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Modélisation Mathématique et Analyse Numérique

FINITE ELEMENT APPROXIMATION OF KINETIC DILUTE POLYMER
MODELS WITH MICROSCOPIC CUT-OFF

JOHN W. BARRETT! AND ENDRE SULI?

Abstract. We construct a Galerkin finite method for the numerical approximation of weak solutions
to a coupled microscopic-macroscopic bead-spring model that arises from the kinetic theory of dilute
solutions of polymeric liquids with noninteracting polymer chains. The model consists of the unsteady
incompressible Navier-Stokes equations in a bounded domain @ C R, d = 2 or 3, for the velocity
and the pressure of the fluid, with an elastic extra-stress tensor as right-hand side in the momentum
equation. The extra-stress tensor stems from the random movement of the polymer chains and is de-
fined through the associated probability density function that satisfies a Fokker—Planck type parabolic
equation, crucial features of which are the presence of a centre-of-mass diffusion term and a cut-off
function S¥(-) := min(-, L) in the drag and convective terms, where L > 1. We focus on finitely-
extensible nonlinear elastic, FENE-type, dumbbell models. We perform a rigorous passage to the limit
as the spatial and temporal discretization parameters tend to zero, and show that a (sub)sequence
of these finite element approximations converges to a weak solution of this coupled Navier—Stokes—
Fokker—Planck system. The passage to the limit is performed under minimal regularity assumptions
on the data. Our arguments therefore also provide a new proof of global existence of weak solutions
to Fokker—Planck—Navier—Stokes systems with centre-of-mass diffusion and microscopic cut-off. The
convergence proof rests on several auxiliary technical results, including the stability, in the Maxwellian-
weighted H' norm, of the orthogonal projector, in the Maxwellian-weighted L? inner product, onto
finite element spaces consisting of continuous piecewise linear functions. We establish optimal-order
quasi-interpolation error bounds in the Maxwellian-weighted L? and H! norms, and prove a new elliptic
regularity result in the Maxwellian-weighted H? norm.
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1. INTRODUCTION

This paper is concerned with the construction and convergence analysis of a Galerkin finite element approx-
imation to weak solutions of a system of nonlinear partial differential equations that arises from the kinetic
theory of dilute polymer solutions. The solvent is an incompressible, viscous, isothermal Newtonian fluid con-
fined to an open set Q C R%, d = 2 or 3, with boundary 9€2. For the sake of simplicity of presentation we shall
suppose that Q has solid boundary 9€2; the velocity field y will then satisfy the no-slip boundary condition y = Q
on Jf). The polymer chains, which are suspended in the solvent, are assumed not to interact with each other.
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The conservation of momentum and mass equations for the solvent then have the form of the incompressible
Navier-Stokes equations in which the elastic extra-stress tensor 7 (i.e., the polymeric part of the Cauchy stress
tensor,) appears as a source term:

Find u : (z,t) € Q% [0,T] — u(z,t) € R and p : (z,t) € Q x (0,T] — p(z,t) € R such that

qu (w-Vo)u—vAgutVop=Ff+Ve -7 inQx(0T], (1.1a)
V., u=0 in Q x (0,7, (1.1b)
- 1}:9 on 00 x (0,77, (L.1c)
%(f’o) — () V% €Q; (1.1d)

where y is the velocity field, p is the pressure, v € Ry is the viscosity of the solvent, and f is the density of
body forces acting on the fluid. -

The extra stress tensor 7 is defined via a weighted average of v, the probability density function of the
(random) conformation vector of the polymer molecules (cf. (1.3) below); the progressive Kolmogorov equation
satisfied by 1 is a Fokker—Planck type second-order parabolic equation whose transport coefficients depend on
the velocity field u.

Kinetic theories of polymeric fluids ignore quantum mechanical and atomistic effects, and focus on ‘coarse-
grained’” models of the polymeric conformations, i.e., the orientation and the degree of stretching experienced
by polymer molecules. The coarsest in the hierarchy of kinetic models of dilute polymers is the dumbbell model,
which describes the polymer molecule by two beads connected by a massless elastic spring [7]; the elastic force
F : D CR? — R? of the spring connecting the two beads is defined by a (sufficiently smooth) spring potential
U : RZO — RZO through

F(q) =HU'(31¢1) g, q €D, (1.2)
where H € R+ is a spring constant. The elongation (or conformation) vector ¢, whose direction and length
define the direction and length of the polymer chain represented by the dumbbgll7 is assumed to be confined
to a balanced convex open set D C RY; the term balanced means that 0 € D, and —¢ € D whenever qgeD.
Typically, D is an open d-dimensional ball of fixed radius rp > 0, or an ellipse with fixed half-axes, or the whole
of R%. Our analytical results in this paper are concerned with the physically realistic case when D is bounded,
although we shall also comment on the idealized situation when D = R?.

The governing equations of the dumbbell model considered here are (1.1a—d), where the elastic extra-stress
tensor T is defined by the Kramers expression:

(z,t) =kp (/D qq" U’ (%IQ\Q) ¥(z,q,t)dg — p(z,t) £> ; (1.3)

[

here k is the Boltzmann constant and pu is the absolute temperature. Further,

plz,t) = /JJtﬁ(%gJ) dg (1.4)
signifies density, and the probability density function ¥(z, q, t) is a solution to the Fokker—Planck equation

0 1
Here A € Ry and ¢ € Ry are fixed positive real numbers, called the relazation time and the centre-of-mass
diffusion coefficient, respectively. We refer to [4] for the derivation of the model; see also the recent paper of
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Schieber [37] for a justification of the presence of the g-dissipative centre-of-mass diffusion term & A1) on the
right-hand side of (1.5).

When D is B(QJ)%), a ball of radius b2 in R? centred at the origin, a typical spring force F(q) for a
finitely-extensible model, such as the FENE (finitely-extensible nonlinear elastic) model for example in which

b 2s
Ul(s) = —5111 (1 — b) , s€0,d),

explodes as q approaches 0D; see Section 2.2 below. Parabolic PDEs with unbounded coefficients are studied,
for example, in the monographs of Cerrai [11] and Lorenzi and Bertoldi [31]; see also the article of Da Prato and
Lunardi [14] and references therein. We note in passing that, on letting b — +00, the FENE potential converges
to the (linear) Hookean spring potential U(s) = s while D then becomes the whole of R?, — corresponding to
a mathematically simple(r) albeit physically unrealistic scenario in which a polymer chain can have arbitrarily
large elongation.

We note in passing that in contrast with the case of Hookean dumbbells, the FENE model does not have
an exact closure at the macroscopic level, though Du, Yu, and Liu [15] and Yu, Du, and Liu [42] have recently
considered the analysis of approximate closures of the FENE model. Previously, El-Kareh and Leal [17] had
proposed a macroscopic model, with added dissipation in the equation which governs the evolution of the
conformation tensor A(z,t) := / pd th/J(:NU, q, t) dg in order to account for Brownian motion across streamlines;
the model can be thought of as an approximate macroscopic closure of a FENE-type microscopic-macroscopic
model with centre-of-mass diffusion.

An early effort to show the existence and uniqueness of local-in-time solutions to a family of bead-spring type
polymeric flow models is due to Renardy [36]. While the class of potentials ['(¢) considered by Renardy [36] (cf.
hypotheses (F) and (F’) on pp. 314-315) does include the case of Hookean dumbbells, it excludes the practically
relevant case of the FENE model (see Section 2.2 below). More recently, E, Li, and Zhang [16] and Li, Zhang,
and Zhang [28] have revisited the question of local existence of solutions for dumbbell models.

The existence of global weak solutions to the coupled Navier-Stokes—Fokker-Planck systems of the form
(1.1a)—(1.5) with FENE type potentials, and related systems of partial differential equations, have been studied
by Barrett, Schwab, and Siili [3], Constantin [13], Lions and Masmoudi [30], Barrett and Siili [4], [5], Otto and
Tzavaras [35], and Masmoudi [34]. We refer to [5] for a detailed survey of the relevant literature.

For a survey of numerical algorithms for the approximation of kinetic models of dilute polymers see, for
example, Section 4 of the survey article of Li and Zhang [29]; for recent progress on deterministic algorithms
for the approximation of Fokker—Planck and coupled Navier—Stokes—Fokker—Planck systems, see, for example,
Lozinski et al. [32,33], and Knezevic and Siili [23,24].

The present paper is a continuation of our recent work [6]; there, under very general assumptions on the finite-
dimensional spaces used for the purpose of spatial discretization, including, in particular, classical conforming
finite element spaces and spectral Galerkin subspaces, we showed the convergence of a (sub)sequence of numerical
approximations to a weak solution of the coupled Navier—Stokes—Fokker—Planck system (1.1a)—(1.5), for a large
class of unbounded spring potentials, including the FENE potential, in the case of the corotational model, where
V. u in the Fokker—Planck equation is replaced by its skew-symmetric part £(V,u — (Vo u)T).

Here, we shall be concerned with the general noncorotational model (1.1a)—(1.5), but where a cut-off function
BE() := min(-, L), with L > 1, is introduced into the drag and convective terms of (1.5). The paper is organized
as follows. Section 2 is devoted to the statement of the problem, including our structural assumptions on the
admissible class of nonlinear spring potentials. In addition, we review the energy law satisfied by the system.
In Section 3, we introduce the appropriate function spaces for the problem. Finally, in Section 4 we introduce
our Galerkin finite element method for this coupled Navier—Stokes—Fokker—Planck system with microscopic
cut-off, which involves an additional regularization parameter § > 0. We show the existence of this numerical
approximation, and that it satisfies a discrete analogue of the energy law for the continuous system. We then
pass to the limit as the spatial discretization parameter h and the time step parameter At, as well as the
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regularization parameter J, tend to zero; using a weak-compactness argument in Maxwellian-weighted Sobolev
spaces we show that a subsequence of the sequence {{y?ﬁ, ¢5Aﬁ}}6>0,h>0, At>0 of numerical approximations to

the velocity field u and the scaled probability density function {b\ = ¢/M, where M is the normalized Maxwellian

M(q) = Z_lexp(—U(%|g|2))7 where 7 = /Dexp(—U(%\g\z))dq, (1.6)

converges to a weak solution {u, 12} of the coupled Navier—Stokes—Fokker—Planck system with microscopic
cut-off. We close the paper with an Appendix, where we use the Brascamp—Lieb inequality to construct a
quasi-interpolation operator in Maxwellian-weighted Sobolev spaces. By applying an extension of the Bramble—
Hilbert lemma due to Tartar, we prove sharp approximation error bounds; we also establish an, apparently
new, elliptic regularity result in the Maxwellian-weighted H? norm on D; we then use these results to show that
the orthogonal projection operator in the Maxwellian-weighted L? inner product is stable in the Maxwellian-
weighted H' norm, — a result that plays a crucial role in our convergence proof of the numerical method.

The passage to the limit in the paper is performed under minimal regularity assumptions on the data. Our
arguments therefore also provide a new proof of global existence of weak solutions to the general noncorotational
Fokker—Planck—Navier—Stokes system with centre-of-mass diffusion and microscopic cut-off. The definition of
the sequence of approximating solutions is completely constructive in the sense that it is based on a fully-discrete
and practically implementable Galerkin finite element method. To the best of our knowledge this is the first
rigorous result concerning the convergence of a sequence of numerical approximations to a global weak solution
of the coupled Navier-Stokes—Fokker—Planck model in the case of a general, noncorotational, drag term.

2. POLYMER MODELS

We term polymer models under consideration here microscopic-macroscopic type models, since the continuum
mechanical macroscopic equations of incompressible fluid flow are coupled to a microscopic model: the Fokker—
Planck equation describing the statistical properties of particles in the continuum. We first present these
equations and collect the assumptions on the parameters in the model.

2.1. Microscopic-macroscopic polymer models

Let © C R? be a bounded open set with a Lipschitz-continuous boundary 99, and suppose that the set
D C R d =2 or 3, of admissible elongation vectors ¢ in (1.5) is a balanced convex open set. For the sake of
simplicity of presentation, we shall suppose that D is a bounded open ball in R¢. Gathering (1.1a-d), (1.3) and
(1.5), we then consider the following initial-boundary-value problem:

(P) Find u : (z,t) € 2 x [0,T] — u(z,t) € RY and p : (z,t) € Q x (0,T) — p(z,t) € R such that

(:er(g'NVx)g—V%ngyxp:eryz-2(1/)) in 0 x (0,71, (2.12)
Ve -u=0 in Q x (0,77, (2.1b)
) ’l:l, =0 on 9Q x (0,77, (2.1¢)
13(35, 0) = go(x) Vf e Q; (2.1d)

where v € Ry is the given viscosity, [ is the given density of the body forces acting on the fluid, and
T(¥) : (z,t) € 2% (0,T) — 7(¥)(z,t) € R¥? is the symmetric extra-stress tensor, dependent on a probability
density function ¢ : (z,q,t) € @ x D x (0,T) — 9(x,q,t) € R, defined as

(V) = kp(CW) = p@) ). (2.2)
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Here k, u € R are, respectively, the Boltzmann constant and the absolute temperature, [ is the unit d x d
tensor,

@)
—~

t)= [p¥(z.q.)U' (3191 g¢"dg  and = Jp¥(z.q,t)dg. (2.3)

In addition, the real-valued, continuous, nonnegative and strictly monotonic increasing function U, defined on
a relatively open subset of [0, 00), is an elastic potential which gives the elastic force F': D — R on the springs
via (1.2).

The probability density ¥(z,q,t) represents the probability at time ¢ of finding the centre of mass of a
dumbbell in the volume elementNQNC + dz and having the endpoint of its elongation vector within the volume
element ¢ + dg. Hence p(3)(z,t) is the density of the polymer chains located at z at time ¢. The function 1
satisfies the followmg Fokker—Planck equation, together with suitable boundary and initial conditions:

0 1

aif VYo (Vew)q) = 55 Vo (Vo9 +U'q0) +2A,6 inQxDx (07],  (24a)
1

2)\( qw—l—U/qw) (Vmu)qw “nap =0 on Q x 9D x (0,T], (2.4b)
eEVaY - npa =0 on 002 x D x (0,T], (2.4c)
(,q,0) =¢°(z,q) > 0 V(@,q) €QxD;  (24d)
where na p and ngq are the outward unit normal vectors to D and 952, respectively, and U’ := U’ (%| |2). Here
Jp Pz ,q)dg =1 for a.e. z € Q. The boundary conditions for ¢ on  x 9D x (0,T] and 9Q x D x (0,T]
have been chosen so as to ensure that p(¢)(z,t) = [, ¢(z ,q,t)dg = Jp O (z, q)dq =1 for ae. (z,t) € Qr.

In (2.4a—) the parameters £, A € R, with /\ characterlzlng the elastic relaxation property of the fluid, and

(V. 0)(z, 1) € R with {V, u}y = 2%,
~ ~ dz,

On introducing the (normalized) Maxwellian (1.6), we have that

MY M =-M"'V,M=Y,U=U'q. (2.5)

Thus, the Fokker—Planck system (2.4a—d) can be rewritten in terms of the scaled probability density function
Y =1/M as

M %er( Vo )0 +NVq~((NszNL)qM1;):%Yq-(MNquZ)+€MAMZ inQxDx(0,7T], (2.6a)
M [2& (yqzz—(ymg)qzﬂ “ngp =0 on Q x D x (0,T], (2.6b)
EMNV“Z noo =0 on 0 x D x (0,T], (2.6¢)

M §(x,q,0) = My"(z,q) = ¢(z,9) >0 ¥(z,q) €QxD.  (2.6d)

~ ~ ~ ~

2.2. FENE model

We present an example of a spring potential: the FENE potential, where D is a bounded open ball in R?.
In this widely used model

aP Y
b 2 —U(L|q? q
=B(Q,b%) and U(s) = —iln (1— bs>7 and hence ¢ V1) _ (1— Nb) . (2.7)
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Here B(0,s) is the bounded open ball of radius s > 0 in R? centred at the origin, and b > 0 is an input
parameter. Hence the length |q| of the elongation vector g cannot exceed bZ.
Letting b — oo in (2.7) leads to the so-called Hookean dumbbell model where

_U(Lq)? g2
D=R? and U(s) = s, and therefore e VGl — 721l (2.8)

This particular kinetic model, with ¢ € R~g, corresponds formally to a dissipative Oldroyd-B type model; see [4]
for details.

2.3. General structural assumptions on the potential

As has been noted above, the choice of D = R? (corresponding to the Hookean model) is physically unrealistic;
thus, we shall henceforth suppose for simplicity that D = B(0,rp) is a bounded open ball in R¢ of radius
rp € R>o centred at the origin. We assume that ¢ — U(l|q|2) € C>(D); that ¢ — U(%|g|2) is nonnegative,
convex and has a positive definite Hessian at each ¢ € D; that ¢ — U’ (3 g|*) is positive on D; and that there
exist constants ¢; > 0, ¢ = 1 — 5, such that the Maxwellian M and the associated elastic potential U satisfy

1 [dist(g, DD < M(q) < cs [dist(q, D) Vg € D, (2.99)
es < [dist(q, 0D)| U (Blal?) <o, [U'(Rlal)? < e U"(Rla?) Vg € D. (2.90)

It is an easy matter to show that the Maxwellian M and the elastic potential U of the FENE dumbbell model
satisfy conditions (2.9a,b) with D = B(0,b2) and ¢ = b. Since [U(g)}2 = (—InM(qg)+ Const.)?, it follows from
(2.9a,b) that if ¢ > 1, then

/ M[14+U*+|U']*] dg < oo. (2.10)
. ¢

We shall therefore suppose that ¢ > 1. For the FENE model (2.7), ( = %, and so the condition ¢ > 1 translates
into the requirement that b > 2. It is interesting to note that in the, equivalent, stochastic version of the FENE
model, a solution to the system of stochastic differential equations associated with the Fokker—Planck equation
exists and has trajectorial uniqueness if, and only if, b > 2 (cf. [22] for details). Thus, the assumption ¢ > 1
can be seen as the weakest reasonable requirement on the decay-rate of M as dist(g, 0D) — 04.

2.4. Formal estimates

We end this section by identifying formally the energy structure for (P). Multiplying (2.1a) by u, integrating
over 2, and noting (2.1b,c) yields that

ld{/ |u|2dx]+1/ |V, ul? do — f u dr = /T(M(/)) Vzude
2dt Q "~ ~ Q= ~ ~ ~ ~ o~ o~

=—ku C(M&) : Ve u de. (2.11)
o~ MY

Let ]—"( )= (ns—1)s+1 for s > 0, with F(0) := 1. Multiplying the Fokker—Planck equation (2.6a) with
F'(1) = In1, on assuming that ¢ > 0, integrating over Q x D yields that

d

i | @]« [ ]

[\
>

- / M $ (Vo) q] -V, [F(D) dg da. (2.12)
QxD ~or ~ ~
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It follows, on noting that F”(s) = s=! > 0 for s > 0 and hence that zZNVq [F' ()] = yq@ (2.5), (2.1b) and
M =0 on 0D that

M4 [(Vou)q) - Vq [F ($)] dgda = M[(Vyu)q]- Ve dgde
QxD Y~ ~ QxD o~ oo~

= MU’q-[(qu)q]ﬁdqd:c
QxD ~ o~ ~ ™

2

-~

= [ C(M%):Vyudz, (2.13)
o~ N

on recalling (2.3). Combining (2.11)—(2.13), we obtain the following energy law for (P):

-~

di [1/ lul? do + Kk p M]—'(zb)dqdm} +u/ |V, ul? do
t12)q~ ~ QxD ~ Q~ ~ ~

+ku/ M{lyqﬁyq[f’@+eyz$~yz[f’<@]} dgde = | f-udaz. (2.14)
QxD 2A ~ Q ~

To make the above rigorous, and for computational purposes, we replace the convex function F € C(Rx>¢)N
C*(Rsg) by the the convex regularization F} € C%!(R) defined, for any § € (0, 1) and L > 1, by

S2_‘52—1—(111(5—1)3—4—1 s <4,

25 =
FE(s):={ F(s)=(lns—1)s+1 0 <s<1L, (2.15)
5227LLQ+(111L—1)5+1 L <s.
Hence, it follows that
$+né—1 s <6, 51 s <9,
[FE)(s) ={ Ins §<s<L, and [FL"(s)={ s! §<s<L, (2.16)
z+InL-1 L <s, L1 L<s
In addition, we introduce
1) s <9,
BE(s) = [[FL)"(s)] 7P =X s §<s<L, (2.17)
L<s

It follows from (2.17) for any sufficiently smooth @ that
BE@) VL (FH@) =Ved  and  BH@) Y, (IFH(@) = Vo8 (2.18)

Let {y{;,ﬂ% } solve problem (P¥), which is a regularization of the problem (P) where the drag term V, -
(Vo u) g 1) in the Fokker-Planck equation (2.6a) is replaced by

Vo (Vaug)a 65 (07)). (2.19)
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Multiplying the Fokker-Planck equation in (P%) with [J:(SL]’(@;L), integrating over Q x D, noting (2.18) yields,
similarly to (2.12) and (2.13), that
d

dt[ Mf§<zzg>dqu]+; MY, 0k -V, [[FFY @8] dgde
QxD ~ ~ ~ T

A QxD ~
te MV, 3k .V, [[fﬁ’@%)} dgde = [ C(MDE) : V, uk da. (2.20)
Qxp  ~ ~ ~ ~ Ja= ~~

Combining (2.20) and the (P%) version of (2.11), we obtain the following energy law for (P%), the regularized
analogue of (2.14),

d[1 -
o {2/ luf|? do + k p Mff(wg)dqu] +V/|V$U5L|2 dz
Q "~ ~ QxD ~o Q= ~ ~

+ku/QXDM [;qu@%.w [[J’%] (s§ )} +eVa 5 - Vs [[ff]'@g)ﬂ dqu:/f uf de. (2.21)

On noting that [FL]” > L™, and

2

s if8<0
mind FL s,s}"L'S > 2(25 =Y 2.22
{F5(s),s[Fs1(s)} {:LC(L) if s> 0, 222

one can establish from (2.21), on assuming that 1ZO < L, that

sup [/ U§|2d$:|+u/ |VIu dxdt—i—é L sup
Q" ~ Qr

[ wig e <e. e
tE(O,T) ~ tE(OT) QxD S

In addition, one can establish that

1 (T
sup [ M |1/15L|2 dg dx} 7/ / M
te(0,T) Y QxD A QxD ~

+5/ /QXD ‘v wg‘ dgdrdt+ sup [/Q|§(M@Z§)|2dg~c} < C(L,T). (2.24)

te(0,T)

—~ |2
J0F| dgdzat

The above formal bounds have been made rigorous and the existence of a global-in-time weak solution {u%, 1Z§ }

o (P%) has been established in [5], see also the next section. Moreover, one can take the limit § — 0 in
problem (P%) to establish the existence of a global-in-time weak solution {u”, ¥~} to problem (PL), which is a
regularization of the problem (P) where the drag term V, - (Va2 u) ¢ 121\) in the Fokker—Planck equation (2.6a)
is replaced by

L L <s.

Vo (VouP)q BH0F)  with  ph(s) = { =" (2.25)
Once again, see [5] and the next section.

The aim of this paper is to construct a finite element approximation of problem (P§ ), which mimics the
energy law (2.21) at a discrete level. Moreover, show that this approximation converges to a weak solution of
(PL), as the spatial discretization parameter h and the time step parameter At, as well as the regularization
parameter ¢, tend to zero.
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3. FUNCTION SPACES
Assuming that 9Q € C%!, let
H={wel*Q):V, w=0} and V:={weH§Q):V, w=0} (3.1)

where the divergence operator V. - is to be understood in the sense of vector-valued distributions on 2. Here,
and throughout, we adopt, for example, the notation L?(Q) = [L?(Q)]¢ and H(Q) = [HZ(Q)]¢. Let V' be the
dual of V. Let §: V' — V be such that S v is the unique solution to the Helmholtz—Stokes problem

/§y-wdf£+/
Q Q

where (-, -}y denotes the duality pairing between V' and V. We note that

Y

swdz = (v, w)y YweV, (3.2)

~ ~

L

224

.Sy =lSullin@ Yo eV D (Hy(Q) =H(9), (3.3)

and [|S - ||g1(q) is a norm on V’. Here, and throughout, we adopt, for example, the notation || - || z1(q) for
the norm, and | - g1 () for the semi-norm, on H*(2) or H'(£2). We require also the duality pairing (-, ) HL(9)
between H~1(Q) and H}(9).

For later purposes, we recall the following well-known Gagliardo—Nirenberg inequality. Let r € [2,00) if

d=2andr €[2,6]ifd=3and § =d (% — %) Then, there is a constant C, depending only on €2, r and d,

such that the following inequality holds for all n € H*(€):
Inllzr@ <C ||77H;299) ||77||§{1(Q)~ (3.4)
We make the following assumptions on the given initial data and the cut-off parameter L occurring in (2.15):
weH and  ¢0:i= M0 € L¥(Qx D) with 0<¢° <L ae inQxD; (3.5a)
and the body force density

feL*0,T; H (). (3.5b)

Let L%,(Q x D) be the Maxwellian-weighted L? space over £ x D with norm

Bl = { [ MrlpPagas)
QxD

Similarly, we consider L3,(D), the Maxwellian-weighted L? space over D. On introducing

W=

el onen ={ [ (16 419,00 + 19, 5] dgaz | (35
QxD
we then set
R = Bi(@x D) i= {@ € Lho(@x D) : |Blly, oy < 0 - (3.7)
It follows that

C®(Q x D) is dense in X. (3.8)
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This can be shown, for example, by a simple adaptation of Lemma 3.1 in Barrett, Schwab, and Siili [3], which

appeals to fundamental results on weighted Sobolev spaces in Triebel [41] and Kufner [27]. We have from
Sobolev embedding that

L3 (9 L3, (D)) — H' (9 L3,(D)), (3.9)

where s € [1,00) if d = 2 or s € [1,6] if d = 3. Similarly to (3.4) we have, with r and 6 as defined there, that
there exists a constant C, depending only on €2, r and d, such that

180z, o) < C Iz o 181 @iz, oy Y8 € HY (D5 L3, (D)), (3.10)

In addition, we note that the embeddings

L3(D) — Hy(D), (3.11a)
L3,(Q x D) = L*(Q; L3;(D)) — H3;(Q x D) = L*(Q; Hy, (D)) N H*(Q; L3,(D)) (3.11b)

are compact if ¢ > 1 in (2.9a); see the Appendix in [5].
Let X’ be the dual space of X with L%,(Qx D) being the pivot space. Then, similarly to (3.2),let G : X’ — X
be such that G 7 is the unique solution of

| M|@De+, @) T, 547, 61 Vo p|dds = 0P Woe R (a2
x ~
where (M -,-) ¢ denotes the duality pairing between X’ and X. Then, similarly to (3.3), we have that

(M7,G7)g = IG7I%  Vie X, (3.13)

and [|G - || ¢ is a norm on X'

We recall the following compactness result, see, e.g., Temam [40] and Simon [39]. Let )}y, Y and Y; be Banach
spaces, Vi, ¢ = 0, 1, reflexive, with a compact embedding ), < ) and a continuous embedding ) — Y;. Then,
for a; > 1,4 =0,1, the embedding

{n € L0, T; ) : 20 € Lo1(0,T; 1) } — L(0,T;Y) (3.14)

is compact.
We note for future reference that (2.3) and (2.10) yield that, for ¢ € L%,(Q x D),

d d 2
Licarapar= [ S5 ( [ arev e aa) as
Q= A . ~/ T

< </ M U2 |q|* dq)( M|¢2dqu> sc< M|@|2dqu). (3.15)
D ~ ~ QxD ~ Qx D ~

In [5], for any e > 0, L > 1 and T > 0 existence of a solution to the following weak formulation was
established:
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°(0,T; L3 (Q2x D)NL*(0,T; X))

(PY) Find u? € L(0, T; L2(Q))NL2(0, T; V) AW 4 (0,T; V') and 9 € L™ 2
= () wL(’ ’ ):1:[}0(7) and

Wi (0,T: X') with C(M %) € L(0,T; L*(2)), such that 1" (-,0)

T [ Oul
/ = dt+/ H(uL.Vw)uL} cwAvVyut v,
0 8t ~ v Qr ~ ~ ~ ~ ~ ~ ~
C(M L) : V,w dz dt Yw e LT (0,T;V); (3.16a)

T
:/ (o 0 my ey dt =k
0 ~ Qr ~ ~

T L
/ <8§t,<p> dt+// EV w —u w } mgodqudt
0 QxD ~

T
L L(JL A P
+/ /Q><D [Myw = (Ve )qﬂ (¥ )] Vo @dgdzdt=0 Vg eLTa(0,T5X).  (3.16D)

} da dt

¢ S

Remark 3.1. If d = 2, then u* € C([0,7]; H) (cf. Lemma 1.2 on p. 176 of Temam [40]), whereas if d = 3,
then u! is weakly continuous only as a mapping from [0, 7] into H (similarly as in Theorem 3.1 on p. 191 in
Temam [40]). It is in the latter, weaker sense that the imposition of the initial condition to the u’-equation
will be understood for d = 2,3: that is, limy_o, [,(u"(z,t) — uo(z)) - v(z)dz = 0 for all y € H. Similarly, for
the initial conditions of the ¢%-equation for d = 2, 3: limy o, [o.p M (@L(% q.t) — Vo (z.9)) (z,q)dgdz =0
for all € L3,(Q x D).

Remark 3.2. Since the test functions in V' are divergence-free, the pressure has been eliminated in (3.16a,b);
it can be recovered in a very weak sense following the same procedure as for the incompressible Navier—Stokes
equations discussed on p.208 in Temam [40]; i.e., one obtains that fot pE (-, s)ds € C([0,T]; L*(Q)).

4. FINITE ELEMENT APPROXIMATION

Let us denote the measure of a bounded open region w C R? by m(w). We make the following assumption
on ) and the partitions of Q and D.

(A1) For ease of exposition, we shall assume that € is a convex polytope. Let {77 }n>0 be a quasiuniform
family of partitions of {2 into disjoint open nonobtuse simplices k., so that

Q= U Rz with h,, :=diam(ky), hy = max he, < diam(Q)h and m(ky) > Che.
Ky €T,F
K?J,ET x h

Let {7,'}>0 be a quasiuniform family of partitions of D = B(0,7p), rp € Rso, into disjoint open nonobtuse
simplices k4, with possibly one curved edge, d = 2, or face, d = 3, on dD; so that

D= | ) m; with h, , = diam(kg), hg = ma;;h < diam(D)h and m(k,) > Ch%.
kq€T,!
kg €T,

A “simplex” k, with a curved edge/face is nonobtuse if it is convex and the enclosed simplex with the same
vertices is nonobtuse, in the sense that all of its dihedral angles are < 7/2. It follows from the above that

he h
h—q+h—zgc as  h—0,4. (4.1)
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We note that such nonobtuse simplicial partitions of  and D are easily constructed in the case d = 2. For
the construction of nonobtuse three-dimensional simplicial partitions we refer to the papers of Korotov and
Krizek, [25] and [26], for example; the reader should note, however, that in [25] the authors use the term acute
when they mean nonobtuse. Elsewhere in the computational geometry literature the term acute is reserved
for a simplicial partition where all dihedral angles of any simplex in the partition are < 7/2, which is a more
restrictive requirement (especially in the case of d = 3) than what we assume here; see, for example, the articles
of Brandts, Korotov, Kifzek and Solc [9], Eppstein, Sullivan and Ungor [18], and Ttoh and Zamfirescu [21], and
references therein. Nonobtuse simplicial partitions are sometimes also called weakly acute (cf. [38], p. 363).

We adopt the standard notation for L? inner products:

(N, M) = / mmnedr  Vn; € L*(Q) and (m,m2)aoxp = / mnedgdr Vn; € L*(Q x D), (4.2)
Q ~ Q ~

xD

which are naturally extended to vector/matrix functions.
Let P§ and P} denote polynomials of degree less than or equal to k in z and q respectively. We approximate
the pressure and velocity with the lowest order Taylor-Hood element; that is,

Ry :={nn, € C(Q) :np |« €PT Vr, € T}, (4.3a)
R}y :={nn € Ry : (nn, 1)a = 0}, (4.3b)
Wi = {wy € [CD) 2wy, |n, € [P5)? Vry € T and wy, = 0 on 99} C [Hy(Q)]°, (4.3¢)
Vi = {Eh eEWp: (NVm -gh,nh)g =0 Vi, € Rp}. (4.3d)

It is well-known that RY and W}, satisfy the inf-sup condition

(Yr SWh, Th)Q

sup =
wreW, Hiuh”Hl(Q)

> Collrnlley  Vra € Ry, (4.4)
see e.g. [10, §VL.6]. Hence for all vy € V, there exists a sequence {v}n>0, with vj, € V,, such that

lim [Jv — vl|g1 () = 0. 4.
i v = vallm o) =0 (4.5)

We require the L? projector Qh : 'V — V), defined by

(’U — Qh w,wh)g =0 Ywp € V. (46)

We note that the quasiuniformity of {7, },~0 implies that @ is uniformly H L(Q) stable; that is,
||th||H1(Q) <C ||g||H1(Q) Vo eV, (4.7)
see [20].

For the approximation of the advection term in the Navier-Stokes equation we note that, for all v € V' and
w, z € HY(), we have that

((

e
¢
8
~—
&
N
N~—
)
Il
[N
L
—
—
[
¢

Dw2a— (v-Va)zwal . (48)
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In addition, the choice w = z leads to both sides of (4.8) vanishing. Obviously as V', ¢ V, the discrete analogue
of the above does not hold; that is, it is not generally true that, for all v, € Vi, wn, 20 € Wh,

((gh Vg )'lNUh;fh)Q =1 {( ('gh Ve )E}hafh)ﬂ - ((gh Vs )fmg)h)ﬂ . (4.9)
We note that the right-hand side of (4.9) vanishes if wj, = zp,, which is not necessarily true for the left-hand side.
Hence, we use the right-hand side form of (4.9) for the approximation of the advection term in the Navier—Stokes
equation.

To approximate X, we first introduce

XP={3r € CQ): 3} |n, € P¥ Vig, € T7} C WH(Q), (4.10a)
X! :={31 € O(D): 3L |a,€ P! Vi, € T,7} € Wh=(D). (4.10D)

‘We then set
X, =Xf o X! cX. (4.11)

We note from (4.3a,d), (4.10a) and (4.11) that, for any v, € V' and any ¢ € D,

(vi 'Eh,@h(w(]))ﬂ =0 Ygn e Xy (4.12)

~

We note that for (4.12) to hold in general, we require that )A(ff C Ry,.
We introduce the interpolation operators 7¥ : C(Q) — X and n} : C(D) — X} such that

ME (P =F(PY), i=1—T1", and  wl@UPH)=@UPY), i=1-1I1, (413)

where {P?}"| and {P{}1”, are the nodes (vertices) of 7,% and 7,7, respectively. The associated basis functions
are

X; € )?,f such that  xj(Pf) =di; ford,j=1—1", (4.14a)
and  x7e )/(:Z such that  x{(P]) = d;; fori, j=1—TI% (4.14Db)

We introduce also 7 : C(Q x D) — X}, such that
(Wh@(f’ff?):@(ffaf’?) fori=1—1% j=1-—19 (4.15)

Of course, we have that m, = 7} 7l = 7} 7f. The vector versions of the above interpolation operators are

-~ ~

OO = (XY wl OO = XY and  m: [C@X D) — [Xi] (4.16)

We require also the local interpolation operators

Th o = d

€T — -9 — x — T
Ko Th |I<&17 ﬂ—h,ﬁq =Ty, |"5q’ ThikeXkqg = Th kg Xkg) ﬂ-hv"ix =T |KT7

q =

Ty = irz |xq and Thoaxrg = Th |kaxng Vig € TF, Vkg € T, (4.17)

~N



14 TITLE WILL BE SET BY THE PUBLISHER

[

For any @, € Xp, there exist [E5(@n)](z, ), [E5(@n)(z:9) € R4 for a.e. (z,q) € Q@ x D such that on

kg X Kq, for all k, € T,F, kg € T,

2[1]

F@) PO and M, 5@ Ve (Wl IFF @) = Ve B (4.18a)

5(n) € P and  Thw,xa, [Sg(@h) Vo (mn[ 75 (@n)] )} =Vq&n (4.18b)

2 1]
Q[1]

2 [1]

Hence (4.18a,b) are discrete analogues of the relations (2.18). We now give the construction of Z%(-) and Zj(-).
Let {e;}% ; be the orthonormal vectors in R¢, such that the j® component of e; is 05, 1, ] =1—4d. Letk
be the standard reference simplex in R¢ with vertices {P 14, where P is the orlgln and P =e¢;,1=1—d.
Given @), € Xp, iy € 7, with vertices {7, }]:0 and K, € 7, with vertices {Ni =0, then for a fixed vertex
Pl of kg, let AZ(P?) € R¥? be diagonal with entries

~ 1k

G5 PL) — 6n(Ph PL) I
5Py = | FTGPE PR~ P Gapr, ) PP PR 2 2l L)
TG e Py~ BB B (P BL) = Bu(, L),

j=1-d. (4.19)

€ RY — P{ + B,, y maps the vertex E’j to P7,

Let B,, € R™ be such that the linear mapping By, : y €
j =0 — d, and hence ¥ to k,. For any &} € Xh, let @}, ,(z) = }(By,y) for all y € K. Hence it follows that
Vo @i =[BT Vy @5y (4.20)
Therefore, for k = 0 — d,
=3(PY,) = [BLI AS(PL) BL, (121)
is such that
=3P Vo mullFE @) (@, PL) = Ve Gu(a PL)  Va € o (4.22)
Finally, on recalling (4.14b), we set
d
Ef(w,q) =Y E5(PL)XL(a) Ve Erg, VqEnrg (4.23)
~ Y k=0 ~ ~

Hence Z§ satisfies (4.18a). A similar construction yields Zi satisfying (4. 18b) The only difference is for those
kq With a curved side or face, the corresponding linear mapplng B, maps k to the enclosed simplex with the
same vertices as rg. As T' | T are quasiuniform partitions, we have from (4.23), (4.21) and (4.19), and their

gg counterparts that, for all @ € X’h,

15 @03 @) + IEH @) Bmany < O L (424)
We note that the construction of ZF(-) and ZJ(-) satisfying (4.18a,b) is an extension of ideas used in e.g. [19]
and [2] for the finite element approximation of fourth-order degenerate nonlinear parabolic equations, such as
the thin film equation.
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As the partitions 7,* and 7;! are nonobtuse, we have that

Vaxi - Vaxj <0 on kg i#£4, t,j=1—1I% Vi € 105 (4.25a)

and  Vyx{-Vyxj <0 onk, iFj d,j=1—1I9 Viq € T, (4.25b)

It follows from (4.25a,b) and the convexity of ¥ that, for all k, € 7,%, r, € 7,1 and for all § € X,

5 [ M, | [T s [ @D | dga
= / M, [ Va8 Vi (T, [P (B0))] da (4.26a)

and & - M Ty i, [(yq (m,w%[[ff]’(@h)])ﬂ dg dz
S/ﬂ ey ey (Vo @n Vo (e, [FFT@0))] dg dz. (4.26b)

Let 0 = to < t1 < -+- < ty—1 < ty = T be a partition of the time interval [0, 7] into time steps At,, =
tn —th_1,n=1— N. We set At = max,—1_.y At,. We make the following assumptions on the time steps
{At,}N_, and the discrete initial data.

(A2) We assume that there exists C' € R+ such that
At, < CAt,_1, n=2—N, as At — 0. (4.27)

With Aty and C as above, let Aty € Ry be such that Aty < CAtg. Given initial data satisfying (3.5a), we
choose 1) € V', and ¥) € X, such that
(u?,vp)a + Ato (Ve ud, Vevn)a = (u®,vp)q Yo, € Vi, (4.28a)

(M, [0% Bul)axp = (M Y%, Gr)axp  Yén € X (4.28b)

Tt follows from (4.28a,b) and (3.5a) that

/Q [|£¢2|2 + Aty |~Vw g%ﬂ dz < C and 0< ) <L. (4.29)
We set
1 tn
=g [ feoder@), (4.30

It is easily deduced from (3.5b) and (4.30) that

N T
SO At 1751 < / Il dt <€ for any r € [1,2], (4.31a)
n=1 ~ 0 ~

and " — f strongly in L*(0,T; H~*(Q)) as At — 0. (4.31b)

Our numerical approximation of (PY) is then defined as follows.
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(P32") Forn=1— N, given {uf,",45,'} € Vi x Xa, find {uf,, 45} € Vi x X such that

ufp — Uy’ 1 1 1
s AtN swp | +v (Vousy, Vown)o + 3 |((usy, - Va)ugp, wn)o — (ug),” - Va )whvug:h)&l}
n Q ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
= (f" wndmyi) =k (C(MGE,), Vawn)a Ywn € Vi, (4.32a)
igh - 124?71 . ~, ~ 1 ~, .
M,y | =2 G+ e Vo U - Vo Bn + o VUi - Vo &n
At ~ C 2A~ o QxD
X

=(M<m2,h>q,m Ez@sfh)vq@h]) + (Mg mn [S5@8) Vo)) Vg € Rus (4.32b)
~ ~ ~ ~ ~ QxD ~ ~ ~ ~ QxD

where for ease of notation, we write 75, and 7, in (4.32b) whereas it should really be Thyke xkg A Th ik, xrgs
respectively, on each K, x kg of 2x D. In addition, we have suppressed the dependence of the solution {g? hs zzg‘ nt
on L through the dependence of Z§ and gg on faL. This is because we will not be passing to the limit L — oo,
but only to the limit § — 04 in addition to letting the discretization parameters h, At — 0.

We note that the approximations ug ), and 12(7; ,, at time level ¢,, to the velocity field and the scaled probability
distribution satisfy a coupled nonlinear system, (4.32a,b). We will show existence of a solution to (4.32a,b)
below, see Theorem 4.2, via a Brouwer fixed point theorem. First, assuming existence, we show that (Pg’At)

satisfies a discrete analogue of the energy equality (2.21). For all the following lemmas and theorems we assume
the assumptions (A1) and (A2) hold.

Lemma 4.1. Forn=1— N, a solution {ggh,ﬂg"h} €V X X, of (4.32a,b), if it exists, satisfies

3 [H?jﬁhﬂiz(n) Hllugy —ugy ey | +ku (M, m[FE@F))axp + Aty v g w1720

- ~ 1 ~ ~
# 8tk (Mo 292 03 o (I G300 + 55 Vo B T (el FF @D )
xD

A

<3 ||1~6321H2L2(Q) + ko (M, 7 [Fy (037, ) axp + Aty (f" us n) my o)

IN

n— Tn— v n n
3 ||7ja,h1”%2(9) + k(M [Fy (03 ) Daxp + Aty [2 H:VE gé,hH%?(Q) +C|f |%{1(Q):| - (4.33)

Proof. On choosing wy, = uy,, in (4.32a), it follows that

% /Q {|%?,h|2 + \%g,h - L‘g,21|2 - |y3;1\2] dz + At, v /Q |yr L‘g,h|2 dz

where we have noted the simple identity

2(s1 — 82) 51 = 57+ (51 — 52)% — 55 Vs1, 82 € R. (4.35)
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On choosing @y, = | [ff]’(lzgh)] in (4.32b), and noting the convexity of ¥, (4.18a,b), (2.5), (4.12) and (2.3),
we have that

(M, 7 (05) = Fy (3 Maxo
+ 8ty (M 292 B Tl FEV @30 + 55 Va - Vo (ral LFE7 50D )
< (M (Vaugn) 4.V 03 )axn + (M ufy, Vo b )axn
= (MU' q- (Vo u§n) a]. 0n)axn = 2(M Va - uf . 05n)axp

( (M ¢5 h)s Yx gs,h)ﬂ- (4.36)

QxD

Combining (4.34) and (4.36) yields the first inequality (4.33). The second inequality follows from using a Young’s
inequality and a Poincaré inequality. O

We now show using a Brouwer fixed point theorem that there exists a solution {gg o {b\g‘ n} at time level ¢,
o (4.32a,b).

Theorem 4.2. Given {yg’gl, 17)\?;1} eVpx )A(h and for any time step At,, > 0, there exists at least one solution
{08} € Vi x X to (4.32a,).

Proof. We define the inner product, ((-,-)), on the Hilbert space V' X X, as follows:
(({unson}s {wn, B }) = (wn wn)o + (M, [ Brl)axp  V{un, ¥n}, {wn, Bn} € Vi x Xn.
Given {yg;l,&g;l} €V x Xn, let H Vi x X — V1 x Xp be such that, for any {gh,l/ﬁ\h} €V x X,
((H(Eh’{p\h)a {wn, on}))

Up — U
= (T,wh> + v (Ve un, Vawn)o — <f s Wh) r(9) T ku( (M ), Ve wn)o
n Q ~ ~ ~

+1 [((y?,ﬁl Va )Jun, wh)o — ((gf{ﬁl Vo Jwp, up) ]
bn— P 1 ~ R
+(M77Th TMSDIL-FEV wh z(Ph 7/\NV ¢hy h
" QxD

~

(0n) Y,y @DM ~ (M [E5G) Ve 2])

V{wh,ﬁh} cVy x Xh. (437)

2 [1]

— (M (yz gh)gafh [

We note that a solution {uj,, &gjh} to (4.32a,b), if it exists, corresponds to a zero of H; that is,
(M5, 050) {wn, B 1) =0 Huwn, @n} € Vi x X3, (4.38)

On noting the construction of Z§ and ZF, (4.19)—(4.23), it is easily deduced that the mapping H is continuous.
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For any {un,¥n} € Vi x Xp, on choosing {wn, Pn} = {Qh7ﬂh[[f§]/(12)\h)]}, we obtain analogously to (4.33),

on noting (4.26a,b) and neglecting some nonnegative terms, that

((HCans ). {an, mn[[FEY (n)]})

1 . ~ .
>[4 (lunlagey — I ey ) + ks (M 7l FE @) — FER Waxo]

v n
D) ||Yz: th%z((z) -C|f ”%{*1(9)'

(4.39)

Let us now assume that, for any v € R0, the continuous mapping H has no zero {ug ,, {/Jgh} satisfying (4.38),

which lies in the ball R
Zy = {{wn, @n}t € Vi x Xp ¢ [|[{wn, @n}lll <}
where

N

[1Hwn, @11 = [({wns @b {wn, BaD)® = [llwnlZa) + (M, mu[(@n) 2

Then, for such 7, we can define the continuous mapping &, : Z, — Z, such that, for all {w,,¢n} € Z,,

R H('wha@h)
£ = T T Gon, )T
~(wh, Pn) 7|||7—{(1Nuh,@h)|\|

By the Brouwer fixed point theorem, £, has at least one fixed point {u], &Z} in Z,; hence it satisfies

1H{n o= H11E G i) = -

It follows from (2.22) and (4.40) that

1 ~, 1 ku ~,
Sy + ki O, malFE@ e > 3 1330 + 2 (M, mal(57) D — C(L)

. 1 kp Y 2 —
> win { 5. 52 . G012 - e

Hence for all v sufficiently large, it follows from (4.39) and (4.41) that
(G, B, (s mFEY G > 0.
On the other hand as {u], {Z;Z} is a fixed point of £, we have that

- . 11+, &)
(R 97, Ll mnllFEY (1) = ————— |

Similarly to (4.41), we have from (2.22) and (4.40) that

o~ , ~ 1
luallZ20) + (M muli, (7Y (6 Daxp = 177 = (D).

Therefore on combining (4.43) and (4.44), we have for all v sufficiently large that

(R, 7)., L mLFEY (G < 0,

g 3oy + (M, muli [FH () D]

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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which obviously contradicts (4.42). Hence the mapping H has a zero in Z, for v sufficiently large. a

In order to establish a stability result for our approximation (Ph’At)7 we need first to prove a number of
auxiliary results. We note that, for all x, € T, with vertices {PgC G=0

d d
| [, @ N@) P = | D 35 (PE) XE (@) < Y _18°(PP X (2) = [ e, [(37)%]](2)
j=0 §j=0

Vo € kg, YVP© € C(Ry), (4.46a)

where we have used (4.14a) and that Xi, are nonnegative, and Z?:o Xi, () =1 for all ¢ € k. Similarly, we
have for all x, € T, k, € th that

([, 21(@) < [, [29](0) vg € Ky, Vg1 € C(ry), (4.46D)
| s g DU D < [T, [B21]@0)  V(aq) € o X By VP € Ol X g, (4.46¢)
| hn, P D < [, [BP)(000) V(@) € ko x gy VP € [CRTXRYIL  (4460)

In addition, for all k, € 7", k, € T and for all &, ¥ € Clrg X Kq)s @ 1} € [C(kz X Kq)]? the following
inequalities are easily deduced for any n € Ryq

-~

(,0)] < & nen, 13+ BN @00) V@) € max g, (44Ta)

J@, @)l < 5 [Thwaxw, 1@+ 07 @Iﬂ](@q) V(2,9) € ko X Kg. (4.47D)

| [Wh,nzxmq [

and | [Wh,nzan [SB

ZE)
I

The following interpolation stability results are easily established for all k, € T;*, kq € T,!

IVe 7,8 i) < CIVe B limns) V8 € WH(s), (4.482)
19078 @l < ClIVa @ limngy V8T € WS (). (4.48b)

It follows from (4.48a,b) that

9] P S5 [
77Th,nz><nq{5 = fﬂ'ﬁ,nz |:7T;1L7n <)/O\:|
=1 j=1 8951 aqj Lo (kg Xkq) i=1 j=1 81:1 aqj ! Lo (ke Xkq)
d d
0 ~
<C> N VG € W2 (ky X Kg).  (4.49)
i=1 j=1 021065 " || Lo (1, x )

We recall the well-known approximation results for all x, € 7,;* and k4 € 7!

10 = 75 )Ly S ORI W) VB € WS (), (4.500)
1T = 78 )8 iom o) < OB (B wam ey VBT € WP(,). (4.50b)
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We require the following inverse bounds for all g7 € P{, ¢} € P{ and for all } C r, € T,7, k) C rq € T)!
with m(k.) < Cm(k}), m(kg) < Cm(kj):

1852 ) < C I / %5 da, (4.51a)
188 ey < C ) [ 188 da, (4.51b)
IVegiPason? [ gPar<on? [ E P (4510
/ Va@iPda<on? [ @Pda<on? [, 11p1P e (451d)

The bounds (4.51a,b) are standard inverse bounds in the case £} =, and £} = k,. However, these results are
easily generalized to £} C r; and kj C 4 under the stated conditions. The first inequalities in (4.51c,d) then fol-
low immediately from (4.51a,b), respectively; whereas the second inequalities in (4.51¢,d) follow from (4.46a,b),
respectively. The following bounds follow immediately from (4.51a,b) under the same stated conditions:

[ e tpifar<c [ @Pa [ @R e [ @R @5
KX ~ K% ~ Ky ~ Ky ~

In addition, we require the following weighted bounds.
Lemma 4.3. For all kg € T)" and for all ] € P{ we have that

/ M|Vq<ph|2dq<Ch 2/ M|goh|2dq<0h 2/ Mxj  [1@h]%] da, (4.53a)

JRG |21dg§</ Mdg> Iy < [ MIF g (453b)

Proof. If k4 has no vertices on 9D, let ¢min be the nearest point of k4 to dD. It follows from the quasiuniformity
of ’Z;h that dist(gmin, 0D) > C' hg, and hence, on noting (2.9a), it follows that

maxger, M(q) ¢, [dist(qmin, D) + hq]C

" ) = . =C. 4.54
minge,, M(q) =~ 1 [dist(gmin, D) <C (4.54)

The first inequality in (4.53a) then follows immediately from (4.51d) and (4.54). Similarly, (4.53b) follows
immediately from (4.51b) and (4.54).
If k4 has vertices on 9D, we introduce, for appropriate C; € Ry,

Ky = 1{q € Ky : dist(q,0D) > Cy hq} C Ky and  m(ky) < Com(ky). (4.55)

Similarly to (4.54), we have from (4.54) and (2.9a) that

maxgen, M(q)
_~ ~ <. 4.56
mingen: M(q) (4.56)
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It follows from (4.55), (2.9a), (4.56) and (4.51d) that
[ mwgipuse [ mverason? [ mapason? [ migPa, @)

and hence the first inequality in (4.53a). Similarly, the bound (4.53b) in this case follows immediately from
(4.51b), (4.55) and (4.56).
Finally, the second inequality in (4.53a) follows in both cases from (4.46b). O

In addition, we require the following inverse inequalities.

Lemma 4.4. For all 3y, € P} @ P{ and for all ky € T)F, kq € T,! we have that

| M, (Vo 2iPldgdr < [ MG Pdgds,  (458)
Kz XKgq ~ ~ oo~

K XKgq

M|V, @n|*dgde < Ch;? /
~ ~ K XKg

[ M, (80Pl dg e < [
Ka XKgq ~ ~

KaXKgq

M|V, @n|*dgda < Chy? /

Ko XKq

M |@n|? dg da. (4.58b)

Proof. The first inequalities in (4.58a,b) follow immediately from (4.53b) and (4.52), respectively. The second
inequalities in (4.58a,b) follow immediately from the first inequalities in (4.51c) and (4.53a), respectively. O

We require the following results.

Lemma 4.5. For all k, € 1,7, kg € T, and for all @Zh, Pn € )A(h we have that

/ M (L= Ty xwy) [V - Vo @] dg da
Ko XFKq ~ ~ ~

[N

~ 2/\
< Ch, (/ M|quh2dqda:> ZZ/ aa _‘gh_ dgdz | , (4.59a)
Kz Xkg ~ ~ i=1 j=1 XK L q] ~ 7
[ MU= ) (T - Ve Bl dg o
Kz XKq ~
N % d 62/\ 2 %
<Chy (/ M|Vz7/)h2dqu> ZZ/ S| dgde | (4.50D)
Ko XHKq ~ ~ i=1 j=1 Kz XKq €045 ~

and

/ M (I = 7p sy xw,) [0 $1] dg da
K X g ~ T

<Ch </ M|sz$h|2dqu> (/ M|vx@h2dqu>
Kz X kg ~ ~ Kz X kg ~ ~

1
+C hg (/ MIVthIqud:v> (/ qu@thqu> . (4.59¢)
Ko Xkq ~ ~ 7 Ko XHKq ~ ~ ~

1
2

Nl=

2

Nl
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Proof. As'V, n, V ¢ Pn € [P¥]% on Kk, X Ky, it follows from (4.50a) that

[ MU= ) (9050 Vo @i dg do
Kz X kg ~

< </ qudgs> I = 75 ) [0 B Vo Pl
Kg XHKg ~

< Chi </ M dq dif) ”vq wh q‘PhHW2 20 (Ky)
KaXKq ~

@h
8%8%

2
dgdz | . (4.60)

2dzdf ZZ/

i=1 j=17 RaXHKq

d d
<CRZ Y M

i=1 j=1

The desired result (4 59a) then follows from (4.60) on applying (4.58a) to the first integral.
Similarly, as Va ¢n, Vi @ € [P{]? on K, X kg, it follows from (4.50b) that

/ M T = T om,) [V D Va @) g
Ko X FKq

d ~ 2 2

2 3
32%%
dg dz E E/ M‘ dg dz . (4.61
~ Kg XKg axza(b ( )

~ i=1 j=1 ~

RS
8xi8qj

<on? ZZ/

i=1 j=1" Kz XKq

The desired result (4.59b) then follows from (4.61) on applying (4.58b) to the first integral.
To prove (4.59¢), we first note that I —mp s, xs, = (I =7}, . )+ (1 — W?L’Kq) T o, - 1t follows from (4.50a) that

| MU= ) Bl dade < OB [ M. ][V Baldgdo
Kz X kg ~ K ~

X Kq

< Ch? (/ M|vx$h|2dqu>
Ko XKq ~ ~

It follows from (4.50b) and (4.51a) that

1
2

(/ M |V, @h|2dqu> : (4.62)
Kz XKq ~ ~

1
2

(/ M dq df) (T =7} )T e [n Orlll Lo (ke xrg)
Kag XKg ~
d d
<Ch (/ qudx)ZZ m
K X K ~ T/ ==t

<Chy (/ M dq dff) Vg Pl () 1 Vg Pl s ()
Kz XKgq ~

Odn Opn
s L dg; Ogj

]

Le (“I)

1 1

2 2
< Ch? (/ M |V, n|* dg dx) (/ M |V, n|?dg dx) . (4.63)
Ka X FKq ~ ~ Ka XKq ~ ~

Hence combining (4.62) and (4.63) yields the desired result (4.59¢). O
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Lemma 4.6. For all k, € T,;7, kg € T, and for all @Z;“ Pn € )A(h we have that

~ 2
[ 10V el| +

2 (¢n) Va @h]’z] dg dz

(I - fh,nxan) [

(I - "Zh,nman) [

2]
t <

Q [1]

2
h dgdx | . (4.64)

< CO(L) (h + hy) ZZ/

i=1 j=1 nzxrw

Proof. As gg({b\h) € [P¥]1%9%4 and YV, @n € [P¥]? on ky X Ky, it follows from (4.50a), (4.51c) and (4.24) that

/ M
K XKg

(5~ ) EH) Vo 20l da e

d d
= %
< Chj (/ qudg> (ZZ IV [E5(9n) w||Loo<,%)) (ZD(% o0 |Loo<m)
Ka Xkq ~ i=1 j= =

=1 j=1
2
< C(L / dgdx | . (4.65)
i— 1] 1 nzan ~

Similarly, as gg(&h) € [P{]%*4 and V. @y, € [P{]? on K, x kg, it follows from (4.50b), (4.53a) and (4.24) that

Q1]

Sﬁh

2;0q;

2
[ M|~ T E5G) Ve al| dgdo < C(E : [y % / | agdr| . (60
Ka X Kq ~r ~ ~ i=1 j=1 m,an ~

Combining (4.65) and (4.66) yields the desired result (4.64). O

In addition, we introduce Qﬁf c X )A(h and @gf )A( such that
(M QM. Br)axp = (MY, Br)axp  Yén € X, (4.67a)
(M, m[(QM %) Braxp = (M, Br)axp  ¥@n € X (4.67Db)

In the Appendix, it is shown that

QN dI% <Clvl% Wi e X. (4.68)

We require a related result for @hM .
Lemma 4.7. The following bounds hold

I@NDI% < (Myma [|GNDE +190 @D+ IV, @DE]),  <Clily  vheX  (469)

QxD

Proof. Given ¢ € X, let E = (QM — QM)¢. It follows from (4.46¢), (4.67a,b), (4.59¢), (4.68), (4.58a,b) that
(M, E®)axp < (M,mh[E*)axp = (M, (4 — D{(Q}'¥) E)oxp

< ClYg |h2 (/QxDMW””E'Qd‘idi” +h3( QXDMVqEngdZ:) ]

< C (ho + h) [0l 5 [(M, E*qup]? < C (he + he)? 0% (4.70)
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It follows from (4.58a,b), (4.70) and (4.1) that

1@ = @PI% < ClIdlI%- (4.71)
The desired result (4.69) then follows from (4.71), (4.68), (4.58a,b), (4.59¢) and (4.46¢,d). O

We are now in a position to prove the following stability result for (P?At).

Lemma 4.8. A solution {ygh,igh}ﬁf:l of ( 5’At) satisfies the following stability bounds:

N N
max ||7j§}h\|%2(§z) + ninla_}fN(M’ [ F5 (V5 n))axn + Z Aty HYI ggh”%Q(Q) + Z Hﬁgh Us h1||L2(Q)

n=1 n=1

+6 ZAt (M, 7 IV (ol [FFY @)D o + (M7 Vg (mal [ @)D P |

<C HEth%?(Q) (M, m,[F§ (% n))axp +ZAt ||anH | <6, (4.72a)
n=1
N N
| max (M, 7| W& W?Daxp + Z At,, (M, 7Th[|~Vq wgb,h\Z + |~Vw ¢3h|2] Jaxp + Z(M, Tl [Y5s — w:{ﬁl *Naxp
n=1 n=1
< C(L) + C (M, my[[¥R*]Jaxp < C(L), (4.72b)
and
n n—1\ (|7 N n o1\ |2
—~ u u —
max_ U |C(M Y, |2dw} —i-ZAt (“At“> + 3 Aty ||G (W) <C(L,T),
n=1— Q= n Hl(Q) n=1 n )? (4 72 )
. C
where
Ve (2,4) ifd=2 and 9=3 ifd=S3. (4.73)

Proof. Summing (4.33) from n =1 — m, for m =1 — N, yields the desired result (4.72a) on noting (4.26a,b),
(4.29), (2.15) and (4.31a).

On choosing @5, = 9§, in (4.32b) and noting (4.35), we obtain
n n |2 n n—1)2 12 1 n |2
T = (Mo [0 + 1550 = T3], + St (Mo 26190 85 + 5 19, 35 )
' QxD ~ A~ Qx

D
- (M, h WQ#FDQXD +2At, (M (Vo usn) g, mn [ggwgh)yq A;h})QXD

+2 A, (Mg, mn [Z5(055) Vo O3]
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Hence, recalling (4.46d) and (4.24), for any n € Rsg, we have that

o]
L2(Q)

T < (M [|655F]) )+ At OO [l ey + 1V w5

o [Z5 P30 Vo B |+ | [E2P50) V0 B3] \Q)M

+ At,n (M,
< (Mom, |[955P])  + Ata COY) [lsbalFaqey + 10 uinllFa(o)]
+ Aty O Ly (Mo [V 002 + Ve O5l]) (474)

On noting the definition of T™, summing (4.74) from n = 1 — m, for m = 1 — N, with 7 chosen sufficiently

small, and recalling inequalities (4.72a) and (4.29), yields the desired result (4.72b).
The first bound in (4.72c) follows immediately from the first bound in (4.72b), (3.15) and (4.46¢).

On choosing w, = Qn {5 <W>] € Vi in (4.32a) yields, on noting (4.6), (3.3), (4.7) and Sobolev

embedding, that
n _ ,n—1 2 n _ ,n—1 n _ ,n—1
g Us,n = Usn [ Yon T Usn on ls Us,p — Us,n
N At,, B At, M2 At,,
H() Q

n n—1
n Us,n — Us
- (yx %6,}“ yw [Qh [g ( Atn )]] )Q

n n—1
n Us,n — Usn
Hg(Q)

< CICMM 3 ) 72 () + Ve 05wl T2y + 1 U5 5 105 Al 122 (0)

+[Huzy | Vo ug ] Z 10 () + £ -1 0] (4.75)

for any 6 > 0 if d = 2 and for 6 = % if d = 3. Applying the Cauchy—Schwarz and the algebraic-geometric mean
inequalities, in conjunction with (3.4) and a Poincaré inequality yields that

n

Hugi gl 22 < lugn s lugalZae <5 D lugiuliag
m=n—1

<O Y (e 1Ve wglia | - (4.76)

m=n—1
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26
Similarly, we have for any 6 € (0,1), if d = 2, that
) L 200-6) " 2(1+436)
n T1¥0 1+6
g I3l < €l D0 ITeumil Al
m=n—1
(4.77a)

| |U5 h1| |V us, a.nl ||L1+9(Q) < ||u5 holl2040)
L 1-8 (Q

= 1), that
(4.77b)

and if d=3, (6 =

m=n—1

sy Ve ughll72() < CHH?,#HLZ(Q) Z ||leja,h\|L2(Q)

1 2
s 190 w12 ) < s

On taking the 2 power of both sides of (4.75), recall (4.73), multiplying by At,, summing fromn =1 — N and
noting (4.76), (4.77a) with 8 = (¢ —2)/(6 — 9), (4.77b), (4.27), (4.31a), (4.72a,b), (4.29) and the first bound in

(4.72c) yields that

4
9

N u _unfl
5h— Ysh
2 At (m)
n=1 H'(Q)
N N 4 N 7
<O | D0 At |CM G372 e )| 2 A [IIY %ihllizmwnf"nz1<Q>H
n=1 - n=1 -
4 N
+C [ max (||u5h||L2 Q)) ] Z ln ||V u6h|L2(Q‘|
< C(L,T); (4.78)

and hence the second bound in (4.72c¢)
T _ Jn—1
On choosing @y, = M G (W

(4.24) and (4.69), that

o)

2

(Mﬂl(h S)ek ),

X
_ 1 wéh n 1
_2)\< Vo Ui "Vq N l ( Atn )H])QXD
n _ n—1

" QxD

n =q/mn w&h n 1

+ M(yxga,h)gafh 55(1/}5,h)yq QM T

QxD
n—1
+ <M U3 T [: (@3 Vs QY [ (W) D
" QxD

Vo 13 hum} +0 (Mom (12 94 +192 84aP]),

)+

<C(n) [lug

)} € X, in (4.32b) yields, on noting (4.67b), (3.13), (4.47b), (4.46d)

(4.79)
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Multiplying (4.79) by At,, summing from n =1 — N and noting (4.72a,b) yields the desired result (4.72¢). O

Now we introduce some definitions prior to passing to the limit §, h, At — 0. Let

t—tn— th —1
A 1 _
ush(t) = thg:;h(-) + "A—tn usp (), tE€ftaoital, 21, (4.80a)
At, A
WS = (), ST = (), EE (bt 21, (4.80b)
and A(t) := Aty, te€ (th—1,tn], n>1. (4.80c¢)
We note for future reference that
At At + dugz,
ush — Uy = (t—ty) 8757 , t€ (th—1,tn), n>1, (4.81)
where t} :=t, and t; := t,_;. Using the above notation, and introducing analogous notation for {Jgh}ﬁfzo

and {f” _1, (4.32a) multiplied by At, and summed for n =1 — N can be restated as:

T 8u§
— :Vy
AR z
g A A A
+35 // “5h' )u52+}~wh—[(u5fl 'vx)wh}' tﬂdxdt
0 N ~ M

:/ [(f wh>H1(Q —k,u/C M¢At+) Vzwhdx} dt theLﬁ(O,T;Vh), (4.82)
0 ~ o~ ~ ~

dx dt

where 9 is as defined in (4.73). Similarly, (4.32b) multiplied by At,, and summed for n =1 — N can be restated
as:

T 87,71\?;1 T A .
/ Mﬁh[ ot @’] dg dxdt‘/ Mugy™ 7 [ §Wsn ) Ve @L} dg dz dt
0 QxD ~ ™~ 0 axD ~ - 107
! 1 At At
+/ M [m Vs " Vadnte Vot V;v%@h:| dg dadt
o Jaxp qar

/ M(Voudita) m [SHORT) Y, 8n] dgdedi =0 VG, € 120, Rn). (48)
QxD ~ ™~

It follows from (4.72a—c), (4.80a—c), (2.22) and (4.46¢,d) that

T
At(,%) TAL(,+ At(, %)
sup I8t o] +3 s [Lmil B2 Dasn] + / V2 uss ™ ) dt
te(0,T) te(0,T)

+5/ M Vo al (F5Y @ + Vo (ral [FFY (510D )axn | di

At +

/ J o Cwazc (4.848)
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and
At(,£) 2 T AL
sup (M55 P + [ OLIT, G2 P 4192 03 Plaxn di
t€(0,T) 0
T W’At+ Uk SAL(E)
+/ L dgdz| dt+ sup |[C(5 ) ]
0 [ QxD A(t) ~ t€(0,T) @
T ough |’ T\ o |’
+ / 5 —= dt + / G2 At < C(L,T), (4.84D)
o ||~ Ot 0 ot | .
H(Q)
where 9 is as defined in (4.73). In the above and throughout, the notation gﬁfb(’i) means “?Z with or without

the superscripts 4, and similarly 1/1At( £,

Before proving a convergence result for (PZ’M)7 we need the following result.

Lemma 4.9. For all k, € T}*, k4 € T, and for all ), € )?h we have that
| MIZ@E) - 8@ 1P dgds
Kz X kg ~ ~ ~

<C (52 +hi / M|V, @L|2dq dgg+/ M Th ke, x ke, [[@h]z_] dg dz) , (4.85a)
Ka X Kq ~ ~ Ko X Kq ~

20

5(n) — B"(Bn) I* dg du

/ M
Ka X Kgq

<C (52 + h? / M|V, @y*dgdz +/ M 7 e, sy [[@0)2] dg dx) . (4.85b)
K XKq ~ ~ Kz X kg

Proof. Firstly, we have from (4.21), (4.19), (2.17) and (4.53b) that
| M) - 8@ 1P g s < ( [ dfg) IAZ@n) — BE@0) 11 o
Ka X FKq ~ ~ ~ Kz XKq ~ ~ ~

<Ch; (/ M dq dg) 1V 185 @ Z e, )
Kz Xkg ~
< Ohi/ M |V, @n)? dg da. (4.86)
Kz X kg ~ ~
Similarly, we have from (4.21), (4.19), (2.17) and (4.51a) that

/ M |=5(n) — 55 (@ )I|2dqd:c<0h2/ M |V, @n|?dgq da. (4.87)
Ko X FKq ~ ~ ~

K XKg

Next we note from (2.17) and (2.25) that, for all s € R,

185 (s) — BE(s)] < 6 — [s]—. (4.88)

In addition, we note that

[Pl —(2,0) = Thwoxwy [[Pn]-](z,q)  V(2,q9) € Ko X Ky (4.89)
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Hence (4.88), (4.89) and (4.46¢) yield that

/ MIﬁé(%)—ﬁL(@ledng:s/ M (5= [Bn]-[* dg dw
Kg XKq ~ ~

Kg XKgq

g/ M |6 = Th, sy [Pn]|? dg dz
Kag X Kq ~ T

<C

52 —|—/ M |, sy [Pn)—|? | dg da. (4.90)
Ko X FKq ~

Combining (4.86), (4.87) and (4.90) yields the desired results (4.85a,b). O

We are now in a position to prove the following convergence result for (Pg’m).

Theorem 4.10. There exists a subsequence of { {yﬁﬁ, zZ(SAfL} }650.h50,at>0, and functions u € L>(0,T; L?(2))N
L2(0,T;V) N W3 (0,T; V") and ¢ € L=(0,T; L%,(Q x D)) N L%0,T; X) N H(0,T; X') with ¢ > 0 a.e. in
Q x D x (0,T) such that, as 6, h, At — 04,

u?fl( R weak* in L=°(0,T; L*(Q)), (4.91a)
ﬁ,i(’i) —u weakly in L*(0,T; H5(Q)), (4.91b)
Ous p, ou .
§ TR §a weakly in Lv(0,T} Y), (4.91¢)
uéfb(’i) —u strongly in L*(0,T; L"(Q2)), (4.91d)
and

M3t — ME weak* in L0, T; L3(Q x D)), (4.92a)
M2V it — M2V, 0 weakly in L?(0,T; L?(Q x D)), (4.92b)
MV g™ — MV, ¢ weakly in L?(0,T; L?(Q x D)), (4.92¢)

8/\?}; 6'(2)\ . 2 o
g % Y5 weakly in L*(0,T; X), (4.92d)
M2 {b?;tl(i) — M4 strongly in L*(0,T; L*(Q x D)), (4.92¢)
M3 E5 () — M3 BEW) T strongly in L*(0, T L*(2 x D)), (4.92f)
M3 Eg(ﬁﬁi(’i)) — M2 5L(1Z)£ strongly in L*(0,T; L2(Q x D)), (4.92g)
c(M Aﬁfl(’i)) — C(M ) strongly in L*(0,T; LQ(Q)) (4.92h)

where ¥ is defined by (4.73) and r € [1,00) if d =2 and r € [1,6) if d = 3.

Furthermore, {ugZ} solves the following problem:

(P) Find w € L>(0,T; L*()) N L*(0,T; V) "W (0,5 V') and ¥ € L(0,T; L, (2 x D)) N L*(0,T; X) N
HY0,T;X") with ¢ > 0 a.e. in Q@ x D x (0,T) and Q(M{ﬁ\) € L>(0,T; L*()), such that u(-,0) = u°(-),



30 TITLE WILL BE SET BY THE PUBLISHER

T
= [ g at = [

/0T<at @> dt+//mD e Ve §—uph(@)] - ¥ V. @ dgdedt

C(Mw) V,w dzdt Yw e L7 (0, T;V); (4.93a)

/ / [M (vzu)qﬁL(ﬁ)]-vqadqudtzo 3 € 12(0,T; X), (4.93D)
QxD ~ ~T ~ ~

Proof. The results (4.91a—c) follow immediately from the bounds (4.84a,b) on noting the notation (4.80a—c).
The denseness of |, o Ry in L?(Q2) and (4.3d) yield that u € L*(0,T; V). The strong convergence result (4.91d)
for yﬁfl follows immediately from (4.91a—c), (3.3) and (3.14), on noting that V C H}(Q) is compactly embedded
in L™(2) for the stated values of r. We now prove (4.91d) for y?fl’i. First we obtain from the bound on the
last term on the left-hand side of (4.84a) and (4.81) that

At,+
s, uéltz 1Z20,7,12(0)) < C At (4.94)

Second, we note from Sobolev embedding that, for all € L(0,T; H'(2)),

Il 22 0,7;7 () < H77||L2(0 T;L2(Q)) Hn”m 0,T:L*()) <C ||n||€[:2(()7T;L2(Q)) ||n||}‘;Z)7T;H1(Q)) (4.95)

for all r € [2,s), with any s € (2,00) if d =2 or any s€(2,6)ifd=3,and 0 =[2(s—1r)]/[r(s—2)] € (0,1].
Hence, combining (4.94), (4.95) and (4.91d) for u$} yields (4.91d) for uAt a

The result (4.92a) follows immediately from the bounds on the first and third terms on the left-hand side of
(4.84b). It follows immediately from the bound on the second term on the left-hand side of (4.84b) that (4.92b)
holds for some limit g € L?(0,T; L?(Q x D)), which we need to identify. However for any ne L2(0,T; Cg° (2 x
D)), it follows from (2.5) and the compact support of 1 on D that [V, - (M2 n)]/M= € L*(0,T; L*(2 x D))
and hence the above convergence implies, on noting (4.523), that N

r T s oary Vo (M2g
/ / g-ndgdgdt —/ Mfw?}tﬁ'Lw)dngdt
1x D ~ 0o Jaxb ’

T G v
—/ Mzl — = dgdpdt (4.96)
QxD M=

as 0, h, At — 0. Hence the desired result (4.92b) follows from (4.96) on noting the denseness of C5°(2 x D)
in L?(Q x D). Similar arguments also prove (4.92c ,d) on noting (4.92a) and the second and sixth bounds in
(4.84b). The strong convergence result (4.92¢) for 1/1?,3 follows immediately from (4.92a—c), (3.13), (3.14) and

(3.11b). Similarly to (4.94), the third bound in (4.84b) then yields that (4.92e) holds for 1/)At( %) The desired
results (4.92f,g) follow immediately from (4.85a,b) the second bounds in (4.84a,b), (2.25) and (4.92e). The
desired result (4.92h) follows immediately from (4.92a), (2.3) and (3.15). Finally, the nonnegativity of ¢ follows
from (4.92¢) and the second bound in (4.84a).

It remains to prove that {u, 12} solve (P). It follows from (4.5), (4.84a,b), (4.91a-d), (4.92h), (4.31b), (3.2) and
(4.8) that we may pass to the limit, 6, h, At — 04, in (4.82) to obtain that u € L>(0,T; L*(Q))NL2(0,T; V)N
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W13 (0,T;V’) and c(M ¥) € L*®(0,T; L?(Q)) satisfy (4.93a). It also follows from (4.28a), (4.5), (4.84a) and
(4.91d) that u(-,0) = u°() in the required sense; recall Remark 3.1.

Tt follows from (4.92a—g), (4.91b,d), (3.12), (4.59a—c), (4.64), (4.84a,b), (4.48a,b), (4.49) and (4.50a,b) that we
may pass to the limit 6, h, At — 04 in (4.83) with @5, = 7, @ to obtain (4.93b) for any @ € C§°(0,T; C(2 x D).
In order to pass to the limit on the first term in (4.83), we note that

T aAAt
/ M my, l ?;’h [7h, @]1 dg dx dt
0 JaxD oo~

/T Ot
= M
0o Jaxb ot

The desired result (4.93b) then follows from noting that C§°(0,7;C(Q x D) is dense in L?(0, T} )A(), on recall-
ing (3.8). Finally, it follows from (4.28b), (4.59¢c), (4.51¢c), (4.53a), (4.50a,b), (3.8), (4.84b) and (4.92¢) that
(-, -,0) = 9(-,-) in the required sense; recall Remark 3.1. O

~n; Ol @
W

T
[y, @] dg d: dt + / ] dg dx dt. (4.97)
~ 0 ~ o~

QxD

Remark 4.11. We note that (P), (4.93a,b), differs slightly from (PZ), (3.16a,b), in that u € W13 (0,T,V")
for the stated value of ¥, recall (4.73), is slightly weaker than u“ € W1 (0,T,V’) in the case d = 2 with
the subsequent slight strengthening of the regularity of the test functions in (4.93a). In addition, JL in the
convective term in (3.16b) is replaced by gL (12) in (4.93b). It does not appear possible to construct a variation
of the finite element approximation (P?At) that converges to the former version of the convective term, and at
the same time converges to the other terms in (4.93b). The presence of the cut-off 3L() in this convective term
improves the regularity in time of ¥ in (4.93a,b), to that in (3.16a,b), and hence the weakening of the regularity
in time of the test functions in (4.93b).

Remark 4.12. Finally, it follows from (4.84a) and (4.91a,b) that

T
sup [[ulta)] + [ 1920l de<C. (195)
te(0,T) - ~ 0o = ~

Hence, although we have introduced a cut-off L > 1 to {/; in the drag and convective terms, and added diffusion
in the g direction with a positive coefficient ¢ < 1 in the Fokker-Planck equation compared to the standard
polymer model; the bound (4.98) on u, the variable of real physical interest, is independent of the parameters
L and e.

APPENDIX A. QUASI-INTERPOLATION IN MAXWELLIAN-WEIGHTED SOBOLEV NORMS

The aim of this Appendix is to prove the stability result (4.68). To do so, we first need to show certain
quasi-interpolation results in Maxwellian weighted Sobolev spaces. The starting point for the construction of
the relevant quasi-interpolation operators is the Brascamp—Lieb inequality stated below.

Suppose that D is a convex open set, D C R? (e.g., a bounded open ball in R? centred at the origin; or,
more specifically, in the case of the FENE model, D = B(Q;b%), b > 2). Consider a probability measure p
supported on D with density efv(g)7 q € D, with respect to the Lebesgue measure dg on R?, where V is a
convex function on D; p is usually referred to as a Gibbs measure. In particular, -

-V
Mm=/}m=/e(@%7
B B

for any p-measurable set B C D, with u(D) = 1. The following geometric functional inequality comes from the
paper of Bobkov & Ledoux [8].
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Theorem A.1. (Brascamp—Lieb inequality) Assume that V is a twice continuously differentiable and convex
function on a convex open set D C R%, such that, for each ¢ € D, the Hessian

v
gu@:=<a%52>

1s positive definite. Then, for any sufficiently smooth function f,

Var,[f] =B - B < [ @V, Vo S where Byl = [ f
D D
In terms of simpler notation, the Brascamp—Lieb inequality can be restated as follows:
v, 17 v V()
Ajﬂ@—ﬁj@b ~d4e Vag< [ 1@ Va1 T00 e Py

for any sufficiently smooth function f.

A.1. The univariate case

Suppose that d =1, D := (0,¢1) C R, and V(gq) := In {aq_&l (%)a] with o > 0. Clearly, [}, e Vid) dg = 1.

By the Brascamp-Lieb inequality,

“ a+1l [ ? L™ e 2 Q% "o e
[ 0= [T eas ] [Mrepetast [Mirorea o
0 qp @ Jo @ Jo
Let us consider the nonuniform partition 0 = gy < ¢1 < --- < gy = 1 of the interval [0,1], with A,

maxg—1-nN(qk — qk—1), and let )/fg denote the set of all continuous piecewise linear functions defined on this
partition. For m € Z>¢ and a nonempty open interval (a,b) C Rsg, let

H™((a,b);¢%) := {@ € Hiso(a,b) = 1Bl Frm ((apyiqe) = Z " (g)? ¢* dg < oo}
k=077

When m = 0, we write L?((a,b); ¢%) instead of H°((a,b);q%).
For ¢ € H'((0,1);¢%), let I}1p € X} denote the continuous piecewise linear (quasi-)interpolant of 1, defined
by

V() + (g — 1) =y V' (p)p®dp, q€0,q1],
v

%(q—qmﬁﬁqm), q€[gk-1,q], k=2—-N.

(I1$)(q) =

We note that since H'((0,1);¢*) C C(0,1], the definition is meaningful. Observe, further, that (IZ@)(qk) =

¥(qr), k =1 — N; ie. the function I}y interpolates ¢ at ¢ = gz, k = 1 — N, but not at ¢ = go = 0. In

the interval [0, ¢1] the function I}'¢) has been chosen so as to ensure that (I}/¢)'(q) = :atll ! (p) p® dp and
1

0
(IZ@Z)(ql) = &(ql). Hence, on applying the inequality (A.1),

[ o= wire] eas (" @ore o
0 0
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On the remaining subintervals in the partition, using ¢’ ; < ¢® < ¢i and a standard error bound for the linear
interpolant of ¥ € H?(qx_1,qx), k = 2 — N, we have that

dk - N @ _ 2 K __
[ [P - @] e aes (L) Bt l T grgpea k=2

2
qk—1 qk—1 7T

On summing our bounds through £ =1 — N and noting that ¢ < hy and g — qr—1 < hg for k=1 — N, we

obtain
! ] N/ hg // 2
[ 70 -airo] e arsme (2w ()" 1) [

We shall henceforth assume that the partition 0 = g9 < ¢1 < --- < gy = 1 is such that there exists a fixed
constant Cy > 1 such that

< Co. (A.2)

max
k=2—N (-1

Now, letting C,, := max (i , %Cg), we get

[ - wira] eascs [ oreda (A3)

We note the weighted Poincaré inequality for all v € H'((0,1);¢%) with 9(1) =0

2

/01 6<q>|2qadq=/ol (/:a'u)t‘% = dt) 4" dg
< ( / g ( / 1t—adt) dq) / 1 P di= st | e (Ad)

which, in fact, holds for any @ > —1. Applying (A.4) with v = 12— IZ’LZ, and noting (A.3) we deduce that

[ @ - ai)] arae< 5 [ @R e

2(a—|-1

and therefore
- 1 ~
14 = L3 0,190 < Ca (1 + 2(a+1)> g 19" 172 (0,1):00) (A.5)

Let P! denote the orthogonal projector from H*((0,1);¢®) onto )?Z with respect to the ¢®-weighted H'(0, 1)
inner product
/ V' (q) @ (q) ¢* dg + / ¥(q) Blg) ¢ dg,

a() — Plp,@n) =0 V@, € X1 (A.6)
Now, consider the following boundary-value problem: Find zZ € H'((0,1);¢) such that

where a > 0. That is,

a(@,2) =Up) VP e H'((0,1);:¢4%), (A7)
where

1
(@) = / i@ 8@ dg,  with  G= ¢ — P
0
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The existence of a unique weak solution z € H'((0,1);¢%) to (A.7) follows from the Lax—Milgram theorem.
Hence, on taking @ = Zz in (A.7), we obtain

1217 ((0.1):90) = @(Z:2) < 12l 22(0,1):0) 18 — PRl L20,13i0) < NZlE1 ((0,1)302) 19 = Pl L2((0,1)5)

and therefore
121 E (0,1):00) < N1 = Plpll2((0,1):99)-

Problem (A.7) is the weak form of the following boundary value problem:

—?’—%?+2:«Z—P5«Z, ge(0,1),  lim ¢®%(q) =0, (1)=0.

q—04
Formally differentiating this equation, multiplying the resulting equation by z'¢®, integrating over ¢ € (0,1)
and integrating by parts in the first term on the left-hand side and on the right-hand side yields

1 1 1 1 1
/ |z”’|2q“dq+a/ |2'|2qa—2dq+/ |z”|2q°‘dq=—/(w—P,zwz”'q“dq—a/(z/)—Psw)z”qa—ldq.
0 0 0 0 0

This formal argument can be made rigorous by replacing ¢® with (¢ + )%, § > 0, in the definitions of a(-,-)
and £(-) above, and passing to the limit 6 — 04 ; we refer to Section A.2.4 for the details of an analogous, but
rigorous, multidimensional argument. Hence,

127172 (0,1s0) + @2 172 (0,1):90-2) F 212 17 2((0,1):90) < L+ @) 19 = P[22 (0,150 (A.8)
Now, by (A.7) with ¢ = - P,lez\, the definition (A.6) of the projector P/, and the bound (A.5),

||w_P]3w||i2((0,1);q“) = a(w_PIgwa/Z\) :a(w_Plgwa/Z\_P}gg)
< Y = Pl e 0,1):90) 12 = P2l a1 ((0,1)592)
< Y = Pivllao,1)00) 12 = L2l 1 (0,1):0%)

R - 1 1/2
<l = Pl .10 {Ca <1 + 2(0<+1)ﬂ hq 12”1 L2((0,1):9%)-

Thus, by (A.8),
1% = Pl z2(0.1)i0%) < [Ca (5 + )] h 1Y = Pl 0,1):90); (A.9)

and, denoting by Q7 the orthogonal projection in the inner product of L?((0,1);¢%) onto X i, trivially

~ ~ - 1/2 ~ ~
19 — Q2PN L2004y < [Car (B + )] hg 1D — PID 112 (0,1):00)- (A.10)

Now,
19" = (@) ll2(0,1):0%) < 19" = (PR) 20,1102 + 1(PRY)" = (Q%) I L2((0,1)59%)-
Let us, at this point, strengthen the mesh-regularity hypothesis (A.2) by assuming that the partition 0 =
Qo < q1 < --- < qn =1 is quasiuniform. Then, by the inverse inequality

K K A
/ (@) P a* dg < C2, B2 / Gul2q*dq  Vp € XY,
qr—1

drk—1
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whose proof is identical to that of the first inequality stated in (4.53a), we have that

(P) 122 ((0.1):9%) + Cimv bg 1P — Q0| L2 (0,159
(PA) 122 (0,1):9%) + 2Cinw hg |19 = Pl L2 ((0,1):0%)-

19" = (QR¥) lL2(0.1):9) < |l

V-
< 9 -

This, together with (A.9) and (A.10) yields

1 = Qe lin (0,1)i00) < [2+ (hg +8CRy) Ca (5 + Q)] 1© = Plv I (0.1),0): (A.11)

which in turn implies, by the triangle inequality and the fact that HP&ZHHl((O,l);q‘*) < ||$||H1((011);qa), the
existence of a positive constant C, independent of A, such that

QA (0y00) < Clll 0.0y V0 € H'((0,1);07).
This is the univariate counterpart of the desired stability result (4.68).

Remark A.2. Supposing that 1 € H2((0,1);¢®), we have that
i 2 N 12 1 2 ! 7 2
q q @
1Y — Pl e 0,1):90) < 1Y = Ll (0,1):90) < Ca (1 + 2(044-1)> hq /o 1" (@)]” ¢* dg.
Thus, (A.11) implies that an analogous bound holds for {Z)\f QZ@Z in the [ - [ 71((0,1):q~) DOTM.

A.2. Multiple dimensions

In multiple space dimensions the proof of the stability result (4.68) proceeds in a similar manner as in the
univariate case discussed above, except for two technical complications. The first is that D is ball, and therefore
D has a curved boundary 9D; the second is that an open (possibly, curved) simplex x4 in the partition of
D, whose closure has nonempty intersection with 9D, may intersect 0D in d different configurations: with
exactly one curved (d — k)-dimensional face contained in 0D, k = 1 — d — 1, accounting for d — 1 different
configurations, and with exactly one vertex contained in 9D, accounting for the d*" configuration. Each of the
d possible configurations necessitates a different local definition of the quasi-interpolation operator I}/, which
we use in the proof of the stability result (4.68). Since the two-dimensional case is sufficiently representative of
the general argument, we shall restrict ourselves to showing (4.68) in the bivariate case. The proof in the case
of d = 3 is identical; in Section A.2.3 we shall indicate the essential alterations that have to be made to the
arguments presented herein to obtain the corresponding bounds in the case of d = 3.

A.2.1. Two dimensions: flat boundary

We begin by assuming that the boundary of D C R? is flat, e.g. that it is the straight line ¢; = 0 in the
q = (q1, g2)-plane. For ease of exposition we shall, intermittently, write x and y instead of ¢; and g2, i.e. := ¢
and Y 1= qo.
Two dimensions: configuration 1-flat. Consider a nonobtuse open triangle kK = AABC, as in Figure 1, with
A=(h,0), B=(0,k), C=(0,1), contained in the rectangle R(x) := (0,h) x (I,k) = OB'BCC’, with B’ = (h, k)
and C' = (h,l), where [ <0<k, k—1>0and h > 0. Here, B and C belong to the line 2 = 0 along which the
weight-function (z,y) — z¢ vanishes; a > 0. We define,

a—+1

~ a+1 h R h
/0 Or(x,k)2¥dx  and  ®(0,1) := go(h,l)—hw/o Pz, 1) 2% d.
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B(0,k) B’ (h,k)
k
0(0,0) h A(h,0)
|
c(,) C'(h)

FIGURE 1. The nonobtuse open triangle k = AABC in the (x,y) := (q1,¢2)-plane, with
A=(h,0), B=(0,k), C=(0,1), in configuration 1-flat, that is with two points, B and C, on
the line = 0 along which the weight function (z,y) — z® vanishes.

We then define pg as the affine function whose values at the points A, B and C are, respectively, @(h,0),

<T>(O7 k) and c5(0, [). Thus, ps interpolates @ at A, while at the points B and C the values of pg are based on
extrapolating from the points B’ and C’, respectively, by means of the univariate quasi-interpolant I;!. Thus,

N €T ~ x Yy l = z Y k
~ =p(h,0) - +®0,k) (1—=—-2) —+P(0,) (1 —=-—=
pp(@,y) = §(h, 0) 3 + (0, )< h l)l—k+ (0’)( h k)k—l’
which implies that the partial derivatives of ps with respect to x and y are:
1 -~ 1 l ~ 1 k
3)z(t,y) = P(h,0) = +@(0,k) ( = | 7 +2(0,0) { = ) 7—,
(p3)a(2,y) = &(h, 0) 3 + (0 )< h)l—k+ (0)< h)k—l

and
(p2)y(z,y) = B0, k) [ —= L+E}?(o ) Ly kR
Pely\®¥) =20 1)1—k Nk k-
We define the linear functionals
Li(p) =%z — (pg)e  and  La(®) = @y — (pp)y-

By direct computation, ®(0, k) = (0, k) and ®(0,1) = $(0,1) all $ € Py, and hence ps = @ and L;(p) = 0 for
all p € Py, i = 1,2. Further,

~ a+1 h N —
|®(0, k)| < W/o |p(h, k) — h &y (x, k)| 2 da. (A.12)
Now,
h d h h
B(h, k) B = Bla, k) 2® + / (@l R) 1) dt = Bla, ) o + / ot k)t dt + o / Bt K)o dt,
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Therefore, by integration over the interval 2 € [0, h], integration by parts in the third integral on the right-hand
side, and applying the Cauchy—Schwarz inequality,

h h h h h
|§(h, k)| BT g/ |@(x,k)\xadx+/ / \@z(t,kﬂto‘dtdx—ka/ / |p(t, k)[t* dt dz
0 0 x 0 T

h h h
:(a+1)/ |@(x,k)|x“dx+/ / |Ps (t, k)| t* dt d
0 0 T

1/2

pot1y /2 h , potiy /2 h ,
< 1 ] « Do «
<ern (i) ([ eenrean) wn(E) ([ e niean

1/2

Thus,

1/2 1/2

~ at+ N\ hetINY2 (o )
nk) < (202 k)22 d R S B2 2 d . (A3
el < (Gar) ([ 1o RPetas (25) ([ eetemperar) )

To bound the first term on the right-hand side, note that, for any y € [I, k],

k
1B k) = 13 p)? + 2 / (e, 5) By, 8) ds,
Yy
and hence

h h h k N N

| temparar= [Ca@pPaetdsrz [ [ fws ot o) o ds) do
0 0 0 y

h h k N N

< / Bz, y) 2 2% da + 2 / / 1B, 1) 2% |3y (1) 2% d dy.
0 0 l

Thus, on integrating over all y € [I, k] (recall that I <0<k, k—1> 0 and h > 0),

h h k
(k—1) / 1B(a, k)P da < / / 1B ) 2° dz dy
0 0 l

h k 1/2 h & 1/2
Lok 1) (/ / @(w)zxadxdy) (/ / |¢y<x,y>|2xadxdy> ,
0 l 0 l

which then implies that
h 1 bk
/ Pz, k)|? 2 da < 7/ / |B(x, y)|? 2~ dz dy
0 k—=1Jo Ji

hoook V2 /o k
+2 </ / |P(x, y)|? 2 dxdy) </ / 1By (z,9)]* 2 d:cdy)
o Ji o Ji

1/2
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Analogously,

h 1 hook
/‘@z(%k)\zfadxﬁi/ / B (z,9)|? 2* da dy
0 k—=1Jo Ji
1/2

bk 1/2 bk
+2 (/ / |Px (2, y)\2 % dx dy) (/ / |Pay (, y)|2 % dz dy) . (A14)
o Ji o Ji

Substituting the last two bounds into (A.13) it follows that

|o(h, k)| < C(hy k= 1) 1D z2((0,h) x (1,k);22) -

Further, (A.14) implies that
1/2

h hot 1/2
/ |¢x<x,k>|x°‘dxs( ) < / Bala k) 2 dx> < O,k — DIl 2(0m w1y
0

Substituting the last two bounds into (A.12), we deduce that

|@(0, k)| < C(hyk — 1) Dl 22 ((0,1) x (1,k) ;) -

Analogously,

|P(h, )| < C(h, k=) 1Pl z2((0,0)x 1k)szey  and R0, )] < C(hyk — 1) D] 72 ((0,1) x (1,5)52)

as well as
| h7 O)‘ O(h7 k — l) ||¢\||H2((O,h)><(l,k);w”)~
These inequalities imply that, for i = 1,2,

1Li (D) 2 (rswey < INLi( @) 2 ¢(0,m) x (1,k)52)
1
3 2 haJrl 2 R
< Jremae (7.2 (B 0-0) cwn] 1822 o x (e

hk—1 +1

Recall that L;(p) =0 for all p € Py, i =1, 2.

Let A = (1,0), B= (0,b), C= (0, ¢) denote the counterparts of A, B and C, respectively, with ¢ < 0 < b, in
the open reference triangle K, obtained by rescaling the open triangle Kk = AABC by h, i.e. b=k/h and ¢ = [/h,
and let p:= (k—1)/h=0—c (> 0). We define T = «/h and y = y/h, ¢(Z,y) = &(z,y), p5(T,y) = ps(x,y).
Finally, we define L; by B

Li(9)(@,y) == h Li(p)(z,y),  i=12.
Thus, B B
Li(@)(,9) = ¢z(7,y) — (P5)2(7,9),  L2(9)(@,y) = 5(7,9) — (P5)3(Z, ).
Then, Zl(@ =0 for all ¢ € P;. In addition, repeating the bounds above with h, k& and [ replaced by 1, b and c,
noting that all constants in the bounds depend continuously on p = b — ¢, we deduce the existence of a positive
constant C(p), which depends continuously on p, such that

1 Li (@) 2wz < N1 Li(@) 20,1 x (e,b):3%) < C(0) 191 52((0,1) x (¢,0)552) > i=1,2.

Note that p depends only on the shape of k; in particular, it is independent of the size of .
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Let us recall the following generalization of the Bramble-Hilbert Lemma, due to Tartar (cf. Ciarlet [12],
Section 3.1, Exercise 3.1.1).

Lemma A.3. (L. Tartar) Let V be a Banach space, and let Vi, Vo and W be three normed linear spaces.
Suppose that A; € L(V;V;), i = 1,2, and that Ay is compact. Suppose, further, that there erists a positive
constant cg such that

[vllv <co ([[A1vflvy + [[A2v]lve) Vv eV
Finally, suppose that L € L(V; W) is such that

v € ker Ay = Lv = 0.

Then, the following statements hold.
(i) P:=ker Ay is a finite-dimensional linear space.
(ii) There exists a positive constant c1 such that

inf [[v —pllv < e[| A2v]v, Yo e V.
p€EP

(ili) There exists a positive constant C' such that
[Lollw < CllAgvllv, Vv eV

We shall apply this result with a > 1, V = H?((0,1) x (c,b);2%), Vi := H*((0,1) x (¢, b);2%), Vo :=
[L2((0,1) x (c,b);7))*, W = L2((0,1) x (c,b);2%), Ay : © € H?*((0, ) (¢,b);T%) +— (vw,va,vw,vyy)
Ay :=1d,and L = L;, i = 1, 2, together with the compact embedding

H?((0,1) x (¢, b); %) — H'((0,1) x (¢, b); %),

which requires the restriction oo > 1 (cf. Lemma 5.2 in Antoci [1])
Thus, we deduce that

19z — (03)z |l L2((0,1)x (eb):3e) < C(P) [@1E2((0,1)x (e,b):5)

and
165 — (P3)3ll L2((0,1)x (e.);72) < C(P) [P 2((0,1) x (c,):7)>
where | - |g2((0,1)x (¢,b)s3) 18 the semi-norm on H?((0,1) x (¢, b); Z*).
After returning from the scaled variables  and ¥y to the original variables x = hz and y = h y and combining
the resulting inequalities into a single inequality, we obtain

V(@ = pa)llL2(0,0)x (1k)ze) < C(P) M Dl E2((0,0) % (1,k)520) -

In other words,
IV(? = pp)ll2(R(x):ze) < C(p) NP 2 (R(k):e)s (A.15)
whereupon
V(@ = pa)llL2(riwey < C(p) PPl 2 (R(k)sa) (A.16)
where R(k) := (0,h) x (I,k), p:=(k—1)/h and a > 1.
Using that, for (z,y) € k, 0 < z/h <1 and |y|/(k —1) <1, one can obtain a similar bound on @ — p in the
z“-weighted L? norm on x. The only difference is that then

L@)=¢p—ps and  L(p)(@,y) = L(p)(z,y),
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with the same definitions of pg, ¥, pz, T and y as before. We recall that pz = ¢ for all @ € Py, and hence
L($) =0 for all p € P; and therefore L(@) = 0 for all ¢ € P;. We still have that

IL@) 2@y < IZ@) | L2(o0,1)x @p)3%) < C(0) 1Bl m2((0,1)x (e.0):3) -

Hence, Lemma A.3, with the same choice of V', V1, Vo, W, A; and A, as before, and « > 1, implies that

19 = DallL2(0,1)x (ep)3e) < CP) 1P H2((0,1) x (c,b):%) -

After returning from the scaled variables & = z/h and ¥ = y/h to the original variables z and y, we obtain that

1% — p@”L?((o,h)x(l,k);za) <C(p) h? |@|H2((o,h)x(z,k);za)-

In other words,
18 = pall22(Ren)ie) < C(p) B2 18] m2(R(w)io)s
whereupon
1 = pllL2(miaey < Clp) B Bl a2 (R(r)iam) (A.17)

with R(k) := (0,h) X (I,k), p:= (k—1)/h and « > 1. The constant C(p) is a continuous function of p in each
of these bounds.

Two dimensions: configuration 2-flat. The alternative configuration of the triangle k = AABC is:
A=(0,0), B=(h, k) and C=(h,!l), with only one point, A, on the line 2 = 0 along which the weight-function
(x,y) — = vanishes. In this case, we define p; as the affine function that interpolates ¢ at B and C, and has
the value

- 1 [P
(0,0) = 3(h,0) — hi/ 3o (2, 0) 2* du
ha+1 0

at A=(0,0), extrapolated from (h,0) using the univariate quasi-interpolation operator. Thus,
~ x . l 1 . k 1
o) = 3(0.0) (1= 5) + @0k (- o) 1o + 80 (- 1o ) 2
~ 1 l 1 - k 1
(o)) = ~8(0.0) 1 + 80 0) (-1 ) o+ 200 (< ) =
1

(b)) = Bl K) g + B0 1)

Again, we define
Li() =02 — (pp)a and  Ly(®) := &y — (Pp)y,

and we observe that (/IS(O,O) = ©(0,0) for all ¢ € Py, and hence p; = @ and L;(p) =0 forall p € Py, i =1,2.
The rest of the argument is the same as in the case of configuration 1-flat, and leads to the same final bound:

||~v(@ - p@)HL2(n;wa) < C(p) h |¢\|H2(R(n);w”)v (Als)
where again R(x) := (0,h) x (I,k), p:= (k—1)/h and a > 1. Also, as in the case of configuration 1-flat,
18 = pgllz2(wiae)y < Cp) h* 1@l 12 (R(w)sae)s (A.19)

with R(k) := (0,h) x (I,k), p:= (k —1)/h and a > 1. The constant C(p) is a continuous function of p in each
of these bounds.
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N

FIGURE 2. The domain D, the circle C C D, with dist(0D,C) = h, and C’, A, B’ € C and the
open curved nonobtuse triangle £, = AABC in configuration 1-curved.

A.2.2. Two dimensions: curved boundary

Now suppose that D is an open disc in R? of radius rp € Rxg, centred at the origin. Suppose, further, that

{77} h>0 is a quasiuniform family of partitions of D (in the sense of Hypothesis (A1) from Section 4, with d = 2,)
into disjoint open nonobtuse triangles kq, with possibly one curved edge on 0D. We focus our attention on
elements x4 that are in contact with 0D. There are again two possible configurations, which will be considered
separately. We shall assume throughout the section that the potential U and the associated Maxwellian M
satisfy on D the assumptions stated at the start of Section 2.3, including (2.9a), with ¢ > 1, and (2.9b).
Two dimensions: configuration 1-curved. We consider a circle C C D, concentric with 9D, which is a
distance h away from 0D; cf. Figure 2. The analogue of configuration 1-flat is an open curved nonobtuse
triangle k4 := AABC, with one curved edge BC C 9D and with A € C. Let B’ and C’ be points on C such that
BB’ and CC’ are aligned with the directions of the normal vectors to dD at B and C, respectively. We mimic
the construction of the quasi-interpolant pgs of ¢ described in the previous subsection.

Note that, for $ € H3,;(D) and any pair of points Q; and Qg in D,

1
F(Q) =20~ [ 5 F((1 -7+ Q)

Motivated by this identity, for Q; € D and Q € D, we define

Jy M((1=7) Q2 +7Qu) £ @((1—7) Qe +7Qu)dr

Q) = o) - Jo M((1=7)Qa+7Qu)dr

(A.20)

Remark A.4. In one space dimension, with M(q) = ¢%, ¢ € [0, k], Q2 = 0, Q1 = h, and performing the change
of variable ¢ = 7h, (A.20) yields our univariate extrapolation operator:

h o~ h
= ~ q¢“¢'(q)dg a+1 o~
®(0) :=@(h) —h b 2@y g dg =oh) —hooy / ?'(q) dg.
0
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In multiple space dimensions the formula (A.20), after performing the 7-differentiation under the integral
sign, becomes

Jo M((1=7) Q2 +7Q1) (Vo @)((1=7) Qo +7 Qi) dr

P(Q2) = 3(Q1) — (Q1 ~ Q) TM((1 =) Qs + 7 Q) d
o T) 2 +71)dT

In particular, in the two-dimensional setting considered here, and with reference to Figure 2,

Ja M1 =7)B+7B) (V?)((1—7)B+7B)dr
Jy M(1—7)B+7B)dr

®(B) := §(B') - (B'~B) -

and

[y M((1=7)CH+7C) (Ve@) (1 —7)C+7C)dr
folM((l—T)C—l—TC’)dT '

We then define the affine function ps on k4 = AABC by

B(C) = G(C) — (C' = C) -

pa(q) = B(A) ¥alq) + ®(B) Un(q) + ®(C)vclq), g = (q1.02) € kg, (A.21)

where {¢a, V5, 1c} is the P{ local (nodal/Lagrange) basis associated with the triangle AABC.
Let R(kq) denote the curvilinear rectangle BBCC’ depicted in Figure 2. Our aim is to show that, in analogy
with (A.15),
Vg (@ —pa)llLz, (rix,)) < CP) BIPlH2, (R(ry)):
where p is a positive constant dependent only on the shape of kg4; this will in turn imply that

1V (2= pa)llLz, (xy) < C0) 1Pl 12, (R(ky))-

Using polar co-ordinates, the curvilinear rectangle R(x) in the ¢ := (¢1, ¢2) domain can be mapped into the
rectangular domain -
Rpolar(kq) :={(r,0) : —rp <r<-—-rp+h, 0c<6<6g}.
Let us therefore perform the following change of independent variables:

q1 =rcosf, g =rsind, r€ (—rp,—rp+h), 0¢€ (0c,0p); (A.22)

thus, r = —|g |. Naturally, 0 < h < 1 < rp, and we can therefore assume without loss of generality that
—rp+h< —%; therefore, r = 0 is, uniformly in h, separated from the range (—rp,—rp + h) of r, whereby the
change of variables (A.22) is a smooth bijective diffeomorphism from R(k,) to Rpolar(Kq)-

By virtue of (2.9a) we may assume without loss of generality that M(q) = (rp —|¢|)®, with « = ( > 1 and ¢
as in (2.9a), and |¢q| € (rp — h,rp). In polar co-ordinates, with |¢| = —r, we therefore define N(r):=(rp+mr)*
for r € (—=rp, —rp + h), where a = ¢ > 1. N

Now, on noting that M(q) = N(r) with r = —|g| € (—=rp,—rp + h), we have that

Jy N(=rp +7h)@e(—rp +7h,0g) dr

®(B) = d(—rp,05) = P(—rp + h,0) — h
®) (=D, 0z) (=rp 5) folN(—’l“D—FTh)dT

Hence,

a+1

(/ﬁ(B) = (/ﬁ(—TD, 0]3) - @(_TD + h7 GB) — h W

h
/ t* or(=rp +t,0p)dt. (A.23)
0
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Analogously,
~ ~ . a+1 [
(I)(C) = (b(—’I“D,ec) = (p(—TD + h, GC) —h hotl / t* SOT'(_TD + t,@c) dt, (A24)
0
while
P(A) = @(—rp + h,0a). (A.25)

It is clear from (A.23) that if the restriction of @ to the closed line segment connecting B’ to B is a linear
function, and therefore @, is constant along this line segment, then ®(B) = ¢(—rp, ) = $(B). Analogously,
(A.24) implies that if the restriction of ¥ to the closed line segment connecting C’ to C is a linear function, then
®(C) = @(—rp,bc) = p(C).

Hence, if ¢ € P{, then (A.21) implies that pz(q) = $(A)a(q) + &(B) ¥s(g) + #(C)Yc(g), the standard

linear nodal/Lagrange interpolant of ¢, whereby V(% — pz) = 0. Equivalently, letting

Ll(@) = (@)m - (psﬁ)qn L2(¢\) = (@)qz - (pt?’)qzv

we have that L;(p) =0 for all p € P{, i = 1,2.

Since the formulae (A.23), (A.24), (A.25) are essentially the same as those corresponding to EI;(B) = 5(0, k),
@(C) = &(0,1) and B(A) = @(h,0) in the case of configuration 1-flat in the previous section, defining p :=
(0 — 0c)/h, changing variables to the rectangular region Rpolar(kg), rescaling this by 1/h as in the previous
section, applying Lemma A.3, and then rescaling by h to return from Rpolar(kq) to R(kg) yields

Vg (@ —pa)llL2, (rixy)) < CP) BIPl 12, (R(ry))-

Hence,
Vg (@ —=pa)llLz, (xy) < C0) 1 |P| 12, (R(ry)) (A.26)
with p:= (0 — 0c)/h.
Next, we prove that
1€ —pallrz, (k) < Clp) h? Pl a2, (R(rg))- (A.27)

This time, we define L($) := ¢ — ps where, again, p@(g) =p(A) ¢A(g) —&—ZI\J(B) ¢B(g) +</I\>(C) z/)c(g) Once again,
if € P, then pg is just the standard linear nodal/Lagrange interpolant of ¢ and therefore L($) = 0. The rest
of the argument is the same as in the case of the error estimate in the M-weighted H' seminorm above. Thus,
on applying Lemma A.3 and a scaling argument in the same way as before,

1€ —pallLe, (x,) < C(P)h2|@\H§J(R(Rq))7 (A.28)

where, again, p := (fg — 6¢)/h. The constant C(p) is a continuous function of p in each of these bounds.
Two dimensions: configuration 2-curved. The alternative configuration of the triangle x, = AABC is

that A€ 0D while B,C € C. In this case, we define p; as the affine function that interpolates ¢ at B and C,
and has the value
fol M(@@A-7)A+7A) (Vo)(1—7) A+7A")dr

[ M((1=7)A+7A)dr

B(A) == B(A) — (A"~ A)-

at A. Here A’ is the point on C where the line segment, normal to D, connecting A to the centre of the disc D
intersects C; thus the segment AA’ is orthogonal to dD. The value @(A) is therefore obtained by extrapolating
@ from A’. Thus, R

pa(q) = ®(A)Yalq) + 2(B) vB(q) + (C) ve(q).
Again, we define,

~

Ll((ﬁ) = (ﬁth - (p@)m and L2($) =Yg — (p@)qw
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and we observe that L;($) =0, i = 1,2, for all $ € P{. The rest of the argument is the same as in the case of
configuration 1-curved, and leads to the same final bound:

IVq (2 —=pa)llrz, (xy) < C0) 1|2l 12, (R(ky)) (A.29)

where now R(k,) is the curvilinear rectangle BB’C’C, whose curved edges B'C’ € 9D, BC C C; here B’ and C’
are the points on D where the line segments passing through the centre of the disc D and the points B and C,
respectively, extended beyond B and C, respectively, intersect dD. Clearly, each of the line segments BB’ and
CC’ is orthogonal to D as in the case of configuration 1-curved. The definition of p is the same as in the case
of configuration 1-curved, i.e. p := (6 — 0¢)/h.

Arguing in the same way as in the case of the M-weighted L? norm bound derived above in the case of
configuration 1-curved, we also have that, with p := (0 — 0¢)/h,

12 = psllLa, (ny) < C0) B 18112, (R(xy))- (A.30)

The constant C(p) is a continuous function of p in each of these bounds.

Two dimensions: global interpolation bound. Let h,; denote the maximum diameter of any triangle s,
in the quasiuniform and nonobtuse family of partitions {7,'},~o of D. Each triangle x, € 7, whose closure
intersects 0D is either in configuration 1-curved or in configuration 2-curved; on such triangles we define ps as
above. Any triangle k, € 7, that is neither in configuration 1-curved or configuration 2-curved is such that
the closure of x4 is contained in the open disc D; on such triangles, referred to as being in configuration 0, we
define p; as the standard nodal interpolant of ¢. For § € H3,(D), we then define the global quasi-interpolant
Il := p3. Note, in particular, that I}$ is a continuous piecewise linear function on D with the following
properties: suppose that P is a vertex of a triangle k, € 7,7; if P € D, then (I/¢)(P) = @(P); if, on the other

hand, P € 9D, then (I}$)(P) = </15(P), the value extrapolated from P’ € D using the formula

Jo M((1=7)P+7P) (V) (1 —7)P+rP)dr

S P _ (P _ . Jo
)=o) = (=) Jo M((1—7)P+7P)dr

)

where P’ is the unique point of intersection of the line segment that connects P € 9D to the centre of D with
the circle C C D concentric with dD and such that dist(0D,C) = h and 0 < h < rp.

By virtue of (A.26) (on triangles k, C D in configuration 1-curved), (A.29) (on triangles x, € D in con-
figuration 2-curved), and classical interpolation results on the remaining triangles x4, € 73, (in configuration 0)
whose closure does not intersect 0D, together with upper and lower bounds on M on triangles in configuration
0 and recalling (4.54), to relate the M-weighted L?, H' and H? norms to standard (nonweighted) L?, H' and
H? norms, we deduce that

IV @ = L)z, 0y < Chy[¥lgz, 0y and || = 0]z (py < ChZ Y], (pys

whereby
v — IZ¢||H}VI(D) < Chgl¥|uz (p)- (A.31)

Here we made use of the fact that the parameter p appearing in the bounds on the triangles k, € 7,7 in
configuration 1-curved and configuration 2-curved belongs to a compact subinterval of R, independent of hg,
due to our assumption that {7,%}5~0 is a quasiuniform family of nonobtuse partitions; since the constants C(p)
featuring in those bounds are continuous functions of p, it follows that the constant C' in (A.31) depends only
on the shape-regularity parameters of {7,’},~0, which, in particular, fix the range of p.
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A.2.3. Three dimensions

We briefly comment on the modifications that need to be made to our arguments above when d = 3.
Consider a family of quasiuniform nonobtuse partitions {7;'},~0, in the sense of (A1) in Section 4, of the ball
D = B(0,rp) C R3. Excluding the case of configuration 0, when the closure of a simplex r, € 7,7 has empty
intersection with 9D, there are now three different configurations to consider, corresponding to the cases when
the closure of k4 has one, two or three vertices on 0D.

Let us suppose, for example, that the open nonobtuse simplex x4 € 7,7 has three vertices A, B and C on the
sphere 9D, while the fourth vertex D is in the interior of the domain D, on a sphere C concentric with 9D, that
is a distance h away from 0D. We raise the inward normals from A, B, C to D, and consider the points A’,
B’, V in the interior of the ball D that are on the respective normals to D at A, B and C, and a distance h
away from A, B and C, respectively; i.e. A’, B’, C’ are on the sphere C. The tetrahedron x, = ABCD is then
contained in the curved triangular prismoid R(k4) := ABCA’B’C’, with curved faces ABC and A'B’C’.

Given a function ¢ € H3,(D), we then extrapolate $ from A’, B’ and C’ using (A.20) to define d(A), D(B)
and </I\>(C), and define p; as the affine function of ¢ on the simplex ABCD whose nodal values are @(A), $(B),

</I\>(C) and (D). We note in particular that if ¢ € P{, then p; = @. Using spherical polar co-ordinates we
map the curved triangular prismoid R(k,) containing the simplex x, = ABCD into a right triangular prism
Rpolar(Kq), and then argue as in the case of d = 2 above, using Lemma A.3, to deduce the analogue of (A.31)
in the case of d = 3.

A.2.4. Stability of the Mazwellian-weighted L? projector in the Mazwellian-weighted H' norm
Now we are ready to discuss the question of stability, in the M-weighted H' norm, of the orthogonal projector
in the M-weighted L? inner product on D C R% d = 2,3. We begin by considering the following auxiliary
problem: Let g € L2,(D); find Z € Hi,(D) such that
a(z,§) =Up) Ve Hy(D), (A.32)

where, for Z, pe€ H (D),
oG9 [ M(V,TV,5+08)dg  and  €p)i= [ M7pdg
D D
The existence of a unique solution z € H1,(D) to (A.32) follows by the Lax—Milgram theorem. Note that

12122, 0y < W2 m3, 0y < 19123, (0)-

We begin by showing the following elliptic regularity result for (A.32): Z € H% (M), and the bound stated in
(A.41) below holds. To this end, for § > 0 we define

2
r _
Us(s):=U (( & ) s) , s€0,3r%) and Ms(q) =2 1exp(—U5(%|g|2)), q €D,
where, as in (1.6) (i.e. with no d-dependence in the definition of Z),

7= /D exp(=U(]q1%)) dg.

Note that since U’(s) > 0 for s € [0, %r%% we have 0 < Us(s) < U(s) for all s € [0, %r%), with strict inequalities
for s # 0, and M(q) < Ms(q) for ¢ € D, with strict inequality for ¢ # 0. The fact that, thereby, [, Ms(q)dg
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is strictly greater than 1 rather than equal to 1 is of no significance. For g € L%,(D) and § > 0, we define

M %
Gs(q) == (M;(?)> i@ qeD,

and note that g5 € L3, (D) with g5 3, (p) = 19l 3,p)-
We consider the following problem: For g € L3,(D) and § > 0, and with M; and gs as defined above, find
Zs € Hy; (D) such that
as(25,9) = £s(p) V@ € Hy, (D), (A.33)
where, for (,p € Hy, (D),

w(C.7) = [ M5 (9,8, +C) g and 66(@) = [ MiGi By

We note that, for § > 0 and ¢ € D, 0 < Z Yexp (—Ug(%’l‘%)) < Mg(cl) < Z~1, and therefore L?VI& (D) and
H11\45 (D) are homeomorphic to L?(D) and H!(D), respectively, with equivalent respective norms, so they can
be identified with L?(D) and H!(D), respectively.

As in the case of (A.32), the existence of a unique solution Z5 € Hy, (D) to (A.33) follows by the Lax-Milgram
theorem, and

||36||L§46(D) < ||36HH;46(D) < ||§5HL§V[5(D) = [[9llz2, (p)- (A.34)

Also, by (standard) elliptic regularity theory, zs € Hy, (D) = H'(D) belongs to H*(D) = Hj, (D) for all
4> 0.

Since C5°(D) C Hy,, (D) for any § > 0, on choosing @ € Cg°(D) in (A.33), it follows that

~Vq - (MsVq25) + MsZs = Msgs  in D'(D), (A.35)

i.e. in the sense of distributions on D. As Ms € C*°(D), multiplication by Ms of elements of D’'(D) is correctly
defined; thus, by the Leibniz rule for differentiation of the product of a C°°(D) function and an element of
D'(D), (A.35) yields

—Ms Aq Z5 — qu Ms - qu Zzs + Ms zs = Ms ‘/g\ in D/(D) (A36)
Noting that Ms and U} satisfy an identity analogous to (2.5), and that since M; ' € C°°(D) multiplication by
My in D'(D) is meaningful, multiplying (A.36) by M; ' we deduce that

A Z+ U Ve +2 =0  inD(D). (A.37)

As g — Ué(%|g|2)g belongs to [C°°(D)]?, the dot-product in the second term of (A.37) is meaningful as an

operation in [D'(D)]?. Taking the partial derivative in D’(D) of (A.37) with respect to g;, the ith component
of ¢, gives

0% 05 0% 0% 0 ,
A, LUty vl 9B Ly, 92 - (D), 1,....d.  (A38

For ¢ € C§°(D), we have Ms g%fi € C§°(D), and therefore (A.38) implies that
0%5 0p " ~ 0p , 0Zs 0p , 0zs 0p
A v 2P U q V5, My 2F 920 6y ¥ v, 2 M
< “Bg 58qi>+<q Usq- Va2 Sou )t Us o P ag )T Usa-Vq 20" 3q

0z . 09 0gs .. 0P ~ .
Ms 54 ) = M, (D 1,...d} (A
+ <8q2 e 8qi> <8ql e 0q; Vo e Gy ( )7 1€ { ) ’ }v ( 39)
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where (-,-) denotes the duality paring on D'(D) x C§°(D). Writing A, =V, -V, in the first term on the
left-hand side of (A.39), passing V, to the test function in this term, using the Leibniz rule in C°°(D), noting
(2.5) and that U; € C°°(D), whereby multiplication in D’(D) by Uj is legitimate, and observing that one of
the two terms that result upon the use of the Leibniz rule from the first term on the left-hand side of (A.39)
cancels with the fourth term on the left-hand side of (A.39), gives

0 op 15) 0 0o 0z 0 09, 0o
<an% " 94, > < Usa-V Z5’M565> <U50Z6 Méa§>+<af’M aj> <8Z§’M‘Saf>

for all p € C§°(D), i € {1,...,d}. Summing over ¢ = 1 — d, we deduce the identity

As(Zs5,9) /M5V VqZs V chpdq—i-/ Ms U, q V q25) (q~yq@)dq+/ Ms; (Ué—l—l)v -V, pdg

——/ §5Vq-(M5Vq<P) /MégéAq‘PdQ+/ M(;g(;U(;q qudQ— Ls(p)  Vpe (D).
P

Consider the norm || - ||H?V,5(D) defined by

1<, () = /D M; [ 194 Vq O +Uf 1g - Vo 0P + (U5 +1) V4 82 + 0] g

We observe that || - |2 (p) is an equivalent norm on H3, (D) = H?(D) and, in particular, 1Z5ll2¢2, (py < o0
5 5
Next, we show that [|Z5]|32, (p) is, in fact, bounded, independent of § > 0. Recalling (A.34) we have that
)

||26HH2 (D)= = A(Zs,25) + (Ms 25, 25)p = Ls(Z5) + (M5 25, 25)p = L5(Zs) + ”26”%%45(’3)

< ||95||L?V15(D) 1Aq 2(5HL§\45(D) + ||§5HL?W(D) U3 a4 Yq 35”wa6 (D) T ng\(SHwaé(D)”ZS”L%LS(D)-

Since [|Aq ZsllL2, (p) < dz||V, Y, ZsllL2, (py and, thanks to (2.9b), [U5(s)]? < s Uf(s), s € [0,37%), we thus
s s
have that
||26||H2 L) = < (d+es+1)? 1951l 2, ,(D) ||36||H$V,5(D),
which implies that

H25||H2 (D) = ||Z5||H2 (D) = (d+4c5+1) H%H%?\Q(D) =(d+e+1) ”/g\HQL?w(D)'
Since M(q) < Ms(g) for all ¢ € D and § > 0, we deduce that

125072, oy < (d+ 5 + 1) 13172, (-

Since {Zs}s>0 is bounded in H%;(D), there exists zy € H3i; (D) and a subsequence, still denoted {Zs}s>o0,
such that Zs — Zo weakly in H%,(D) as 6 — 04. By the weak lower semicontinuity of the norm function
¢ = 11l ez, (o)

‘ZO|H2 2 (D) = ||20||H2 2 (D) = <(d+e+1) ||g||L2 ,(D)* (A.40)
Since for ¢ > 1 (cf. (2.9a)) the space H3,(D) is compactly embedded into H3,(D) (see Lemma 5.2 in Antoci [1]),
{Zs5}s>0 is strongly convergent to Zo in Hi,(D) as § — 0. Noting that {M;}s~o converges to M uniformly on
D as 6 — 04 it follows that, as § — 04,

em):/ Maa(s@dngw(s)%w%@dge/ M%aM%sadgz/ MGG dg=0@) ¥gec=(D),
D D D D
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and as(Zs, p) — a(Zo, p) for all € C°°(D). Hence, passage to the limit § — 0, in (A.33) yields a(Z, ) = £(®)

for all € C*°(D). Since C*(D) is dense in Hi,(D), also a(Zy, ) = £(p) for all € H}, (D). However,
Z € Hi;(D) is the unique solution to (A.32), and therefore z = %y, € H3,(D), and then by (A.40),

|2|§{12\4(D) < HEH?{%/[(D) <(d+c5+1) H/Q\Hifw(py (A.41)

That completes the proof of the elliptic regularity result that we need in order to proceed with the proof of
stability, in the M-weighted H' norm, of the orthogonal projector in the M-weighted L? inner product on D.

Taking g = ¢ — P,;I@Z in (A.32), where P/ denotes the orthogonal projector in the M-weighted H' inner
product on D, we have from the symmetry of the bilinear form a(,-), the definitions of Z and P}, the Cauchy-
Schwarz inequality and (A.31) that

1Y = PilZa (py < a($ = P, 2) = a(y — Py, Z — PyZ)
<|¥ = Pl oy 12 = Pzl e, (o)

< Chgll¥ = PiYllay, oy 12l a2, ()
The elliptic regularity result (A.41) with g = - P! ¥ gives

Zlh2, 0y < (d+c5+1)2 ([ — Pl 2 (p).
‘We thus have that
1Y = Pz, oy < Chyll¥ — Pl g, (p)- (A.42)

Now, by the first inverse inequality in the M-weighted H! norm on D stated in (4.53a), and (A.42),

||1Z— QZ"ZHH}/](D) < ||1Z_ P}(LZ&;HH}W(D) + ||P;L1$— QZ"ZHH}/](D)

< % — Pl s, oy + Cine hig 1 P = Q1N 2, ()

< o - Pg$||H}VI(D) + Ciny h(;1||$_ P}gQZ”Lﬁ/I(D) + Ciny hq‘1||$— Q?ﬂZHL’;},(D)
<[ = Pl oy + 2 i g W0 = Pillza ) < (14 C) [ = Pl gy, ()

M
In particular the last inequality implies that
19 = Qi dlla, oy < 200+ C) [y, oy V9 € Hyy(D)
and therefore also,
HQZ%ZHH}W(D) <(3+20) H'J)\”H}M(D) Vi € Hi (D). (A.43)

It remains to prove that the projector QhM = Q7 Q7 = Q1 QF, where Q% is the orthogonal projector in L?(Q)
onto X and Q7 is the orthogonal projector in L3,(D) onto X}/, is stable in the norm of X := H*(Q x D; M).
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Indeed,
QMBI = 1QF QRGN = [ M [1QF QLD + 1. (@5 QLD +17, (QF QEDIF] dgds
< [ MIQE @Dl ey da + | 10K (@F)w. My o 0o
<‘7{/;A4|QZJCﬂp”%Wﬂﬂ%‘%/Q”Q2$Q§)I%&u»dé

<o [ Mo+ [ 10y, 0
— C I,

where in the transition to the third line we used the stability of Q7 in the H'(€) norm, and the stability of

7'in the H};(D) norm stated in (A.43). In the transition to the penultimate line we used Fubini’s theorem to
exchange the order of integration, together with the fact that Q7 is a contraction in the norm of L3,(D) and
Q7 is a contraction in the norm of L?().
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