. denotes the length of e in dimension d = 2 or the diameter of ¢ in dimension d = 3;
e n. denotes the unit outward normal vector to K on e;
e [-]. denotes the jump through e in the direction of n..

For each n, 1 <n < N—1, and each K in 7,11 5, we consider the refinement indicator
defined by

un—i—l —T1I 1 hun u® — 11 hun_l
M, = |[ufy — gy nuf | L2y + hic |2 mh o h R b ey
Tn Tn—1
) N (5.7)
+XaTn > he 1 On.up e ll2(e)
ecli

16



where x4 is equal to zero in dimension d = 1 and to 1 in dimension d > 2. Note that the
first term in this definition stems from the use of different spatial meshes on the various
time levels, while the other two terms are the same as those in standard residual-based
error bounds for the elliptic equation (4.5), see [20, §1.2].

We now consider the residual equation associated with problem (4.3) — (4.4). For
1 <n <N, define
u? —un ! up — I, pup ™ ! n n

N n __ n _ n _ n n
Vo= Up = ; Chy = U — Up, €hy = 0" —vi. (5.8)
Tn—1 Tn—1

It then follows from (3.1) and (4.4) that the vector error E}' = ( hu ) satisfies the residual

hv
system
( nt+l_ pn n+1
M_<g 1)E2+1:<€7i}byf—l> iIlQ, 1§’I’L§N—1,
" 0 hv
ey =0 ondN, 1<n<N-1, (5.9)
Bl = (UO—U0h+T0(U0—U0h)) in 0,
\ Vo — Voh

where the quantities e/t and £} are defined in H~1(Q) by

uy — 11 hu”
<n+1 >:( h n+1, h,v),

8hu ) Tn
5.10)
1t 11 u  ou? — I, pu ! (
<€Z:rl, >:__( h n+l,hlp Uy n,h%p 7 )—(VUZ+1,VU).
Tn Tn Tn—1

The proof of the a posteriori error estimate stated in the next proposition relies on system
(5.9).

Proposition 5.4. The following a posteriori error estimate holds between the solutions

(u™)o<n<n of problem (3.1) and (u}})o<n<n of problem (4.3) — (4.4), for alln, 1 < n <

N —1:
) —

- Hn+1,th) n+1 n+1
—up |

-1 + [|u

Tn

(XY (5.11)

m=1 KeTm+1,h

o — wonl + 70 oo — von | + l[vo = vonll -1 )

Proof: Applying estimate (3.10) to system (5.9) and then taking the square-root of both
sides of the resulting inequality and using that, for any two nonnegative real numbers a
and b, \/—(a +b) < Va? +b% < a+ b, we obtain that

e sl ) < e (el + eball + 32 7 (It sy + 1))

m=1

17



Now, the terms on the left-hand side of this inequality are exactly the same as in (5.11),
so we now evaluate the quantities on the right-hand side.

1) The bounds on ||e},, || -1 (o) and ||e;, || come from the third equation in (5.9); hence the
last three terms on the right-hand side of (5.11).

2) Tt follows from the definition of £}*" that

m+1 - Hm+1,huzl —1 m m|2 %
leh || = || . =70 >0 lup =T 1 320)) 2
m KeTmy1,n
3) We have
emtl o
et g-10) = sup ()

veri@) IV

We deduce from problem (4.4) that <5Z;+1, vp) = 0 for all v, € X, 41,p; therefore, for any
vin H}(Q) and vy, in X410,

m—+1 m—1
<€m—|—1 V) = 1 (Uh — g1 puy’ up' — i puy
h ’ - o
Y Tm Tm Tm—1

,U—Uh) (Vuy' m+1 V(v—vh))

m—+1

Integrating by parts in the last term on each K of 7,1 5 and recalling that u,""" is affine

on K leads, with an obvious modification in dimension d = 1, to the equahty

m+1 1
(€M 4y = 1 (uh —Wpprpuy  wp' — Iy th‘
hv T, Tm T,

U—Uh)

5 S e e

K€Tmi1,n e€EE€K

In dimension d = 1, since H!(Q) is contained in the space of continuous functions, we
take v, equal to the continuous piecewise linear Lagrange interpolant of v, where the
interpolation points are the endpoints of the intervals K of 7,1 5; hence, the last term
then disappears. In dimension d > 2, we take v, equal to the image of v under the operator
Rm+1,n introduced in Section 4, and we use (4.7) and the further estimate, see [8, Chap.
IX, Cor. 3.12)),

1
[v = Rmt1,00l12(e) < ché (vl mr(ak)-

These give
hi  up' o1 T1pupt upt =11 ,hum_l
(et v) < Z —|| - ho— b el 12109
Tm Tm—1

K€Tmi1,n

+ Xa Z he || Me u;?‘i‘l]e ||L2(6)>||U||H1(AK)'

eclk

We conclude by using a Cauchy—Schwarz inequality for finite sums and recalling that each
element in 7,41 5 is contained in a finite number of A, where “finite” means bounded as
a function of the regularity parameter o of the family of triangulations. That completes
the proof of (5.11).
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We also need a bound on the other terms which appear in (5.3).

Corollary 5.5. The following a posteriori error estimate holds between the solutions
(u™)o<n<n of problem (3.1) and (u})o<n<n of problem (4.3) — (4.4), for alln, 1 < n <
N —1:

ol _ () = (W = T i)
o (IV @™ = )|+ | . 2)

(XY (512

m=1 KETm+17h

Tn

+ o — won | + 70 o0 — von | + l[vo = vonll-1e) )

Proof: Taking the H () norm of the second line of the residual equation in (5.9) gives

n n 1 n n n
IV (ut — Uh+1)H < - (”eh:leHfl(Q) + HethHﬂ(Q)) + thj1|’H*1(Q)-

n

Multiplying by 7, and using (5.11) gives the estimate for the first term. Similarly, taking
the L?(Q)-norm of the first line in (5.9) yields

1
o™ —vill < = (lept I+ llehal) + g™
T,

n

and the same arguments as previously lead to the conclusion.

Of course, the quantity

(un _ uZ) B (un—l B HTL’th_l) ”>

Tn—1

7 IV = ui)]| + |

which also appears in (5.3), is bounded similarly by using the regularity parameter

Tm

(5.13)

o, = max ,
1<m<N—-1 Typ_1

which is most often bounded independently of the discretization. In the sequel, we shall
always suppose that this is the case.

In order to prove an upper bound for each indicator 7, i, we are lead to make the
following assumption, which is not at all restrictive in the context of mesh adaptivity.

Assumption 5.6. For 1 < n < N — 1, there exists a regular family of triangulations
(’];:‘H’h)h such that, for all A and n, 1 < n < N, each element of 7, j, and 7,11 is the

union of at most s elements of 7,*, , , (where s is bounded independently of h and n).
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Proposition 5.7. If Assumption 5.6 holds, then the following estimate is valid for each
indicator n, k defined in (5.7), for all K in T, 41, 1 <n <N —1:

more < e S (1

k=0

n+l—k _ qu—l—k) _ (un—k _ Hn+1—k,huz_k)

Tn

||H_1(wK)

+ Hun—i—l—k . UZ+1_k”L2(K))
(u™ —upth) — (u" = Mg pup)

Tn

(5.14)

+ 7 (| 22 (x)

F T =) ).

where wg is equal to K in dimension d = 1 and denotes the union of elements of 7,41,
that share at least an edge with K in dimension d = 2 or a face with K in dimension
d=3.

Proof: We bound successively the three terms in 7, g, which we denote by 777(117)1(, 777(12)1(

n+1 n n n
€hu — Chu n+l _ n+l1 Up — H”""l:huh
——— —Cny, TEpu = .

Tn Tn

Hence, taking the L?(K)-norm of this equation and multiplying by 7,, gives

1
1 — —
né}}( < Z Hun—i—l kE_ UZ_H kHLz(K)
k=0

5.15

(un—H _ UZ+1> o (un _ Hn+1,hu7ﬁ) ( )
+ 7|l L2 (x)-
Tn
2) Let vk be the function defined by
n+1l__ u™ w®— unfl
o = 4 (P T e on K
on Q\ K,

where ¥ denotes the bubble function on K, equal to the product of the d 4+ 1 barycentric
coordinates on K. It is readily checked by integration by parts on K that

n+1 _ _i UZH — Wyp1 nuy _ Up — Hn,huz_l
(et o) = ——I(
n

312
) il 2 ()

Tn Tn—1

Hence, taking the inner product of the second equation of the residual system (5.9) with
—Tn VK gives

n+1_H

Uy, n—|—1,hu7}; UZ - Hn,huz_l 12
IK . - _— ) i)
1 _ _ _ _
< (ur =k — Ry (R T g )
< (>l - | -1 (x)
k=0

7 IV @ = ) |2y ) [Vl aoye-
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We now use the following standard inverse inequality, on each element x of 7,7, ;

in K (note that the restriction of vx to k is a polynomial of degree < d + 2):

;, contained

IVorllz2 ey < it lvillzz e,

where the diameter h, of k is larger than chyg, for a constant ¢ only depending on the
parameter s introduced in Assumption 5.6. We also have the inequality [20, Lemma 3.3]
1
Vw € Pi(k),  lwkl2m) < lwllee < cllwkllra-

Combining all this leads to the estimate
1 n+l—k n+1—k n—k
2 (u —u ) —(u
2%{ SC(Z I b ~ | -1 (k)

k=0 n (5.16)

+ 7 V@™ — ) gy

—k
— 1 —knu, ")

3) Finally, in dimension d > 2, for any e in £k, let K’ denote the other element of 7,41,
such that e is contained in K’. We now take the inner product of the second equation of
the residual system (5.9) with —7,, ve, the function v, being defined by

Lo i ([On,up e tbe) on K,
Ve = Ee,K’([ n—|—1] we) on Kl?
0 on O\ (K UK),

where 1) stands for the bubble function on e. Here, L. x and L. k' denote lifting operators
from polynomials on e vanishing on de into polynomials on K vanishing on 0K \ e and
into polynomials on K’ vanishing on 0K’ \ e, respectively; both are constructed by affine
transformation from a fixed lifting operator on a reference element K. Then, the same
arguments as previously (which we skip for the sake of brevity) together with the inequality

IV Lot (0n, 1 e )22y < ehe ™ [[0n, e el o),
and its analogue with K replaced by K’, lead to the estimate
n+1—k n+1— k) n—k

1 n—=k
u —u u —1II,, 41k pu
Wh<e( X i 0! e
k=0 "

K'Cwgk

7 IV = ) 2y ).
(5.17)

Combining estimates (5.15) to (5.17) and noting that, since extension by zero is a continu-
ous (and therefore bounded) linear operator from Hg (K) into Hj (wk ), the norm ||-|| g—1 (k)
is smaller than the norm || - || g-1(,,), we arrive at the desired result.

Since estimate (5.14) involves H ! (wg)-norms, it is not immediately obvious how to
derive a global error bound from it. However, this can be achieved by multiplying the
second line of (5.9) successively by

Z h%(UK and Z Z he Ve,

KeTni1n KeT,q1,ne€lk
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where the functions vg and v, have been introduced in the previous proof. This leads us
to our next result.

Corollary 5.8. Under Assumption 5.6, the following estimate holds for the family of
indicators 1, k defined in (5.7), 1 <n < N —1:

1 L (un—l-l—k _ un—l—l—k) _ (un—k I n—k
1 +1—k,nU )
(> m)?<ed " . " "o
k=0 "

KeTut1,n

e =g ) g

(" — ) — ("~ T pup)

Tn

+ 7 (H

I22(0)

IV = o) ).

Estimates (5.11) and (5.12), when compared with (5.18), prove the optimality of the
a posteriori bounds with respect to the spatial discretisation parameter h: indeed, up to
terms which only involve the error in the approximation of the data uy and vy, the global
error at time ¢,,4; is bounded by a constant times Z:Fl Nm,h, Where each 7, ; denotes
the Hilbertian sum of the refinement indicators at time ¢, 1, namely

M= > UTQL,K)%- (5.19)

KeTni1n

Conversely, the quantity Y _; .5 is bounded by a constant multiple of the sum, through
times t,,+1, 1 < m < n, of the full-space-time errors. Finally we note that estimate (5.14)
is local both in space and in time; hence, the 7, x provide an efficient tool for mesh
adaptivity at each time t¢,4+1. As will be clear from our final result, there is a loss of
optimality with respect to 7: the loss grows linearly with n, where n is the counter of the
time level t,, so it is negligible at least for the first few time steps.

A GLOBAL ERROR ESTIMATE

When combining the estimates from Propositions 5.1 and 5.4 with Corollary 5.5, we
obtain the following a posteriori bound for the global error.

Theorem 5.9. The following a posteriori error estimate holds between the solution u of
problem (2.1) and the solution (u}})o<n<n of problem (4.3) — (4.4), for all t,4+1, 1 <n <
N —1:

n+1

Uu - Hn—i—l,hun n
1@ (tn1) = = e o [futnen) — up |

n 1 (5.20)
< c(Z (nm +(1+o)(n-—m)( Y n,%%K)E) +(1 +0,)nDTh>,

K€Tmi1,n

where the term D, given by
D’T‘h =170 HVU()H + Tg HV?J()H + HUO — uohH + T0 ”UO — UOhH + ”UO — UOh”H—l(Q), (5.21)
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only depends on the data.

6. Conclusions and extensions.

The error indicators that we have described in Section 5 allow for very natural adaptive
strategies, both in space and in time. We only describe the simplest one. Let n* be a fixed
tolerance.

Initialization: We first choose an initial time step 7y such that
70 | Vuoll + 75 [[ Vol < n™. (6.1)
Indeed this term appears in (5.3). Next, we choose the triangulation 7y 5, = 7; ;, such that
luo — wonll + 70 [lvo — vonl| + [[vo — vonllm-1(@) < 0™ (6.2)
This term appears in (5.11). We then compute u; .

Time adaptivity: Assuming that the time step 7,1, the mesh 7, ; and the discrete
solution uj are known, we first choose 7, equal to 7,1 and 7,1, equal to 7, . We
compute a first solution uZH of problem (4.5) and the corresponding error indicator 7,
defined in (5.1). Next,

e if 1, is smaller than n*, we proceed to the spatial adaptivity step;

e if not, we divide 7,, by two (or by a constant times 7, /n*) and perform a new compu-
tation.

Of course, this step can be iterated a number of times. This leads to the final value of 7,.

Spatial adaptivity: Assuming that the time step 7, is known and that a first solution
UZ+1 has been computed on the mesh 7, 5, we compute the indicators 1, x, K € 7, 1,
and their mean value 7,,. Then, we perform mesh adaptivity in the usual way:

e If 1,  is larger than 7,,, we cut K into several elements (for instance 4 subelements in
dimension d = 2 by iteratively joining the midpoints of the edges of K);

o If 1, x is much smaller than 7,,, we can also glue together some elements of the trian-
gulation into a larger element.

We refer to [14, §7.5.1] for details on this procedure. This step can be iterated three or
four times and the final mesh is called 7,41 p.

Even though the estimates proved in Section 5 do not imply the convergence of such
an adaptive strategy, they give a good idea of its efficiency.

Finally, we note that the previous estimates can also be shown for more complex
equations, including the variable-coefficient counterpart of the constant coefficient wave
equation considered here, which arises from the modelling of wave-propagation in hetero-
geneous media, or for the time-dependent Maxwell system of electromagnetism.
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