DISCONTINUOUS GALERKIN FINITE ELEMENT APPROXIMATION OF
NONLINEAR SECOND-ORDER ELLIPTIC AND HYPERBOLIC SYSTEMS

CHRISTOPH ORTNER'$ AND ENDRE SULI*S

Abstract. We develop the convergence analysis of discontinuous Galerkin finite element approximations to
symmetric second-order quasilinear elliptic and hyperbolic systems of partial differential equations in divergence
form in a bounded spatial domain in R%, subject to mixed Dirichlet-Neumann boundary conditions. Optimal-order
asymptotic bounds are derived on the discretization error in each case without requiring the global Lipschitz continuity
or uniform monotonicity of the stress tensor. Instead, only local smoothness and a Garding inequality are used in the
analysis.
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1. Introduction. Second-order nonlinear elliptic and hyperbolic systems of partial differential
equations arise in numerous applications, and a substantial body of research has been devoted to their
analytical and computational study. This paper is concerned with the construction and convergence
analysis of a class of numerical algorithms — discontinuous Galerkin finite element methods — for
the approximate solution of quasilinear elliptic and hyperbolic systems. Nonlinear elasticity is a
particularly fertile source of equations of this type and our results are phrased with this particular
application area in mind, although the ideas and techniques developed are valid generally, provided
the structural hypotheses on the nonlinearity assumed herein are satisfied.

In order to motivate the discussion that will follow, we begin by formulating a static problem
from nonlinear elasticity which results in a mixed Dirichlet~-Neumann boundary-value problem for
a system of second-order quasilinear elliptic partial differential equations. We shall then state the
corresponding dynamic problem, which is a mixed initial-boundary-value problem for a second-order
quasilinear hyperbolic system.

Suppose that €2 is a bounded open set in R?, d € {2,3}, with Lipschitz continuous boundary
09Q. We shall seek a displacement field u : Q@ — R such that « is a stationary point of the energy
functional

J v J) = / [W(Vu(x)) — f(z) - v(z)] do —/ gn(s) - v(s)ds, (1.1)
Q I'n
defined over the set of all (sufficiently smooth) d-component vector functions v on § satisfying the
boundary condition v = gp on I'p, where I'n C I' = 99 has positive (d — 1)-dimensional surface
measure HY1(T'p), 'y = T'\ T'p, W € C*(R?*% R) is the stored energy function, f € L2(Q)? is
a given body force, and gy € L?(I'x)?. Let us define the Piola-Kirchhoff stress tensor S as the
gradient of W, that is,

0

= W(n), € R4,
o (n) U

Sia (77) :

and let

0 0?

Aiajp(n) = ——Sia(n) = ———W(n), R4,
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Clearly, Ainjs(n) = Ajgia(n) for all n € R¥*? and i, ., 5,8 =1,...,d.
Formal calculations show that sufficiently smooth stationary points u = u(z) of the functional
J satisfy the following Euler-Lagrange equation

d
=Y 0, Sia(Vu(z)) = fix), i=1,....d  z€Q, (1.2)

a=1
subject to the boundary conditions
u=gp onlp and S(Vu)y =gn  on Iy, (1.3)

on the Dirichlet and Neumann parts I'p and I'y of the boundary I', respectively. Here v is the unit
outward normal vector to I' and 9, = 0/0z,. We note that, except in Section 7, we do not use the
fact that (1.2) is an Euler-Lagrange equation but only require the symmetry of the tensor A;q ;3.

The weak formulation of the boundary-value problem (1.2), (1.3) is posed as follows: find the
function u € Hy, , (9 )4 = {v e HY(Q)? : v|r, = gp} such that

/S(Vu):VUd:vz/f-vdx—i—/ gn -vds Yo € Hp o(Q)%.
Q Q I'n ’
We shall assume that this problem has a solution u € H™+*'(Q)*NHy, . () with m > d/2. By the

Sobolev embedding theorem w is then, in fact, contained in C1:%(Q)4 for some & € (0, 1).
For future reference we also define the bilinear form a(®;-,-), ® € L>(Q)?*4 by

a(P; v, w) Z /Am]g )02, 0i0z ;wj da Yo, w € H]llo(Q)d, (1.4)
i,0,7,0=1

Formally at least, a(Vu;-,-) defines the hessian of J at u; more generally, we shall consider a(®;-,-)
for ® in a certain neighbourhood of Vu which we shall now define.
For § > 0, let

Zs = {® € Cou (DT : || @ — Vu[|o () < 0}, (1.5)

where Cpy(£2) denotes the set of bounded piecewise continuous functions defined on Q. The set Z5
will be required in the convergence analysis of the finite element method: we will show that, for
sufficiently small h, it contains the piecewise gradients (relative to the finite element subdivision 7j,
of the computational domain ) of discontinuous Galerkin finite element approximations to u. Their
point values must therefore be contained in the set

— dxd ., : _ <
M - conv{n eR : ;Ielg In — Vu(z)| < 6}7

where | - | denotes the Frobenius norm on R**? defined, for n € R¥¢ by |n| = ( : n)*/2. Clearly,
as it is the convex hull of a closed and bounded set, M is itself closed and bounded and, of course,
convex.

We note here that we do not require S to be globally Lipschitz continuous but we will use the
local Lipschitz constant of S in My, defined by

d 1/2
Ky = sup< ) |Amm<n>|2> , (1.6)

nEMs \ 4 a.j,8=1
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and the local Lipschitz constant of the fourth-order elasticity-tensor A = V.S, defined by

J 1/2
Ls:=  sup |77—U|_1( > |Aiaj6(77)_Aiajﬁ(U)|2> : (1.7)

n,0€EMs,n#o i,0,5,8=1

Since, for every § > 0, the set M is compact in R?*? and A € C2(M;)?*4xd%d it follows that K
and Ls are finite.

We shall also consider the dynamic counterpart of the boundary-value problem (1.2), (1.3), —
the initial-boundary-value problem for the second-order nonlinear evolution equation

d
Ofui =Y 02, Sia(Vu) = fi(t,z), i=1,....d, z€Q, te(0,T], (1.8)

a=1

subject to the initial conditions u(0,x) = ug(z), 0¢(0,2) = ui(z), x € €, and the same boundary
conditions as in the static problem above. Here 02u = %; we shall also write i instead of 92u and
instead of Oyu = %. For a detailed discussion concerning the physical background to these equations
in the field of nonlinear elasticity we refer to [11] and [1], for example. Suitable generalizations of
the sets M and Zs for the hyperbolic case are given in Section 6.

We now formulate our structual hypotheses on the stress tensor S. For most constitutive laws
in solid mechanics and many other applications, the mapping n — S(n) satisfies the aziom of frame-
indifference, that is,

S(F —id) = S(QF —id)  VQ € SO(d), VF € R4, (1.9)

where id is the d x d identity matrix and SO(d) is the group of special orthogonal d x d matrices.
Note that the form of (1.9) is slighly nonstandard, as our partial differential equation is formulated
in terms of displacement rather than deformation. If S satisfies (1.9) then, except in trivial cases, S
cannot be monotone; for a detailed discussion of this point, we refer to pages 490-91 in the monograph
of Antman [1]. Hence, the uniform monotonicity condition which hypothesizes the existence of a
real number M7 > 0 such that

(S(F)—-S(@): (F—-G)>M|F-G)> VFGecR> (1.10)

which is commonly assumed in the analysis of finite element approximations to quasilinear elliptic
problems, is inappropriate in the context of nonlinear elasticity and needs to be relaxed in order to
cover physically meaningful problems.

In fact, the condition (1.10) can be relaxed in several ways in order to capture the physics
while still recovering some of the theory available in the uniformly elliptic setting which stems
from the uniform monotonicity condition (1.10). It is reasonable, for example, to assume that a
meta-stable state of the elastic energy functional (1.1) is not merely a critical point satisfying the
Euler-Lagrange equation but that the hessian of J is positive definite at this point. Thus, in the
static case, we shall replace (1.10) by the following condition which requires the existence of a real
number M; = M;i(u) > 0 such that

a(Vu;v,v) > M1||Vv||iz(ﬂ) Yo € H, o(2)%. (1.11)

Similarly, for the dynamic case, it was shown in [8] that, if S satisfies the strong Legendre—
Hadamard condition

d
> Aiajs(M)GiGi&ads = MilCPIEP? V(€ ERY, Wy e RY, (1.12)
i,,7,8=1
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for some constant My > 0, then a smooth solution to (1.8) is guaranteed to exist locally in time,
subject to given initial conditions and the same boundary conditions as in the static case (at least
when I'y = () and gp = 0). Condition (1.12) is satisfied by most constitutive laws for elastic materials.
In this case, the semilinear form a defined in (1.4) satisfies the following Garding inequality: for any
¢ € C1(Q)?, there exists My = My(p) > 0 such that

a(Vp;0,0) 2 5 Mi||Vo|Eaq) — Mo(@)llvliaq) Yo € Hy(@) (1.13)

cf. Theorem 6.5.1 on p.253 in [16]. Even this weaker inequality is, to the best of our knowledge,
known only for v € H§(2)?. As we shall see, (1.13) is sufficient for the convergence analysis in the
dynamic case.

In the case of classical conforming finite element methods based on finite-dimensional subspaces
of HIlD,O () or HY ()4, as the case may be, consisting of continuous piecewise polynomial functions
of degree p > 1 defined over a family of subdivisions {7}~ of the computational domain €2, the
inequalities (1.11) and (1.13) will automatically hold in such subspaces. Discontinuous Galerkin
finite element methods which are the focus of this paper are, however, built over finite-dimensional
spaces consisting of discontinuous piecewise polynomial functions defined on €2, which are, clearly,
not contained in H!(Q)4, let alone H ,(02)¢ or H(2)9. As a matter of fact, both (1.11) and (1.13)
are global conditions and, unlike uniform monotonicity (1.10), do not automatically translate to the
space SP(Q, 7, F), defined in Section 2, of discontinuous piecewise polynomial functions of degree p
on 7;,. Thus, in Section 3, we shall derive the ‘broken’ versions of these inequalities which hold over
SP(Q, 7y, F). To the best of our knowledge, the analysis of discontinuous Galerkin finite element
approximations to second-order quasilinear systems of partial differential equations has not been
previously considered in the literature under such weak structural assumptions.

In recent years there has been considerable interest in discontinuous Galerkin finite element
methods for the numerical solution of a wide range of partial differential equations which arise from
continuum mechanics. We shall not attempt to give a detailed review of this area of research:
the reader is referred to [7] for a comprehensive historical survey of the field and [2] and [13] for
convergence analyses of the method for second-order linear elliptic problems and partial differential
equations with nonnegative characteristic form. Discontinuous Galerkin finite element methods were
introduced in the early 1970s for the numerical solution of first-order hyperbolic problems. Simulta-
neously, but quite independently, they were proposed as nonstandard schemes for the approximation
of second-order elliptic equations. The recent upsurge of interest in this class of techniques has been
stimulated by the computational convenience of discontinuous Galerkin methods due to their high
degree of locality and the presence of associated local conservation properties, as well as the need to
accommodate high-order hp- and spectral element discretizations on irregular finite element meshes.
The present work has been stimulated by our ongoing research on discontinuous Galerkin methods
in the field of fracture mechanics.

The paper is structured as follows. The next section is devoted to the construction of the discon-
tinuous Galerkin method for the nonlinear elliptic boundary-value problem (1.2), (1.3). In Section 3,
we derive broken Garding inequalities to aid us in our subsequent analysis. In Section 4 we develop
the linearization of the semilinear form appearing in the definition of the finite element method. In
Section 5 we perform the convergence analysis of the discontinuous Galerkin finite element approx-
imation of the elliptic boundary-value problem (1.2), (1.3) under hypothesis (1.11). We note, in
particular, that our analysis does not assume the global Lipschitz continuity of the functions S;q,
t,a = 1,...,d, with respect to Vu, nor do we explicitly require the uniform monotonicity condi-
tion (1.10). Building on the work of Makridakis [15] for classical conforming methods, in Section 6
we develop the convergence analysis of semidiscrete discontinuous Galerkin finite element approx-
imations of mixed Dirichlet—Neumann initial-boundary-value problems for systems of second-order
quasilinear hyperbolic equations of the form (1.8). This analysis requires a nonlinear projection
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€1 K1

[ K2

Fic. 2.1. Hanging node X and faces e1,e2 € Eing-

operator whose approximation properties are analyzed, closely following Section 5, in Appendix A.
Extensions of our analysis to fully discrete approximations of the hyperbolic problem would proceed
along the same lines as in [15] in the case of conforming methods, thus we do not consider these
here. In Section 7 we show how our framework can be used to derive optimal error estimates for
discontinuous Galerkin finite element methods other than the formulation which we have adopted
in this paper.

2. Finite element spaces. For h € (0,1], let 7;, be a subdivision of € into disjoint open
element domains (or, simply, elements) k such that Q= UkeT, k. Here, h = max,.c7, h, where
h, = diam(k). Each & € T, is assumed to be the image of the open reference simplex under a
bijective affine mapping, or of the open unit hypercube under a bilinear mapping, denoted by Fj.
We shall denote either master element by k.

For a nonnegative integer k, we denote by Py (k) the set of polynomials of total degree k on A.
When & is the unit hypercube, we also consider Q (%), the set of all tensor-product polynomials on
k of degree k in each coordinate direction. We collect the F; in the vector F = {F,; : k € 7, }, and
consider, for p > 1, the finite element space

SP(Q, T, F) == {v e L2(Q)%: v|, 0 F, € Ry(R)? Vr € Th},

where R is either P or Q.

Let us consider the set £ of all (d — 1)-dimensional open faces — or, simply, faces, — of all
elements k € 7j. Since hanging nodes are permitted (cf. Fig. 2.1), 75, may be irregular, and
therefore £ will be understood to contain the smallest common (d — 1)-dimensional open faces of
neighbouring elements. Further, we denote by &t the set of all e in £ that are contained in €2,
we let Tiyy = {x € Q : z € e for some e € &y} and we introduce the set Ep of (d — 1)-dimensional
boundary faces contained in the subset I'p of I'. Implicit in these definitions is the assumption that
Ty, respects the decomposition of T in the sense that each e € £ that lies on I" belongs to the interior
of exactly one of I'p or I'y. Given e € &, we define h, := diam(e).

In the convergence analyses of the discontinuous Galerkin finite element approximations to the
partial differential equations considered here, we shall adopt the following hypotheses on the family
{Th}n>0, the first of which controls the number of hanging nodes which any one element may have,
the second is the standard quasiuniformity assumption, while the third is a technical condition on
the lowest polynomial degree which our analysis admits. H2 and H3 are required in order to deduce,
by the use of inverse inequalities from bounds in a broken H' norm, that the element-wise gradient
of the numerical solution lies in Z5. Finally, the fourth hypothesis is required for the definition of
the continuous reconstruction operator in Section 3. We assume that the assumptions H1-H4 hold
throughout the remainder of the article.

(H1) The family of subdivisions {7j}n>0 is contact-regular, i.e., there exist positive constants cq
and ¢, independent of h such that, for each k € 7j,,

HKe €Ty : kK #r, del(?ﬂﬁ) >0} <e¢q, and cchy < h. for every face e of k.
5



(H2) The family of subdivisions {7}, }x>0 is quasiuniform; i.e., there exist positive constants ¢y
and c1, independent of h, such that for each x € 7}, there exist open balls B(zg, coh) and B(z1,c1h)
such that B(zg,coh) C k C B(x1,c1h).

(H3) In the case of the elliptic problem (1.2) the polynomial degree p > d/2, and in the case of
the hyperbolic problem (1.8) the polynomial degree p > (d/2)+1 (viz. p > 2 ford=2,3, and p > 3
for d = 2,3, respectively).

(H4) The family of subdivisions {75, }p~0 is uniformly simplicially reducible; i.e, for each h > 0
there exists a regular (no hanging nodes) simplicial mesh T;, such that the closure of each element
in 75, is a union of closures of elements of 7;,, and that there exist positive constants 6 and C,
independent of h, such that the smallest angle between any two edges in 7, is greater than or equal
to 6 and h/ min, 7. h, <C.

Suppose that e is a (d — 1)-dimensional open face of an element x € 7}, and recall the notation
introduced above: h,, = diam(x) and h. = diam(e). The following inverse inequalities hold: there
exists a positive constant Cs, independent of the discretization parameter h, such that

Cg CB
Vo) < WHVU’HL?(W IVw|[f2(, < h_2||w|‘i2(ﬁ)’
: " 2.1)
C3 Cs
||wHi2(e) < h_|‘w||%2(n)7 ||Vw||%2(e) < h_HVwHi%K)-

for all w € SP(Q,7;,F). In the case of the first two inverse inequalities C5 depends only on the
shape-regularity parameters of 7;, while in the case of the other two inequalities it also depends on
the contact-regularity parameter c.. In fact, he in the last two inequalities can be replaced by h,; at
the expense of possibly altering the value of the constant Cl.

In the discussion that follows, we shall frequently need to consider the element-wise weak deriva-
tive (called broken derivative) and element-wise weak gradient (called broken gradient) of a function
that belongs to a broken Sobolev space. In order to simplify the presentation, our notation will not
distinguish these from weak derivatives and weak gradients; the implied meaning of the notation
will always be clear from the context. Thus, we adopt the following definition.

DEFINITION 1. Let the broken Sobolev space H'(£2,7}) be defined by

H'(Q, 7)== {v € L*(Q) : v|., e H'(k) Vk € Tp}.
For v e HY(Q,7,), we use Vv to denote the piecewise weak gradient of v (relative to Ty,), i.e.,
Vo(z) := Vs () Vo € k, Vk €Ty,

where, on the right-hand side, Vv|,; denotes the weak gradient of v|, € HY(k). The broken partial
derivative 0,,v; = Ov;/0x; of v € HY(Q,T;)? is the (i,j) component of its broken gradient Vv.

For each e € &y there exist indices ¢ and j such that ¢ > j and x; and &; share the face e; we
define the (element-numbering-dependent) jump of v € HY(Q, 7;,)% across e and the mean value of v
on e by

1
V]e = V|ok;ne — V|ok;ne a0 V)e *= 5 \V]|ok;ne T V|ok;Ne) »
[v] | | d (v)e := 5 (vlowine + v

respectively. If e € &p is a face on the Dirichlet boundary, contained in the boundary 0k of an
element xk € 7p, it is also customary to define
[[U]]e = ’U|8nﬂe and <U>e = U|6m"\e-

These definitions will enable us to condense our notation. For the sake of simplicity, the subscript e
will be suppressed and we shall simply write [v] and (v); the implied choice of e will be clear from

6



the context. In addition, we associate with the face e the unit normal vector v which points from
ki to Kj, 1 > j.

Suppose that o is a positive, piecewise constant function defined on I'p U Tyt (to be defined
below). We equip the space H* (€, 7;,) with the broken Sobolev norm || - ||1,, defined by

1/2
[olln = (/ |Vv|2dx+/ U|[[U]]|2ds) .
Q T'intU'p

For the definition of the discontinuous Galerkin method, we introduce the semilinear form

B(w,v) == /QS(Vw) : Vvd:z:—/

I'p

S(Vw)v-vds — / (S(Vw)v) - [v] ds

Tint

+/ ofw] - [v] ds, we CYQ, )Y, veH (Q,T)Y, (2.2)
TintU'D
and the linear functional

Lw):= [ f-odx —I—/ ogp -vds —|—/ gn - vds, v e HY(Q,T,)% (2.3)
Q I'p I'y

Here, h= |, = h_ ! for all e C Ty UTp. Let k € 7p, and let e be a (d — 1)-dimensional face of Ok.
The function o, referred to as the discontinuity penalization parameter, featuring in B(-,-) and ¢(-)
above, is defined by

@

Ole := 0 = e fore C I'ijny UTD. (2.4)
€

Here « is a positive constant whose size will be fixed later on.

The discontinuous Galerkin finite element approximation of problem (1.2), (1.3) is posed as
follows: find upg € SP(2, 71, F) such that

B(upg,v) = £(v) Vv € SP(Q, Ty, F). (2.5)

If the problem were linear, our discretization would correspond to the incomplete interior penalty
method (see, for example, [9, 18]).

3. Broken Garding Inequality. The proofs of the broken versions of the Garding inequalities
(1.11) and (1.13) rely on the construction of a recovery operator, which connects each discontinuous
piecewise polynomial function from S?(2, 75, F) to a continuous relative. Such an operator has been
used previously in similar contexts, for example by Karakashian and Pascal [14] for deriving residual-
based a posteriori error estimates and by Brenner [4] for the proof of broken Korn inequalities.

Here we follow the construction used by Karakashian and Pascal [14], though we will slightly
reformulate their result. By our hypothesis H4, the family of meshes (7},)5>0 is uniformly simplicially
reducible, meaning that, for each h there exists a regular simplicial mesh Ty, which refines 7;,. For
example, quasiuniform families of 1-irregular meshes in two dimensions satisfy this property (cf.
Figure 3 and Proposition 2 in [17]). Another important class are quasiuniform quadrilateral meshes
obtained by hierarchical refinement (cf. Proposition 3 in [17]). For such families of meshes, we have
the following result. For a proof we refer to Theorems 2.2 and 2.3 in [14] or Section 7.1 in [17].

LEMMA 3.1. There exists a constant C,., independent of h, and a linear operator R: SP(Q, 7, F) —
Hf, o ()¢ such that, for all u € SP(Q, Ty, F) and k € {0,1},

IVF(u = Ru)llr20) < Cr/F . R 2R\ [u]? ds, (3.1)
intUl'D
7
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FiG. 3.1. Refinement of triangular elements in the presence of hanging nodes in order to obtain a the mesh T
featuring in hypothesis H4.

where V? =id and V! = V.

Lemma 3.1 provides a link between discontinuous piecewise polynomial functions and functions
in H%)ﬁo(ﬂ)d. Thus, to establish a broken Garding inequality, we replace the test function v by its
continuous representative Rv and estimate the error committed in doing so in terms of the jumps
of v. This procedure yields the following result.

LEMMA 3.2. Let u € CY(Q)? be such that the following Gdrding inequality holds:

a(Vu;v,v) > My||Volfao) — Mollvllfa) Yo € Hp o()7, (3-2)

where My > 0 and My > 0. Assume furthermore that 6 < M /(4Ls). Then, for oll ® € Z5 and
h <1, the following broken Garding inequality holds:

a(®;0,v) > $Mi[|Vol[F20) — 2Mol|v]F2(q)

—cl/ RYR]P ds Vo € SP(Q, T, F), (3.3)
TintUT'p

where C1 = C1(My, My, Ks,C,.) is independent of h.
Proof. Note that the definition (1.6) of K implies

a(Vu;v,w) < Ks[|Vollzo) |Vl Yo,w e HH(Q, 7n)
Step 1. We begin by assuming that ® = Vu. In this case, we then have
a(Vu;v,v) = a(Vu; R, Rv) + a(Vu; v — Ru,v — Rv) 4+ 2a(Vu; v — Ru, Rv)
2 MlHVRUHi2(Q) - MOHRUH%Q(Q) — Ks[|[Vo - VRUH%Q(Q)
—2K5||Vv — VR|L2 () [ VRV (|12 (0
> Mi[|Vo + (VRv = V)|[F2(q) — 2Mol|v[[72(q) — 2Mol|Rv — v[[F2(q)
—3K5HV1) — VR’UHiz(Q) - 2K5HVU - VRUHLz(Q)”V’U”LQ(Q).
Using the inverse triangle inequality in the first term on the right-hand side of the last inequality
gives
a(Vu;0,0) > My([Vol[f2q) = 2V0llL2 () [ Vo = VRo||L2 ) + Vo = VR|2(q))
—2Mo|[v]F2 () — 2Mo[|Rv — v||F2(q)
—3K5||Vo — VRo|f2(0) — 2K5]| Vv — VRu||L2(0) Vol L2 (0) -

We use the e-inequality, ab < %a2 + 2_15b27 € > 0, twice, with e = e1 > 0 and € = g9 > 0, to obtain

a(Vu;0,0) > (My = e1My — e2K5)[|Vo|[f2(q) — 2Mol[v[[72 () — 2Mol|lv — Ru|[F2(q)

—(3Ks — My + ey ' My + &5 ' Ks)[|[ Vo — VR|[F2 (g - (3.4)
8



Step 2. Next, for each ® € Z, and v € SP(Q,7;,,F) we can use the Lipschitz condition (1.7) which
immediately implies

a(®;v,v) > a(Vu;v,v) — Ls||Vu — (I)HLOO(Q)HV'UH%?(Q)
As, by hypothesis, ||[Vu — ®||jq) < § with 6 < M;1/(4Ls), it is straightforward to choose &1 and
€2 in (3.4) and to apply (3.1) in order to obtain (3.3). O

4. Linearization. Before embarking on the analysis of the discontinuous Galerkin finite ele-
ment method (2.5), we prove some auxiliary results about its linearization. We begin by noting that
for any 1, ¢ € R¥*? we have

Sia(n) - Sia(o =

18Sia
3 =) | G+ 0= n0ar

1
(35 — ) / Aoy + (1= 1)0) dr. (4.1)
1 0

M= 3=

J

Let C1(Q, T3,)? denote the space of all d-component piecewise C! functions, relative to the subdivision
Ty, defined on (2. Taking (4.1) as a starting point, a straightforward computation shows that, for
any w; € CH(Q,7,)4, i = 1,2, we have

1
B(w1,v) — B(ws,v) = / b(we + 7(w1 — we); w1 — wa,v)dr Yo € SP(Q, T, F), (4.2)
0

where, for ¢ € C1(Q, T7,)%, b(g; -, -) is the bilinear form defined by

b(g; v, w) = / Z Ainig(V) ng gvj dz Z Ainis(Vo)wivy gv ds
i,0,7,8=1 Ts I'p j a.j.8=1 Ts
v,
-/ 5 (Ao 22 ) g s + [ ol fulas
Dint § o,,8=1 8 FineUl'p

In the next section, we shall use b to perform a convergence analysis of the method (2.5), where the
Géarding inequality (3.2) and the local Lipschitz continuity of b w.r.t. its first argument are crucial.
We prove these three results in the following three lemmas.

LEMMA 4.1. Suppose that u € C*(Q)? satisfies the Garding inequality (3.2). Then, there exists
ag > 0, independent of h, such that, for all & > g, for all h € (0,1], and for all ¢ € C*(Q,7;,)?
with Vo € Zs,

b(p;v,v) > Myljol} ), — 2Mo[vl[faiq) Vv € SP(Q T, F), (4.3)
where M, = 3 min(1, My).
Proof. For Vi € Zs fixed and v € SP(§2, T, F) we consider

dv; Ov; ov;
A'LOL ! J A'LOL 1Yo J d
(P,U,U /Q Z JjB V<P a Tq a(EB /F Z Jﬁ(vw)v v 8$B S

zagﬁl D a,j,8=1

P
/ < Aoy (Vo) 200 >[[Uz]]ds+/ 0|v|2ds+/ o|[o][2 ds
Fmtia]ﬁ 1 8 ﬁ l—‘D 1—‘im:
=N +DL+ T3+ T4+ Ts.




Lemma 3.2 implies that

Ty 2 PVl — 2ol ~ Co [ B[0P ds
intUl'D
where C1 is independent of h and .
Next, we bound Ts. Since we assumed that Vo € Zj, it follows that Vip(z) € M; for a.e.
x € 2. Hence,

p 1/2
2 2 | Ov; ?
ITs] < K S Pl |5t ] ds
FD iaj,ﬁ:l :Eﬁ

1/2 1/2
< Kj; (/ 0_1|VU|2ds> (/ olvf? ds) )
FD 1—‘D

where K is defined in (1.6). Using the third of the inverse inequalities (2.1) and recalling the
definition of the penalty parameter o, on e C I'p, we have that

1/2 1/2
ITy| < K3(Cya12d)"/? (/ |Vv|2d:c) (/ U|U|2ds) ,
Q T'p

where 2d stands for the maximum number of faces any one element may have on I'p.
Analogously,

< s [ geobipas < s ([ ootwetas)” ([ otrras)

int

Let us note that

/ oTetas= Y o Javul? s

Dy e€€int

and, for e € &y, let k and ' be the two elements that share e. Then,

1 1
/<|Vv|>2ds < §/|W|K|2ds+ §/|Vv|,</|2ds
Cs 9 Cs 9
2he/,<|vv| dx—|—2—h€/’il|Vv| dz
Cs 2 2
5 max [Vo|*dz, [ |Vv|*dx .

On recalling from the definition of ¢ that o. = a/h, for e € &y, we have that

Z 0;1/€<|Vv|)2 ds < Cza™? Z {Klztr;ggﬁ}/NWdex.

e€Eint e€int

IN

IN

Thanks to our assumption H1 of contact-regularity, it follows that no element x can have more than
cq faces, where cq4 is a finite number independent of h. We have

Z ot /<|Vv|>2 ds < C3a ey Z |Vo|? du,

e€Eint KETR VT
10



and therefore,

1/2
ITs| < Ks(Caaca)V/? ( |Vv|2dx) < /
Q r

Using the lower bound on T and the upper bounds on Ty and T3, we thus deduce that

ov]? ds) v : (4.4)

int

1
/ b0, 0)dr > LM Vol2aq) — 2Mollo]2aq) + / olvf? ds + / o|[o] ? ds
0 I'p

DCint

1/2 1/2
— K5(Cza~t2d)/? (/ |Vol? dx) (/ U|’U|2d8)
Q I'p
1/2 1/2
— K(Csateg)'? (/ |Vv|2d:c) (/ 0|[[v]]|2ds) .
Q I_‘imt

. e s . 142 4 Lp2
Applying Cauchy’s inequality ab < 5a* + 50

defining Cy = ¢4 + 2d, we have

to the last two terms on the right-hand side and

1
My K

/b(gp,v,v)dr> 1- 5030d /|V de + 4 / o[v]? ds — 2My||v||32.
0 2 2M Tine Ul

On selecting « such that a > Kngngcd = ap, we deduce that, for all h € (0,1], (4.3) holds. O
LEMMA 4.2. For each § > 0 there exists a constant K}; depending only on Ks, Cs and cq such
that, for all p € CY(Q,7;,)? with Ve € Z;,

|bgsv,w)| < Ksllolallwlin — Vo,we SP(Q, T, F).
Proof. By the definition of Ky, for Vy € Zs, we have

5> [ Vs T0n, 100,051 = K ¥l Pl
i,0,7,0=1

and, using also the fourth inverse inequality from (2.1),

3 / (Ao (Vi1 ds < K5 [ Jul| T ds

i,a,7,3=1 I'p

K(;[/FD U|w|2ds} 1/2{/% o Vol ds} i

K5C(C3,¢q)||Vvllrzoyllot2wllrz(ry)-

IN

IN

Using a similar argument, we can deduce that

Z / Aiajp(VQ)VaOy,v “[[wz | ds < Ks5C(Cs, ca)l|VollLai o2 [w]l|L2r,,) -

,a,5,8=1

The result follows by inserting these three estimates into the definition of b. O
LEMMA 4.3. For every § > 0 there exists a constant Ls, depending only on Ls, Cs and cq such
that, for all o, € C1(Q,T;)? with Vo,V € Z;5,

b3 v, w) = b(wh; 0, w)| < Ls[|Vep = VL (@) [ VollLz@llwllin - Yo, w € SP(Q, T, F).
11



Proof. The proof follows precisely that of Lemma 4.2. Using the fact that the integrands in b are
linear in the tensor, we can replace A;q;3(Ve) by (Aiajs(Ve) — Aiajz(V1p)) and use the Lipschitz
condition (1.7) instead of the bound (1.6). Furthermore, the penalty terms cancel each other out
which gives ||Vv||r2(q) instead of [[v]|1,5; see [17] for additional details. O

5. The elliptic case. Throughout this section, we assume that v € H™*1(Q)? with m >
d/2, is a solution of (1.2), (1.3), satisfying the Garding inequality (1.11); in our analysis of the
discontinuous Galerkin finite element approximation to the corresponding hyperbolic problem (1.8)
we shall suppose that the weaker inequality (3.2) holds.

The convergence analysis will be based on Banach’s fixed point theorem. We begin by con-
structing a nonlinear mapping whose unique fixed point in a neighbourhood of u is the numerical
solution upg. For this purpose, let IIpu denote the finite element interpolant, from SP(Q2, 7, F), of
the analytical solution u, defined by (Ipu)|,. := II5(ul, o Fi;) € Ry(&), where IT7 (ul,, o Fy) is the
classical finite element interpolant of ul, o F,, from R, (k). We can take w1 = upg and we = IIju in
the identity (4.2) above which gives

1

B(upg,v) — B(lu,v) = / b(pu + T(upg — Hpu); upg — pu, v) dr Yo € SP(Q, Tp, F).

0
Let us write
u—upg = (u—Tpu) — (upg — Mpu) =n —&.
Note that since u € C1(Q)? N H2(Q)?, we have that B(u,v) = £(v) for all v in SP(Q, 75, F). Hence,
B(upg,v) — B(Ilpu,v) = £(v) — B(Ipu,v) = B(u,v) — B(Ilpu,v) Yo e SP(Q, T, F),
and therefore, for all v € SP(Q,7;,,F),
1 1
/ b(ITpu + 7(upe — Mpu); upg — Hpu,v) dr = / b(Ilpu + 7(u — Mpu); u — Hpu,v)dr.  (5.1)
0 0

Upon defining the bilinear form B(yp;-,-) by

1
ga,v,w = / (Mpu + 7(p — Mpu); v, w) d,
0

we may rewrite (5.1) as
B(upa;upc — Hpu,v) = B(u;u — Myu, v) Vv € SP(Q, Ty, F). (5.2)

Lemmas 4.1- 4.3 immediately imply that

B(p;v,v) = M|vlf3 5, (5-3)
|B(w;v,w)\ < Ksllollinlwlin, and (5.4)
| B(g;v,w) = B(y;v,w)| < Lo || V|20 wln,

for all v, w € SP(Q, 7, F) and ¢, € SP(Q, T,, F) such that Vo, Vi) € Zs.

Let us recall our hypotheses that u € H™+1(Q)¢ with m > d/2 and that the polynomial degree
p > d/2. Let d/2 < r < min(m,p), and define the following subset of the broken Sobolev space
HI (0, 7o)

j = {SO S SP(Q,'Z;“F) : ||S0 - Hhqu,h S C*hr||u||H7‘+1(Q)} )
12



where C, is a fixed positive constant, independent of h, whose actual value will be fixed below. We
note that, since IT,u € J, the set J is nonempty. Further, J is a closed, convex subset of H! (£, 7;,)?
in the topology induced by the norm || - ||1,5. Finally, we note that for each v € J, using the first
inverse inequality in (2.1) and the approximation properties of II;, (see, for example, [6]), we have

Vo = VulLe () < [[Vo = VIIpullue @) + [ VIIhu = Vullpe )
< CLC3h" ™ [ul|r+1(0) + | VITAw — V| o)
< CLC3h Y2 ||ullgr+1(0) + C5h"™ Y2 |Jul|gri (-
Since, r > d/2 by hypothesis, given § > 0, there exists hg € (0, 1] such that, for all h € (0, ho|,
peJ = Vpe Zs. (5.6)

Motivated by the form of (5.2), we define the fixed point mapping N on J as follows. Given
¢ € J, we denote by N(p) € SP(Q2, 7, F) the solution to the following linear variational problem:
find N(p) € SP(Q, T3, F) such that

B(o; N(p) — Upu,v) = Bu;u — Mpu, v) Vo € SP(Q, T, F). (5.7)
Equivalently, we can restate this as follows: find M () € SP(Q, 71, F) such that
B(p; N(9),v) = B(u;u — Myu, v) + B(p; Myu,v) Vv e SP(Q, T, F).

Since SP(Q2,7;,F) is a finite-dimensional linear space, the existence and uniqueness of a solution
N(p) € SP(Q,T,,,F) to problem (5.7) follows immediately from (5.3).

To prove that A maps J into itself, we test (5.7) with v = A (p) — IIpu and use (5.3) and a
variant of (5.4) to obtain

MyIN () = Tyullf < B(ps N () — My, N () — )

B(u;u — Myu, N(p) — u)
< Ksllu = yull1,n N (9) = Myullb,

with [[v]|3 , . = [vlI} 4+ Jr, o, @ ' 1(V0)[? ds. Using the approximation properties of the projector
I, u, we deduce that

IN () = Tpull1,n < My KsCoh™ |[ullmr1 (o).

If we define C, = Mf 1CsCs then N indeed maps J into itself. Note that, while hy depends on
C,, the constant C, does not depend on hg and hence this seemingly implicit construction of C, is
correct.

It remains to show that A is a contraction of J in the norm || - ||1,5. To do so, let us suppose
that ¢ and 1 belong to J. Then,

B(p; N(¢) — yu,v) = B(u; u — Hyu, v) Vv € SP(Q, 7, F), and
B(; N(¥) — pu,v) = B(u;u — Mpu,v) Yo € SP(Q, T, F).

Upon subtracting the second line from the first, choosing v = N (p) — N (¢)) and using (5.3) and
(5.5), we deduce that

MIN () =N 1 < B N(p) = N (), N (p) = N (1))
B N () = hu, N(9) = N () = B(os N () = Thyu, N () = N(¥))

< Ls[| VY — Vel () [IN () — Mhull1 n N (0) = N (@)]|1,-
13



Using the first inverse inequality in (2.1), and the fact that N'(¢)) € J, we have
IN(9) = N@)llp < M{ LsCsCh™ 2|V — Vidlrag) < e(h)lle =¥,

where ¢(h) = M~1LsC3C.h"=%2. Since r > d/2 by hypothesis H3, there exists a positive constant
hy € (0,1] such that ¢(h) < 1. Thus, for h € (0, min(ho, h1)], the mapping N is a contraction in
the norm || - ||1,, of the closed set J. By Banach’s fixed point theorem, A" has a unique fixed point
upg in J; in particular, by the definition of the set 7, the finite element approximation upg of u
satisfies the bound

lupg — Mpull1n < C*hT|\uHHT+1(Q), d/2 < r < min(m, p); (5.8)

furthermore Vupg € Zs, for all h € (0, min(hg, h1)].

Let us write a < b to express the fact that, for real numbers a and b, there exists a positive
constant C, depending on the analytical solution u but independent of the discretization parameter
h, such that a < Cb for all h in a closed subinterval of [0, 1] containing 0. We shall write a ~ b if,
and only if, @ < b and b < a. Since

|u = TMhpull1,n < Ceh"[Jullgr+1(q), d/2 < r < min(m, p), (5.9)

we deduce from (5.8) and (5.9) via the triangle inequality that, for all h € (0, min(ho, h1)],

|lu —upclli,n < A" |ullgr+1q), d/2 < r < min(m,p), (5.10)

which is the required optimal bound on the error in the discontinuous Galerkin finite element method.

6. The hyperbolic problem. Now consider the hyperbolic problem
d
Ofui — Y 0, (Sia(Vu) = fi(t,x), i=1,...,d, te(0,T], zeQ,
a=1

subject to the pair of initial conditions u(0,z) = ug(z), u(0,z) = ui(z), x € Q, where ug,u; €
H™*+1(Q)? and analogous boundary conditions as in the case of the static problem considered earlier;
that is,

u(t,x) = gp(t,z) on (0,T] xI'p and S(Vu(t,z))v = gn(t,z) on (0,7] x . (6.1)

Since gp and gx now depend on ¢, so does the linear functional which we denote by £(¢,-) and is
otherwise defined as in (2.3).

We refer to [8] and [5] for theoretical results concerning the existence of a unique local (in time)
solution to (6.1), subject to the given initial conditions, in the special case of homogeneous Dirichlet
boundary condition on I'.

It will be assumed throughout that

uwe CX0,T); H" L)),  m> (d/2) + 1.

For simplicity, when there is no danger of confusion, we shall suppress the z-dependence in our
notation and write u(t), v(t), etc., instead of u(t,x), v(t,z), etc.; we shall, on occasion, suppress
both the z- and the ¢-dependence, and write u, v, and so on. We shall further suppose that, for all
t € [0,T], u(t, -) satisfies the Garding inequality (3.2) for some My > 0 and M; > 0, both independent
of t. If one assumes the uniform monotonicity condition (1.10), then this is always true with My = 0.
If, on the other hand, one adopts the, considerably weaker, strong Legendre-Hadamard condition
(1.12) and I'p = T, then the Garding inequality (3.2) holds with M7 > 0 for some My > 0 which

14



may depend on u(t); however, since u € C2([0,7] x ) by the Sobolev embedding theorem, M can
be chosen independent of ¢; cf. Theorem 6.5.1 on p.253 of Morrey [16].
As in the elliptic case, let M be defined by

dxd :
= : - <
M conv{n eR zeﬂ}?ef[O,T] |n — Vu(t,z)| <6},

and define the constants Ks and Ls by the formulae (1.6) and (1.7). The set Z5 is now given by
Zs = {0 € Cpp ()P . min || — Vut)||pe@ <07,
5= {2 € Cou(@)T : min | u(t)lln= (o) < 6}

Let us consider, for t € [0,7] and p > (d/2) + 1, the (semidiscrete) discontinuous Galerkin finite
element approximation upg(t,-) € SP(Q, 75, F) to u(t,-), such that

(iinG, v) + Bluna, v) + / olina] - [v] ds = €(t, v) + / oinG - vds (6.2)
FintU'p I'p
for all for v € SP(Q, 7, F) and all t € (0,7, and
upa(0,2) = uODG(x), upa(0,z) = ulle(x), x €,

with Q) and uf,q in SP(Q, 7y, F).

We highlight the presence of the last term on the left-hand side and the second term on the right-
hand side of (6.2) which did not feature in the definition of our discontinuous Galerkin approximation
of the elliptic problem considered in the earlier sections. The inclusion of these terms does not affect
the consistency of the method. On the other hand, they play a crucial role in ensuring the validity
of energy estimates in sufficiently strong norms. In order to highlight this point further, note that in
an energy analysis of the discontinuous Galerkin approximation (2.5) to the elliptic problem (1.2),
(1.3) the natural choice of test function is v = upg, while in the case of (6.2) it is v = dpg, which,
in turn, motivates the inclusion of the additional terms in (6.2) compared to the elliptic case.

Let My > 0 be the constant from (3.2). We denote by W(t) € SP(Q, 75, F) the nonlinear
projection of u(t) defined by

B(W(t),v) + 2Mo(W (t),v) = B(u(t),v) + 2Mo(u(t),v) Vv e SP(Q, T, F), 0<t<T,
and we select ud and uf,q in SP(2, 7, F) such that
lube = W(O)lln + lupg = WO)llia@y S A, (d/2) +1 <r < min(m,p).

The existence, uniqueness, approximation properties and differentiability with respect to ¢ of W (t)
are established in the Appendix, in Lemma A.1. For the sake of simplicity of presentation, we choose
ud ¢ = W(0) and ulyq = W(0) here. By using an argument based on Banach’s fixed point theorem,
similar to the one presented in the previous section, and stimulated by the ideas in [15], we will
show the existence and uniqueness of upg. We shall also show that upg converges to the analytical
solution u with optimal order as the spatial discretization parameter h converges to 0.

6.1. Definition of the fixed point map. We decompose
u—upg = (u—W) = (upc — W) =n-¢

Then, with our choice of the numerical initial conditions v and ufq, we have £(0) = 0 and
£(0) = 0. Hence,

(é,v) + Blup,v) — B(W,v) + / o[€] - [v] ds

TintUT'D

= (i}, v) — 2Mo(n,v) +/ o] - [v]ds Vv € SP(Q, T, F).
I'int U'p
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Upon linearization of the term B(upg,v) — B(W,v), in terms of our earlier notation, we have

1
(€,v) + /0 b(W + 7(upe — W);upg — W, v) dr + /P o[€] - [v] ds

intUI'D

= (1,v) — 2My(n,v) —|—/ aln] - [v] ds Yv e SP(Q,T7;,,F). (6.3)

TintUT'D

As in the case of the elliptic problem, we can simplify the notation considerably by defining the
bilinear form B(t, ¢;-,-) by

B(t, V30, W) = /0 B(W(t) +7(p—W(t));v,w)dt

and the linear functional p(t;-) by
pltsv) = (o) = 2Mon,0) + [ ol - [o]ds
TintUl'p
which allows us to rewrite (6.3) as

(€,v) + B(t,upg(t);: &, v) +/ o[€] - [v] ds = p(t;v) Vv e SP(Q,Tp, F). (6.4)

DintUl'D

We consider the set J C C1([0,77]; SP(Q, 75, F)) =Y defined by

= {v ey s o= Wiy = max ([0 = Wi+ |60 - WOl < i)
where C,(u) is a positive constant and (d/2) +1 < r < min(m,p). As in the elliptic case, by the
first inverse inequality in (2.1), there exists hg > 0 such that, for all h € (0, hg],

YeT = Vip(t) € Zs for all t € [0, 7). (6.5)

In addition, J is a closed, convex subset of Y.

Now, motivated by the form of (6.4) and the definition of £, similarly as in the case of the elliptic
problem, we are led to the following definition of the fixed point map A on J: if ¢ € J, the image
u, = N(p) € C3([0,T]; SP(, 7, F)) is defined as the solution to the following linear problem:

(iig,—W,v)—i—B(t,go(t);uy,—VV,U)—I—/F ol = W[ ds = pltiv) Yo e SUQTLF). (66

with u,(0) = udq, u,(0) = up. Clearly, this variational form can be rewritten as an explicit linear
ordinary differential equation for u, and hence A is well-defined. Our objective now is to show, via
Banach’s fixed point theorem, that the nonlinear mapping ¢ € J +— N (p) has a unique fixed point
upg € J.

6.2. Auxiliary Results. In the analysis of the linear problem (6.6), it will be crucial to replace
a term of the form

B(t, o(1);:£(1),£(t))

by a total derivative. Since B(t, p(t);-,-) is not symmetric in its last two arguments, we split B into
a symmetric term and a remainder which can be controlled,

B(t,¢(t); v,w) = Bt o(t); 0,w) + B (1, o(t); v, w), (6.7)
16



where

BE(t,0(t); 0, w) 5:/ / Z Aiqj30, wi0z,v; da d7’+/ ofv] - [w] ds, and
Q r

iy00,5,8=1 int Ul'D
d

1
B(A)(t,w(t);v,w) = —/0

/ (AL j5va0u,05 )[wi] ds + / A7, gVawide,v; ds| dr,
isag,B=1 L/ Tine I'o
where A7 .5 = Aiajs(VW () +7(Vp(t) — VIW(t))). Note that BM(t, ;-,-) is not skew-symmetric
but asymmetric, i.e., simply, not symmetric.

Following the proof of Lemma 4.1 closely, we obtain, for all ¢ € J and for all a > «ag, where ag
is as in Lemma 4.1,

BE(t, p(t);v,0) = §Millvl} ), — 2Mollvlffaiy Yo € SP(Q,Th,F), and (6.8)

} 1/2
BN, o(t): v, 0)| < IVellie < [ ol ds) Vow e SHQTL ). (6.9)

FintUl'D

In addition, we shall require an estimate on the expression

B(S)(t o(t);v,w) == / / Z dt mm}ﬁmawzﬁ sv; da dr, v,we SP(Q, T, F),
i,0,7,8=1

where AT

jajp 1S s defined above. Upon setting

1/2
d /

Kj:= ess.sup g
z€Q,7€[0,1] ia,g,8=1

d 2

g Aieis

we deduce that

S
1B (1, o(t);0,w)| < K5 Vollz oI Vwlliz o

To estimate Kj, consider

1/2
d
2 ; . T
Ki= esswp |30 |VAiga(VO(t )" VW) +7(Velt) - VW @)
FETERM \ia,5,8=1

< Ls (IVW (1) <o) + V(1) = VW (@)l (o )-

As ¢ € J, the first of the inverse inequalities (2.1), the bound (A.2) and the definition of the set J
yield

K5 < ||VW(t)HL°°(Q) +h 2| Vp(t) - VW(t)HH(Q) <14 A2

Combining these estimates and recalling that, by hypothesis r > (d/2) + 1 and, a fortiori, r > d/2,
we obtain, for all ¢ € 7, for all t € [0,T] and for all h € (0,1],

|BE) (1, o(8); 0, 0)| < [IV0llLey |[Vwlliz)  Vo,w € SP(Q, T, F). (6.10)
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Finally, we shall require an estimate on the right-hand side p(¢;v) in (6.4). A straightforward
computation gives

2 1z 2 2 1/2
olbilPas) (ol + [ ollilas)

FintUl'D

plt,v) < <2llﬁlliz<m Ml + /

< b (Il + [

where we used (A.2) and (A.7) to bound the different norms of 7.

intU'D

UI[[v]]IQdS)l/Q, (6.11)

intU'D

6.3. Convergence analysis. For the sake of notational simplicity, we define
o =u, — W.
Testing (6.6) with v = £, and using the decomposition (6.7), we deduce that
(€pr€0) + BO (8, 0(1); €0, Ep) + /F L ollell?ds = plti&) = B (L o(0): 66 Ep),
intUL'D

which can be rewritten as
1dy,: - .
sl + B o0igne)] + [ aliéIPas (6.12)

FintU'p
= p(1:€0) ~ BV, 0l1):60.€0) — 5B (10360, 6.

On noting that £,(0) = 0 and 5'50(0) = 0, integrating the above identity in ¢ and multiplying by 2,
we deduce from (6.8) that, for o > ag and h € (0, ho],

o) R+ IE O = 2Vl ey +2 | [ ol (IR dsar

intUl'D
S/O [2|P(T;§.w(7'))|+2|B(A)(7-,gp(r);&p(ﬂ,g.w(ﬂ)‘+|B§S)(T;¢(T);§W&a)” dr. (6.13)

Next, we estimate the terms on the right-hand side, using (6.11), (6.9) and (6.10). Transferring the
term 2Mo||€, ()[|72(q) to the right-hand side, we obtain

t
112 + SMIEL(D)2,, +2 / / o[ (r)]|? ds dr
0 JTintUl'p

t . 1/2
< e Ol +7 [ 16O+ [ allépmlPas] " ar (6.14)

int U'D
‘ : 2 1/2 ! 2

[V @he@ [ [ ollé IR as] " ar [ 19 dr
0 TineUl'D 0

Using £,(0) = 0, the first term on the right-hand side can be estimated by

2

t t
|§¢<t>||iz<m=H [emar| <1 [emiear

L2(Q)

Terms containing integrals over [0,t] X (I'iyt UT'p) in (6.14) can be absorbed into the third term on
the left-hand side of (6.14) by apply the e-inequality with sufficiently small & (but independent of
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h). After normalization, we obtain
t
o®lEz@ + 16O+ [ [ ol P dsar
0 TintU'D

t
<1+ [ (16 + 196 s d (6.15)
Hence, an application of Gronwall’s lemma gives

ks
ax [N () (@) = WOlly < b7
which allows us to deduce the existence of a constant C, = C,(u), independent of h, such that, for
h < hg, N maps J into itself.

REMARK 1. Since our strateqy for proving that N' maps J into itself was very similar to the one
presented for the case of the quasilinear elliptic problem considered earlier, we were more concise
here than in the corresponding discussion for the elliptic problem. In particular, unlike our detailed
analysis in the case of the elliptic problem where we made a deliberate effort to carefully track the
constants in the bounds so as to be able to explicitly specify the value of the constant C, featuring
in the definition of the set J, here, for the sake of brevity, we had refrained from doing so. As a
matter of fact, the corresponding constant C, can be found in an identical manner as in the case of
the elliptic problem. <«

Next we prove that N is a contraction of J in the norm || - ||y. For this purpose, consider
up, = N(p) € J and uy = N(¢) € J defined analogously. Setting &, = u, — W and & = uy — W,

we have

(é;,, v) + B(t, ©; €y, v) + / U[[éwl] -[v] ds =p(t;v), and

TintUT'D

(Ep,v) + B(t, ¥ €y, v) + / oléy] - [v]lds =p(t;v) Vo € SP(Q, T, F),

TintUT'D

subject to £,(0) = £,(0) = 0 and £,(0) = £4(0) = 0. By subtracting the second line from the first
line, and testing with

v=2E, — &y = Uy — Uy = €,

where e = u, — uy, we obtain

(€,€) + Bt pie,¢) +/ ol[€]|* ds = B(t, ;&g €) = B(t, €y, €).

FintUl'D

By virtue of Lemma 4.3,

|B(t, &y, €) — B(t, 060, €)| S IV — V|| €l 1nllél]1,n-

Thus, by using the same procedure as in the proof of the inclusion N'(J) C J, we obtain

t
1e(t) 220 + le(®) 12 + / / o|[e(r)]? ds dr
0 JTintUI'p

t t
< [ (1 + 196 s a7 + [ 190(0) = (o) m@lléo (Dl el (6:16)
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As uy € J, we have maxc(o,7 [|§y(t)][1,n < Cxh™ and, by the first inequality in (2.1), we also have
that

V() = V() Lo ) S B2 V() — Vi (T) |[12 (0 -

The only term on the right-hand side of (6.16) which cannot be directly controlled by any of the
terms featuring on the left-hand side of (6.16) is ||é(7)||1,,- Employing the second inverse inequality
in (2.1), we handle this term as follows:

I = IV oy + [ ollerl ds

FintUl'p

SH e+ [ ollenlP ds,

FintUl'p

Inserting these bounds into (6.16), we obtain

t t
6Ol + le®Rar [ [ ol asar < [ [l + eI ar
intUl'D

¢ 1/2
13 [ 90() = T e ey + [ llemlPas]

intUl'D

Thus, by applying to the two last terms on the right-hand side the e-inequality ab < %az + 2—18b2,
with € > 0 sufficiently small, we deduce from Gronwall’s lemma that

t
It () = b (B) 12 0 + lluo (8) — s (B, < hz(rd/zl)/o IVo(r) = V(1) 2 () dT
e 2
and thereby
V(@) =N @)y S Mo =9y Vo9 ed,

which, in turn, implies that, for h sufficiently small, A/ is a contraction of J into itself in the norm
|| - |ly- Therefore, by Banach’s fixed point theorem, for h sufficiently small, A" has a unique fixed
point, upg € J, the semidiscrete discontinuous Galerkin finite element approximation to u defined
by (6.2). In other words, for h sufficiently small,

max. (llioa(t) = WDllia@ + lupa(t) = WDlla) < Ca(h’,  (d/2)+1<r < min(m, p).

Combining the last bound with (A.1) and (A.7) we then deduce, for h sufficiently small, that

o, (la(t) = apc )Lz + [u(t) —upa(®)l1,n) S A", (d/2)+1 <r < min(m,p),

which is the desired optimal convergence estimate.

7. Extensions to other methods. It is straightforward to extend our error analysis to differ-
ent discontinuous finite element methods. Note, for example, that in the elliptic case only Lemmas
4.1-4.3 are method-dependent. Once they are established, the remaining analysis is independent of
the particular form of discretization used. We shall demonstrate this through the example of the
DGFEM of Eyck and Lew [10], which is a particularly attractive candidate for variational problems
since it is defined via a discrete energy principle.
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The idea is to use the lifting operator introduced in [2] to find a gradient representation for
the jumps across element interfaces to define a DG-gradient operator. More precisely, for v €
SP(Q, T, F), let

Voov = Vo + R(v),

where R : SP(Q, 7, F) — Cpy (Q)4%? is defined by

R(v) : F dz = —/ [v] - (Frine) ds  VF € SP(Q, T, F)™.

Q DCint

We shall also use V' to denote the (i,«) component of V,g. It is straightforward to show that R
is a bounded operator; more precisely,

1/2
RO <0 ([ olblPar) we sz (71)

int

where C}, is independent of h. Using the definition of the DG-gradient, we define the discrete
functional J, : SP(Q, 7, F) — R by

o[l 2 ds+/ olv — gol? ds,

int I'p

Jh<v>=/Q[W<vDGv>—f-v] dx_/FNgN.UdH/F

as an approximation to the functional J defined in (1.1). The resulting DGFEM for (1.2) is simply
the Euler-Lagrange equation 6J,(upc) = 0, where the §Jj, the first variation of Jj, is given by

d
Sl = [ 3 SulBoap)svdet [ ofel-[o] ds— (o),

i,a=1 intUl'D

where £(v) is defined as in (2.3). Since R(u) = 0 if u is continuous on Q, the method is consistent.
Similarly, the second variation of Jp, is defined by

d
82T (g5 v, w) = / Z Aieip(Voe)Viv Vi Pw da —|—/ ofv] - [w] ds.
Q r

i,0,,A=1 ntUTD

Suppose that u € C1(Q) satisfies (3.2). While Lemma 3.2 cannot be applied directly, it is nevertheless
straightforward to modify its proof to obtain, for h < 1, o > ag = ao(C,., K5, M1, Mp) and for all
¢ € SP(Q, Ty, F) such that [|[Vhep — Vullpe ) <6 < My/(4Ls),

8 Jn(piv,v) > My |vl|F, — 2M0H“||i2(9) Vo € SP(Q, Ty, F). (7.2)

The boundedness and Lipschitz continuity of ¢ +— 62J,(;-, ), over the set of all ¢ such that
Voo € Ms can be obtained precisely as in Lemma 4.2 and 4.3. Using (7.1) we can again deduce
that, for A < hy,

ped = [[Mey — VullL=@) <0,

and thus, the convergence analysis of Section 5 can be repeated verbatim to obtain the existence of a
solution upg to dJ,(upg;v) = 0 for all v € SP(Q, 7, F), satisfying the optimal-order error estimate
(5.10).
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The analysis in the hyperbolic case can be generalized just as easily. The DGFEM based on the
energy principle outlined above reads: for ¢ € (0,7 find upc(t,-) € SP(Q2, 71, F) such that

(iipg,v) + 6Jn(upa;v) +/

TintUT'D

olupc] - [v] ds = / ogp - v ds Yo e SP(Q, T, F). (7.3)
I'p

Upon defining

1
B(t, o(t); v, w) = /0 F2In(W () + 7((t) = W(t));v,w) dr,

the analysis proceeds almost exactly as in Section 6. The only difference is now that, since B (t, o(t);- ")
is symmetric, we do not have to split it into a symmetric and an asymmetric part. Instead of (6.12),
we will obtain

dr . . ) ) .
%E I€,11F2 + B(t, w(t);&mﬁga)] +/ ol[é 17 ds = p(t; &) — %Bt(t, P(t); Epr Ep)-

TintUT'D

From the Lipschitz continuity of ¢ — 62.J,(¢;-,-) on J, we immediately obtain the bound on B,
equivalent to (6.10) and we can thus proceed as in Section 6.3 to prove the existence of a solution
to (7.3) and an optimal error bound, identical to the one we had previously established.

8. Conclusions. We derived optimal-order convergence estimates in the broken H' norm for
discontinuous Galerkin finite element approximations to second-order quasilinear elliptic and hyper-
bolic systems of partial differential equations, using piecewise polynomials of degree p > d/2 in the
elliptic case, and of degree p > d/2+ 1 in the (spatially semidiscrete) hyperbolic case, where d is the
spatial dimension of the problem. In the physically relevant cases of d = 2 and d = 3 these corre-
spond to assuming that p > 2 and p > 3, respectively. These technical restrictions were also present
in the work of Makridakis [15] whose techniques we have employed here. They occur, since we have
used the inverse estimate (2.1) in order to obtain L> bounds for elements of the set J defined
respectively in § 5 and in § 6.1, which in turn are required to obtain the uniform Garding inequality
of Lemma 3.2. However, we have reasons to believe, that the methods considered remain optimally
convergent in the energy norm in these excluded cases as well; certainly, this is true for the nonlinear
elliptic problem in the special case when the nonlinearity 1 — S(n) is globally Lipschitz continuous
and uniformly monotone (see, [12]). The same statement would also follow immediately, if one could
prove directly, without involving the first inverse inequality in (2.1), that Vupg is sufficiently close
to Vu in the L°°-norm.

The main contribution of the paper is that these optimal-order, O(hP), convergence rates have
been proved without assuming that the nonlinear coefficient S(Vu) appearing in the principal part
of the operator is globally Lipschitz continuous or uniformly monotone (cf. (1.10)); instead, we only
assumed local Lipschitz continuity of S and the Garding inequality (3.2).

The main body of the paper was devoted to an analysis of the incomplete interior penalty method
[9, 18]. However, we have demonstrated in Section 7, where we showed how to extend all results to
the variational DGFEM of Eyck and Lew [10], that the framework which we had developed should
apply to virtually any discontinuous Galerkin discretization of the quasilinear elliptic and hyperbolic
equations considered. The crucial step is a proof of the coercivity estimate (5.3), using (a variation
of) the broken Garding inequality, stated in Lemma 3.2.

We note that all of our results can be straightforwardly extended to quasilinear elliptic and
hyperbolic partial differential equations where S(Vu) is replaced by S(u, Vu) under the same hy-
potheses; the presence of the lower-order nonlinearity causes no additional technical difficulties.

As our key objective here was to understand the analysis of discontinuous Galerkin approxima-
tions of locally Lipschitz spatial nonlinearities in quasilinear elliptic and hyperbolic systems, we did
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not discuss fully discrete discontinuous Galerkin finite element approximations of quasilinear hyper-
bolic problems. The convergence analysis of fully discrete schemes can be carried out using very
similar theoretical tools to those presented here. We refer to [15], for example, for the corresponding
analysis in the case of spatially Hj-conforming finite element methods which may serve as a starting
point for further analytical considerations in that direction.
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Appendix A. Bounds on the nonlinear projection error. The purpose of this section is

to derive the required bounds on the error between a function v and its nonlinear elliptic projection
w.

LEMMA A.1. Let u € C2([0,T); H™*(Q)4), m > d/2 + 1, satisfy (3.2) with constants My > 0
and My > 0 which are independent of t. Suppose also that the family {Tn}n>o satisfies H1-H4 of
Section 2. Then, there exists ho > 0 such that for h < hg, there exists a solution W (t) € SP(Q, Ty, F)
to the nonlinear equation

B(W(t);v) + 2Mo(W (t),v) = B(u(t);v) + 2Mo(u(t),v) Vv e SP(Q, Ty, F).
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Furthermore, t — W (t) is twice differentiable in [0,T] and satisfies

[u(t) = W(#t)|l1,n < Cph", (A1)
a(t) = W(t)|1,n < CJR", and (A.2)
ii(t) = W(t)|[1.n < CyR", (A.3)

where Cp, C), and C} are constants independent of h and t.

We skip the proof of existence of W(t) and of the bound (A.1) which can by established by
identical arguments to those in Section 5 (see [17] for details). The proofs of (A.2) and (A.3) are
given in the following two sections.

A.1. Bounds on @ — W. Having established the existence of the nonlinear projection W (t)
of u(t) for t € [0,T], we next prove the differentiability of the mapping ¢ — W(t). Suppose that
U e SP(Q,7,F) and t € [0,T]. The mapping V — B(U,V) — B(u(t), V) + 2Mo(U — u(t),V) is a
bounded linear functional on SP(Q2, 7, F); hence, by the Riesz representation theorem, there exists
a unique (Riesz representer) B(¢,U) € SP(Q, Ty, F) such that

(B(t,U),V)=B(U,V)— B(u(t), V) + 2My(U — u(t),V) vV e SP(Q, T, F).
This defines the (nonlinear) mapping
B: (t,U) €0,T] x S?(Q,7,,F) — B(t,U) € SP(Q, T}, F).

It follows from the linearization process in Section 4 and from Lemma 4.1 that the derivative of
(t,U) — B(t,U) with respect to U, evaluated at U = W (t), exists and is invertible for any ¢ € [0, T7].
Note, furthermore, that B(t, W(t)) = 0. Since ¢t — wu(t) is differentiable, it follows that (¢t,U) —
B(t,U) is differentiable in a neighbourhood of (to, W (to)) for any to € (0,7). We then deduce from
the implicit function theorem that t — W (t) is differentiable in (0, 7).

Set

u(t) = W(t) = (u(t) — Hpu(t)) — (W(t) — Hyu(t)) =n - &
We begin by noting that, according to the definition of W (t),
B(t, W ();€,v) +2Mo(¢,v) = B(t,u(t);n,v) + 2Mo(n,v) ~ Wv € S*(Q, T, F),

where
~ t ~
Blt, o0, w) = / B(ILyu(t) + 7(o — Tyu(t)): v, w) dr.
0

After differentiation with respect to t, we obtain

B(t, W (t); £(t), v) +2Mo(£(t),v) = B(t, u(t); (1), v) = Bu(t, W (£); £(t), v) + By (£, u(t); n(t),v), (A4)
where
_ d - ! Lora,,
By(t, p(t);v,w) = aB(t,w(t),v,w) = /0 /Qiﬁa;_l [E iajﬁ} Op o wiOz,vj dx dr,

for v,w € SP(Q, 73, F), and A[ajﬁ is as before.
Arguing as in the proof of the bound (6.10), we obtain

| Bi(t, o(t); v,w)| < (IVIRa(t) [[os () + IV () = VIRa(t) |Loe (o)) 1ol nllw]l1,n, (A.5)
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for all p € Z5. We note that
IVITLi(t) | @) < V()L (@) + Csh™™ [l () < 1,

where, in the last inequality, we made use of hypothesis H3 whereby r > (d/2) 4+ 1, and, a fortiori,
r>d/2.

In order to bound the last two terms in (A.4) we shall need to consider two specific choices of
¢ in (A5): ¢ = W and ¢ = u. For the case of ¢ = W in (A.5), we shall use the following bound
which results on applying the first inverse inequality in (2.1):

VW ()= VI 0() | Loe () S h ™2V W (6) = VL i) |2 ) S B~ Y2 (W (8)=TThi(t) [l n = b~ Y2
On the other hand, for the case of ¢ = u, we shall use the bound

IVa(t) — VI || @) S Csh™Y2]a(t) | )

1,h-

Thus, we obtain
Bt W(t):6,0)| < (1402l ) I€lallelin and
| Bi(t, u(t); n,v)] < [7]l1,0,]

Upon testing (A.4) with v = £(t), we obtain
IEDNT 1 < Ml <€l n + lnlln 1€l n + 1€l RIE LR + A2 1EN LA IENT
< R NElhn + P 2NN s

where we also used the approximation properties of II; and estimate (Al) Since r > d/2, there
exists hg € (0, min(hg, h1)] such that, for h € (0, ho], the coefficient of [|€]|7 ;, on the right-hand side
is less than or equal to % We can therefore bring this term to the left-hand side and divide by

vll1,n

%Hf”lh to finally obtain
1€l = IW () = Taa(®)|n < 17

for (d/2)+1 < r < min(m, p), from which (A.2) follows immediately on invoking the approximation
properties of IIj.

A.2. Boundson i = u—W By proceeding in an identical manner as in the previous section we
find that the mapping ¢t — W (¢) is differentiable on (0, 7T), and we get, for (d/2)+1 < r < min(m, p),
that

IW (1) = Mpii(t) i < A (la@llar ) + o) ) + @0 [ar@) s b€ (0,hl.

Invoking, once again, the approximation properties of I, we deduce from the triangle inequality
that, for (d/2) + 1 < r < min(m,p), (A.3) holds.

Technically, the only additional step in this argument in comparison with that in the previous
section is to establish a bound, similar to (A.5), on the term

2

. 42 -
Btt(tu Sp(t), v, ’LU) = @B(tu Sp(t), v, ’LU),
for ¢ € Z5. Here we require a uniform bound on the fourth derivative of W, i.e., on the second
derivatives
62

= Aiajs(n),
8777]6877”71 B (77)

for n € M;s and can otherwise argue similarly as in the proof of (6.10); hence our assumption
W € C*(R94*4; R) on the regularity of the stored energy function W, adopted in the introductory
section of the paper.
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A.3. L%-bounds. Since, by hypothesis H4, the family {7}, }5~0 is uniformly simplicially re-
ducible (cf. also Section 3), the broken Friedrichs inequality (cf. [3]) implies the existence of a
positive constant C, independent of h, such that

[0llf2@) < Cllollin Yo € SP(Q,Th, F). (A.6)

Here, the constant C' depends only on certain shape-regularity properties of the family {7}, }x~0, the
penalty parameter o and the Friedrichs constant for H}))O(Q).
In fact, (A.6) can also be obtained from Lemma 3.1, in which case the corresponding constant C
would depend on the constant C)., the penalty parameter o and the Friedrichs constant for Hlljyo(Q).
Either way, on applying (A.6) to (A.1)—(A.3), we obtain

W (t) = u®)llezg) + W () = ult)lliz i) + [W(E) = i(t)|Lz@) S B (A7)

While this bound is not optimal (the optimal rate would be r 4+ 1 rather than r), it is entirely
adequate for the purposes of deriving an optimal bound on u — upg in the energy norm || - ||y
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