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EVALUATING MATRIX FUNCTIONS FOR EXPONENTIAL INTEGRATORSVIA
CARATHÉODORY-FEJÉR APPROXIMA TION AND CONTOUR INTEGRALS

�
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�
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Abstract. Among the fastestmethodsfor solving stiff PDE are exponentialintegrators,which require the
evaluationof �����	� , where� is anegative semide�nitematrixand � is theexponentialfunctionor oneof therelated
“ 
 functions” suchas 
��
����������������������� . Building on previous work by TrefethenandGutknecht,Minchev,
andLu, we proposetwo methodsfor the fastevaluationof �����	� that areespeciallyusefulwhenshiftedsystems�������! ��#"$�&% canbesolvedef�ciently, e.g. by a sparsedirectsolver. The �rst methodis basedon bestrational
approximationsto � on the negative real axis computedvia the Carathéodory-Fejérprocedure.Ratherthanusing
optimalpoleswe approximatethe functionsin a setof commonpoles,which speedsup typical computationsby a
factorof ' to (*) + . Thesecondmethodis anapplicationof thetrapezoidruleonaTalbot-typecontour.

Key words. matrix exponential,exponentialintegrators,stiff semilinearparabolicPDEs,rationaluniform ap-
proximation,Hankel contour, numericalquadrature
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1. Intr oduction. Accordingto Minchev andWright [33], themaincomputationalchal-
lengein the implementationof any exponentialintegratoris theneedfor fastandcomputa-
tionally stableevaluationsof the exponentialandrelated , functions. We areinterestedin
solvingproblems

(1.1) -.0/213.5476�89.;:�<>=
wherethematrix 1 representsthespatialdiscretizationof alinearelliptic differentialoperator
suchastheLaplacianand 6 is anonlinearfunctionin . and< . In many problems1 is negative
semide�nite. Exponentialintegratorsaretime-steppingformulasfor (1.1) that separatethe
linearterminvolving 1 , which is solvedexactlyby a matrix exponential,from thenonlinear
term.Thesimplestexampleis theexponentialforwardEulermethod,givenby.�?A@;BC/2DFEHG#I;.�?J4LKM< , BN8�KM<O1P=Q6R8#.�?�:><O?S=
:
where , B 89TU=P/V89DFWYX[Z*=S\AT . Therearemany otherexponentialschemesandsomeof these
ideashave beenreinventedseveral times[33]. In recentyearsthe interestin exponentialin-
tegratorshasheightened.Krylov methodsto compute, functionswereintroducedby Saad
[38] andHochbruckandLubich [19], Cox andMatthews [8] andKrogstad[25] introduced
one-stepmethodswith ] th orderaccuracy in many circumstances,andHochbruckandOster-
mann[21] showedhow ] th ordercouldbeachievedfor all problems.Exponentialmulti-step
formulasrequirefewer matrix function evaluationsper stepthanone-stepmethodsandare
computationallyvery promising. Recentlythey have beenrediscoveredby Beylkin [4] and
Cox andMatthews after beingintroducedby Nørsett[36] in 1969. KassamandTrefethen
appliedthe one-stepmethodof Cox andMatthews to stiff PDEssuchasthe Korteweg–de
Vries,Kuramoto–Sivashinsky, Allen–CahnandGrey–Scottequations[23, 24] andcompared
themwith morestandardschemes.^
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2 T. SCHMELZERAND L. N. TREFETHEN

We follow arecentconvention[3, 21, 22] andintroduce,	_ 89TU=`/ Z8�a�XbZF=
c d Be Dgf B
h�ikj Wml _ hnB!o l : aR/pZN:�qr:ms�s�s�s
In additionwede�ne , e 8�T�=t/uD*W , whichenablesusto utilize therecurrencerelation

(1.2) ,	_ 89TU=`/ ,	_ hnB 8�T�=	X ,	_ hRB 89v�=T : a	w�Zgs
For the�rst few valuesof a we have, Bx89TU=`/ D*WYXbZT : ,Hy 8�T�=`/ DFWCXzTJXbZT y : ,H{ 89TU=`/ DFWYXzT y \AqPXzT|X[ZT { s
TheTaylorseriesrepresentationof thesefunctionsis givenby

(1.3) , _ 89TU=`/~}� �
� _ Z� c T
� h _ s

Thefunctions ,H_ areentire. Nevertheless,a numericalchallengeoneencountersin utilizing
themis that a direct computationbasedon theseidentitiessuffers from cancellationerrors
for T closeto theorigin [17, 24]. To addressthis problemCox andMatthews [8] madeuse
of theTaylor series.This techniqueworks for scalarsanddiagonalmatrices.An alternative
stableevaluationis basedon(1.2) andaCauchyintegralrepresentationonacircle � of radiusZ centeredat T , for � T �U� Zx\Aq . Following KassamandTrefethen[24] this is

,	_ 8�T�=`/ Zqx�R� d�� , _ 8��F=�YXzT o �P� Z� ���
� B ,	_n� T�4LD*��G9�x�
where < � /�qx� � \ � . To avoid cancellation,thecirclesshouldnot comecloseto theorigin.
This ideacanbegeneralizedto non-diagonalmatrices1 , wherethecontour � hasto enclose
thespectrumof 1 :

(1.4) , _ 8�1�=�/ Zqx�R� d � , _ 8��F=R8��*�$X�1P= hRB o �gs
In practicewe areinterestedin � 8�1�=�� ratherthan � 8�1�= andhereinlies a furtherstrengthof
this idea.We canevaluate,	_ 8�1�=>�C/ Zqx�R� d�� ,;_ 8��F=R8��*�$X�1P= hRB � o �
by a numericalquadratureschemethat solvesa linear systemat eachnode � � on the con-
tour � . In particularthis ideais successfulfor thematrix exponentialandit is closelyrelated
to rationalapproximationsasshown in [45]. Insteadof evaluating(1.4) for a��uv we give in
§5 analternative integral representationof ,t_ not involving thefunction ,H_ in theintegrand.

Another methodfor evaluatingthe , functionsthat is widely usednowadaysis Padé
approximation,assuggestedby Beylkin et al. [4], Hochbrucket al. [20], andMinchev and
Wright [33]. Theideais basedon scalingandsquaring,which is a popularmethodfor com-
puting the matrix exponential[18, 34]. This approachis restrictedto matricesof moderate
dimensionastheevaluationof � 891�=�� requirestheexplicit computationof � 891�= .
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Wesuggestinsteadtheuseof uniformrationalChebyshev approximationsor theapplica-
tion of thetrapezoidrule on Talbot-typecontours.The�rst ideawasput forwardpreviously
by Lu [27]. Lu claimsthat the coef�cients arehard to computeandgivesthe rationalap-
proximationof type 8OZ ] :�Z ] = for , B in a partial fractiondecomposition.He usedtheRemes
algorithmandamultipleprecisionenvironment.Hereweshallshow thatin fact,therequired
approximationscan be computedreadily in standardprecisionby the Carathéodory-Fejér
methodasin [44] and[45].

We alsodiscussin §4 the approximationof thesefunctionsin a commonsetof poles,
which is advantageousin someapplications.

Throughoutthis work we usedirectmethodsto solve linearsystemsalthoughour ideas
areby nomeansrestrictedto them.

2. Theasymptoticbehavior. Methodsbasedonrationalapproximationsgettheirpower
from the fastexponentialdecayof the error introducedby the approximant.In the caseof, functionswe cangive precisestatementsaboutthe convergence. Let � ? denotethe set
of all polynomialsof degreeat most �u��� with real coef�cients. Let � � ? denotetheset¡>¢ \A£ � ¢ ���C� :�£ �0� ? :�£�¤¥ v`¦ , § : ����� of rationalfunctions. The bestrational approx-
imant ¨ �� ? / ¨ �� ? 8 � :�© hPª�« = �L� � ? to the function � on © h /V8�X�¬­:kvx® andthe minimal
approximationerror ¯ � ?°/ ¯ � ?R8 � :k© h = arede�ned by¯ � ?R8 � :k© h =�±²/p³ � X ¨ �� ? ³k´	µ°/ ¶�·S¸¹�ºA»½¼¿¾ ³ � X ¨ ³k´;µR:
where ³ « ³ ´ µ denotesthe À�ÁSÂ -normon © h . Thebestapproximanẗ

�� ? 8 , _ :�© h = existsand
is unique[30].

Cody, MeinardusandVarga[7] showedthat ¯ ?A? 8#Ã�Ä Â 8#ÅÆ=!:�© h = decreasesgeometrically
as �ÈÇ ¬ . In 1986GoncharandRakhmanov [14] proved that the rateof convergenceis
givenby

(2.1) É ¶�Ê?NË } ¯ ?A? � Ã�Ä Â 8#ÅÆ=!:�© h � B�Ìk? /2ÍÎ/ ZÏ s qNÐ Ï vNÑCsms�s :
where Í , Halphen's constant, is theuniquepositive root of Ò }? � B ?AÓ ¾B�h f hÆÓFj#¾ / BÔ . This con-
stantwasstudiedby Halphenasearlyas1886[16]. Theproof by GoncharandRakhmanov
con�rmed a conjectureby Magnus[28] andpreviousnumericalcomputationsby Trefethen
andGutknecht[44] andCarpenter, RuttanandVarga[6].

A sharperresultthan(2.1) wasconjecturedby Magnus[29] andsubsequentlyprovedby
Aptekarev [2]: ¯ ?A? � Ã�Ä Â 8#ÅÆ=!:�© h �3/uqAÍ ?N@3ÕÖ 8>Z½4Ø×r8>Z*=>= as � Ç ¬­s
We de�ne ¯ _ / É ¶�Ê?NË } ¯ ?A?|8 , _ :�© h = B�Ìk? , if this limit exists,andconjecturethatthelimit does

indeedexist with ¯ _ / ¯ e /�Í for all a .
CONJECTURE 2.1. For all a ��� theasymptoticdecayof theerror is ¯ _ /­Í .
Resultsaboutasymptoticconvergencefor bestrationalapproximationsarenotoriously

dif�cult to prove. A successfulproof might follow the footstepsof GoncharandRakhma-
nov [14], or mightbebasedon inductionutilizing recurrencerelationsfor non-normalmatri-
ceswhich we aregoingto introducein §4. Numericalexperimentsgive compellingindica-
tionsthattheconjectureis valid.

For practicalpurposeswe areinterestedin the numberof polesnecessaryto achieve a
desiredaccuracy. Theasymptoticconvergencerateis of limited usehere,althoughit would
serveasa �rst indicator.
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3. Carathéodory-Fejér approximation on the negativereal line. An ef�cient method
for constructingnear-bestrationalapproximationsis the Carathéodory-Fejér(CF) method,
whichwasintroduced�rst for theproblemof constructingapproximationsontheunitdisc[42,
43]. By utilizing a conformalmapfrom theunit circle to a real interval or thenegative real
line it wasshown in [44] that themethodis very ef�cient for real approximation,too. The
ideacanalsobegeneralizedfor otherdomainsin thecomplex plane[11].

Theseapproximationsaresocloseto optimal that themethodcanoftenberegardedas
exactin practice.Magnus[29] hasarguedthattheapproximationsof Ã�Ä Â 8#ÅÆ= producedby the
CF methoddiffer from the true bestapproximationsby only about Ù 8ÛÚAÜ hÆ? = . Theabsolute
differencebetweenthebestCFandbestapproximationsis below standardmachineprecision
for � w Ï .

Theseideashave not beenexploited much over the last two decades.Today we can
computeCF approximationson the�y in fractionsof a second.In [45] a MATLAB codeis
presentedthatcomputesrationalapproximationsof Ã�Ä Â 8#ÅÆ= on thenegative real line with an
errorassmallas qÞÝzZmv hnBàß . We have madesomeminor modi�cations to adaptthecodefor, functions.

CF approximationenablesus to estimatethe error for all � at onceas they appearas
singularvaluesof a certainmatrix within theconstructionprocess.For theapplicationswe
have in mind, a rationaluniform approximationwith an error of Zmv hÆá is often appropriate.
The asymptoticbehavior discussedin the last sectionsuggeststhat � /âÜ polesmay be
suf�cient to achievethisaccuracy. Computationscon�rm thatfor � /2Ü , theerrorwecommit
by replacing,	_ by its CF approximationis indeedsmallerthan Z*v hÆá for aY/ãvä:�ZN:ms�sms ; see
Fig. 3.1. For all exponentialintegratorswe have usedit is suf�cient to compute ,`_ up toan/ ] .

We useapartialfractionexpansionof therationalapproximations,¨ ? 8�T�=`/ ¢ ?R8�T�=£m?R89TU= / ¨ } 4 ?�å � B æ åTJXzT å :
where æ å is the residueof the pole T å and ¨ } / ¨ 8Q¬b= . As the denominator£ ? 89TU= is a
polynomialwith realcoef�cients, thepolescomein conjugatepairs.

4. Approximation in commonpoles. Whenimplementingexponentialintegratorsit is
anattractiveoptionto usea setof commonpolesfor all , functions.Usingthis strategy one
canevaluate ,	_ 8Ûçä1P=àè for several different a by linear combinationof the solutions Å å of a
�x ed setof systems891éX[T å ��=OÅ å /êè with only the coef�cients of the linearcombination
dependingon a . This situationis very frequentwhendealingwith exponentialintegrators.
Typically theuseof commonpolesmakesexponentialintegratorsfasterby afactorof q to Ñäs Ú .
Theprecisecostsavingsdependultimatelyon thetypeof integratorbeingusedandwhether
it is possibleto store ëíì decompositions,etc.Ratherthandevisinganoptimizationproblem
thatimposesasetof commonpolesasaconstraintandchoosingthemsothatassociatederror
functionsareassmallaspossible,we generalizeanidentityby Saad[38].

PROPOSITION 4.1. Let î W /ðï T ZvñvAò :
where T �Îó . Then ,	_ 8 î W =�/õô , _ 89TU= , _ @;Bx8�T�=v ,	_ 89v�=0ö for a¿/uvS:�Zg:�sms�s
s
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FIG. 3.1. Error curves
S÷���"N�
�`ø ^ ��"N� for type ��ù*úÛù!� bestapproximationto 
ä÷ , ûg�Îü*ú>�
úÛ'*úÛ( on ýHþ . Notethat
theabscissa,thenegativereal axis in the � -plane, is displayedon a log scale. Thedashedlinesmarktheminimax
errors.

Saadestablishedthis identityfor a¿/­v . Hewasnotconcernedwith , functionsof higher
order. Theproof for a	�[v carriesover.

Proof. We observethat

î eW /2� andî ?W /õï T ? T ?rhRBv vâò � w�ZNs
As ,	_ 8�T�=`/ Ò }�!� _ B��ÿ T � h _ we get, _ 8 î W =`/ }� �
� _ Z� c î

� h _W / ô Ò }�!� _ B��ÿ T � h _ Ò }�
� _ @;B B�mÿ T � h _ hRBv B_ ÿ ö / ô ,	_ 8�T�= ,	_ @;B 89TU=v , _ 89vg= ö s
If T is replacedby amatrix 1 this ideahasbeensuggestedamongstothersby Hochbruck

et al. [20] andSaad[38] for computing, B 891�= . However, this directapproachhastwo disad-
vantages:the resultingmatrix

î I hastwice thesizeof 1 , andit doesnot inherit properties
suchassymmetryfrom 1 .

Givena rationalapproximation¨ f _ j 89TU=`/ ¨ } 4 ?�å � B æ åTJXzT å
of , _ , andnotingthat8 î W XzT å ��= hRB /��� 8�TJXzT å = hRB 8�TJX�T å = hnB T hRBåv XYT hnBå �� :
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theentryof ¨ f _ j 8 î W = approximating, _ @;B is¨ f _ j 8 î W = B�� y / ?�å � B æ å T hnBåTJXzT å s
This identity impliestherecurrencerelation

(4.1) ¨ f _ @ � j 8�T�=`/ ?�å � B æ å T h
�åTJX�T å : � ���

for rationalapproximationsusingcommonpolesof , functions.This generalizesa resultby
Minchev [31]. Theseapproximationsarefar from optimal andyet they provide reasonable
quality on the negative real axis. For

� � v we cangive error boundsthat provide some
insight.

The matrices

î W arediagonalizablefor T­¤/ v with eigenvaluesv and T , hence

î W /	 W�
íW 	 hRBW . And yet it is notappropriateto estimatetheerrorby

(4.2) ³ � 8 î W =HX , _ 8 î W =�³ y
��� y 8 	 W =�³ � 8 
íW =	X , _ 8 
íW =m³ y
where � y 8 	 W =z/ ³ 	 W ³ y ³ 	 hRBW ³ y is the q -norm condition numberof

	 W , as the condition
numberof

	 W tendsto in�nity for T approachingtheorigin, seeFig. 4.1. If this werenot the
casewe would beableto givea simpleproofbasedon inductionfor Conjecture2.1. A more
usefulerrorboundfor small T is givenby thefollowing result.

THEOREM 4.2. If � and 6 areanalyticon thenegativereal axis © h then³ � 8 î W =HX&6�8 î W =�³�� ��� q À�ÁSÂ�kº ´ µ � � 8��F=	X 6R8��F= � 4 À>ÁäÂ�kº ´ µ � ��� 8��F=HX&6 � 8Û�*= � s
Proof. This is a specialcaseof Theorem11.2.2in [13].

If ¨ f _ @	BOj is therationalapproximationinducedby ¨ f _ j usingtherecurrencerelationabove
we canboundtheerrorbyÀ�ÁSÂ�kº ´ µ � ¨ f _ @;BOj 8��F=HX ,;_ @;B 8Û�F= ��� À�ÁSÂ�kº ´ µ ³ ¨ f _ j 8 î � =tX ,	_ 8 î � =m³����� q À�ÁSÂ�kº ´;µ � ¨ f _ j 8��F=HX ,;_ 8Û�F= � 4 À�ÁSÂ�kº ´	µ � ¨�� f _ j 8��F=HX ,��_ 8��F= � s(4.3)

Using approximationsin commonpolesthe accuracy of bestrationalapproximations
cannot beachievedwhenusingthesamenumberof polesfor bothideas.Nevertheless,this
approachis ratherrobust asthe derivativesof the error term in (4.3) aresmall, too. In the
context of exponentialintegratorsit is importantto work with approximationsproviding an
accuracy beyondthelevel of thetruncationerrorof theintegrator.

Wegivein Table4.1somenumericalresultsfor smalldegreesof therationalapproxima-
tions.

Theentriesin the�rst columnof Table4.1canbefurtherimprovedby introducingapos-
itive shift � . As DFWJ/uD � DFW h � , we canapproximatethesecondfactorby a CF approximation,

(4.4) D W �uD � �� ¨ } 4 ?�å � B æ åT X[8Û�í4LT å = �� s
Lu [27] introducedthis shift to dealwith matricesthat have negative andin additionsmall
positive eigenvalues. We have observed that a shift of Ù 8OZF= givesonly slightly weaker re-
sultsfor DFW but signi�cantly betterrationalapproximationsinducedby (4.1) and(4.4) to ,
functionsof higherorder. We summarizeour resultsin Table4.2.
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FIG. 4.1. Thepolesof a CF approximationof ��� of type �9�>'*úk�>'!� havebeenusedto evaluatethe 
R� function
on the negativereal line. Theblue solid curveis the error. Thedashed-dottedredcurveis the boundinducedby
(4.2). Thedashedline representstheboundof Theorem4.2.

TABLE 4.1
Usingdegree � rationalapproximationswith commonpolesthemaximalerror 
 ÷ �`ø is givenfor ûN� ü*ú>�
úÛ'*úÛ(

and �J�Îù*ú��*ú��>ü*ú>�>' . A columnrepresentsCF approximationsfor �xed û . Anexample:GiventheCF approximation
of degree �>ü for 
�� theerror committedbyapproximating 
! with thesamepolesusingidentity(4.1) is "m) (
�n�$ü�# .
To determinean approximationfor themaximalerror wehavecomputedthedifferencein +
ü
ü pointsdistributedin�t�>ü�$ to �t�>ü*þ�$ . , e , B ,	y ,H{% s &(' X)&+* Ï s ÑNDYX�v�Ú qrs qPX�vgÑ Ñäs v|Xzvgq , e� / ÚSs ÑgDYXzvgÚ ,¿s.-!' X)&(, Ï s0/xDCXzvNÜ qrs0/xDCXzv ] , BÜ ] s ÜgDYXzv ] ] s vNDYX�vgÜ 1Rs.&(' X)&(2 Ï s ÚADCXzv3/ , yZgs ÜgDYXzvNÑ ÑSs�ZmDYX�v�Ú qrs Ï DCXzv3/ -Rs.*!'$X % & , {% s.4!' X)&+, ZNs0/xDYX�vgÜ ÜSs qADCXzvgÚ ZNs qADCXzvNÑ , e� / Ðäs vgDYXzv3/ 1ns.-!' X % & ZNs ÑNDCXzv3/ Úrs ÚADCXzvNÜ , BÐ Ï s�Z*DYXzvNÜ ] s0/xDYX�vgÐ 5¿s.,(' X %(% Ï s Ï DCXzv Ï , y] s qNDYXzvgÚ ] s Ï DYX�v6/ qrs ÐNDCXzv Ï 7 s.&!'$X % 4 , {% s 5+' X % & qrs Ï DYX�vgÐ ZNs ÚADCXzvNÜ ÑSs ÐNDCXzvgÚ , e� / Zgs�Z*DYXzvNÐ 1ns % ' X % 4 ZNs ÐNDCXzv Ï ZNs vNDCXzv3/ , BZ*v Zgs ÜgDYXzv3/ Úrs ÜNDYXbZ*v 7 s01!' X % 7 ZNs�ZmDCX[Zmv ,HyÏ s�Z*DYXzv3/ /Us ÑNDYX�v Ï qrs0/xDCX[ZNZ % s.2!'$X % 5 ,H{% s *(' X % 4 ] s0/xDYXbZ*v ÑSs�ZmDCXzvNÐ ZNs vNDCXzvNÜ , e� / Zgs ÜgDYX[Zmv *¿s ,(' X % 5 qrs0/xDCX[ZNZ ZNs0/xDCXzv Ï , BZFq qSs ÜgDYXzv Ï ÜSs ÚADYXbZFq 5¿s 7 ' X % - ZNs qADCX[Z*q , yZgs ÐgDYXzvNÐ ZNs vNDYXbZ*v qrs0/xDCX[ZmÑ -Rs.*!'$X % * , {

5. Talbot contours and integrals of Cauchy type. Theresultsof thelastsectiongive
us a new perspective on contourintegrals,too. If � is a contourenclosingT with winding
numberZ , then

(5.1) D W / ZqA�R� d�� D ��YX�T o �gs
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TABLE 4.2
Sameas the �r st columnof Table 4.1, but with a shift 8 introducedas in (4.4). Thenumbers are better, and8¿�&� seemsa goodchoicein practice.��/pZF\Nq ��/pZ ��/�q ��/�ÚZNs ÜNDCXzvNÜ qSs./ADYXzvNÜ /Us ÚADYX�vgÜ ZNs ÚADCXzv ] , e� / ZNs vNDCXzvgÚ Zgs�Z*DYXzvgÚ qrs ÑNDYX�v�Ú qrs ] DCXzv ] , BÜ qrs qADCXzvgÚ qSs ] DYXzvgÚ ZNs ÐNDYX�v�Ú ZNs ÑNDCXzv ] ,	yÏ s0/xDCXzvgÚ ] s ] DYXzvgÚ ] s qADYX�v�Ú Ï s ] DCXzvgÚ ,	{ZNs Ï DCXzvNÐ Ñäs qNDYXzvNÐ ÐSs0/xDYX�vgÐ ZNs0/xDCXzvNÜ , e� / ZNs ÚADCXzv3/ Zgs ÚNDYXzv3/ qrs ÚADYX�v6/ qrs ÐNDCXzvNÜ , BÐ ] s ÑNDCXzv3/ Ñäs ÐgDYXzv3/ Úrs0/xDYX�v6/ ÑSs vNDCXzvNÜ , yZNs ÑNDCXzvNÜ Üäs ÜgDYXzv3/ Úrs ÜNDYX�v6/ ZNs ÜNDCXzvNÜ , {qrs ] DCX[Zmv Ñäs./ADYX[Zmv ZNs vNDYX�v Ï qrs vNDCXzvNÐ , e� / ZNs�ZmDCXzv Ï Zgs./ADYXzv Ï ÑSs ] DYX�v Ï ÑSs Ï DCXzvNÐ , BZmv Ï s vNDCXzv Ï Üäs Ï DYXzv Ï /Us ÚADYX�v Ï ] s ÐNDCXzv Ï ,	yZNs qADCXzvNÐ Zgs vgDYXzvNÐ ÐSs ÐNDYX�v Ï ÑSs qADCXzvNÐ ,	{qrs ÜNDCX[Z*q ] s ÑgDYX[Z*q ZNs qADYXbZgZ qrs ] DCX[Zmv , e� / qrs�ZmDCX[ZNZ Ñäs vgDYX[ZNZ ] s Ï DYXbZgZ ÜSs�ZmDCX[Zmv , BZ*q ZNs vNDCX[Zmv ÚSs ÑgDYX[ZNZ ÐSs0/xDYXbZgZ ÜSs vNDCX[Zmv , yÑSs ] DCX[Zmv qSs ÑgDYX[Zmv ZNs ÐNDYXbZ*v /Us�ZmDCX[Zmv ,	{

When T becomesa matrix 1 insteadof a scalar, the sameapproachworks, with the termZF\S8��$X­T�= becomingthe resolvent matrix 8Û�*��X­1�= hnB . In the context of this work � is a
Hankel contour, that is, a deformedBromwich contourthat winds aroundthe negative real
axis in thecounter-clockwisesense,seeFig. 5.1. In particularit enclosesall eigenvaluesof

FIG. 5.1. A typicalHankel contour, windingaroundthenegativerealaxis(dashed)in theanti-clockwisesense.

thenegativesemide�nitematrix 1 .
In [46] variouschoicesfor suchcontoursarediscussed.Althoughthe integral doesnot

dependon this choice,theconvergenceof theresultsgainedby anevaluationwith thetrape-
zoid ruleon thecontourcanbeoptimizeda greatdeal.

Thecontour � is representedasthe imageof the real line © underananalyticfunction9
. Then(5.1) canbewrittenas

(5.2) D W / ZqA�R� d }h } D;: f i�j9 8 l =HXzT 9 � 8 l = o l s
Theintegrandis anexponentiallydecayingfunction. By truncating© to a �nite interval one
thereforecommitsonly anexponentiallysmallerror. Following [45] we shallarbitrarily �x
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this interval as < XC�t:>��® . In < XC�t:>��® we take � points l � spacedregularly at a distanceqx�;\ � ,
andour trapezoidapproximationto (5.2) becomes

(5.3) ��? /�� � hRB ?��
� B D � �T Xz� ��= � :
where� � / 9 8 l � = and

= � / 9 � 8 l � = .
Usinganoptimizedversionof Talbot's original contoursit is possibleto achieve a con-

vergencerateof Ù 89Ñäs Ð Ï hÆ? = [45, 46]. In particularit is possibleto getalmostdownto machine
precisionwith asfew as q ] poles,whichcomein Z*q conjugatepairs.

Theexponentialdecayof the integrandin (5.2) is missingoncewe try to generalizethe
approachfor , functionsof higherorder. Theterm , _ is only algebraicallydecaying,which
is too slow for most applicationsin practice[26]. An alternative approachto enforcethe
exponentialdecaymightbeto introduceanadditionalreparametrizationof therealline © by
transformationsasdiscussedin [35].

But giventherationalapproximation(5.3) of DFW theapproximationfor , B 8�T�= inducedby
(4.1) is , BN89TU=t�­� � hnB ?��
� B D � � � hnB�TJX7� �>= � s
This is thetrapezoidalruleappliedto theintegralof Cauchytype� B / Zqx�R� dU� D �� Z�3X�T o �g:
which is indeedanalternative integral representationof , B .

THEOREM 5.1. Let ? be a closedcontour encircling the points v and T �ãó with
windingnumber Z . Then , _ 8�T�=`/ Zqx�R� d6@ D �� _ Z�YXzT o �gs

Proof. Multiplying theTaylorseriesrepresentation(1.3) of ,	_ 89TU= by T _ revealsthat ,	_ 8�T�=
is theregularpartof theLaurentseriesfor D W \AT _ :D WT _ / ,	_ 89TU=¿4 _ hnB��
� e Z� c T � h _ s
Giventhelinearity of thepathintegral it is suf�cient to show that�M/ Zqx�R� d @ _ hnB��
� e Z� c � � h _ Z�CXzT o �
vanishes.Changingtheorderof summationandintegrationyields�°/ _ hRB��
� e Z� c Zqx�R� d @ � � h _ Z�CXzT o �Ns
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If T°/�v all integralsvanish.Let T�¤/�v andde�ne � � / ByBA �(C @ � � h _ B� h W o � . Theintegrals � �
aresolvedby residuecalculus� � /�DCÃ À ï � � h _�CXzT :kv ò 4EDCÃ À ï � � h _�CXzT :kT ò s
Thelatterresidueis T � h _ . Theresidueof

� µ ¼� h W at theorigin, where § is a positive integer, is
givenas Z8 § XbZF=
c o � hRBo � � hRB Z�CXzTGFFFF � � e / Z8 § X[Z*=!c o � hRBo3H � hnB ZH FFFF I � h W /pXYT h � :
which implies � � /2v for all

� /2vä:�s�sms!:�a�X[Z .
In this integral representationthe integrandis exponentiallydecayingalong a Hankel

contourandis thereforeof greaterpracticalusethan(1.4). Althoughcontourintegralsneed
more points than optimal rational approximationsthey are somewhat more �e xible when
adaptive integratorsareimplementedas

(5.4) , _ 8�ç 1�=�/ Zqx�R� d � D�J �8�çÆ�F= _ 8Û�m� Xz1P= hnB
o �N:
where ç is a time step. This identity may give hopethat ,t_ 8Ûçä1P= canbe evaluatedwith the
sameresolventmatricesindependentlyof ç . Unfortunately, a balanceof the truncationand
discretizationerrorcannotbemaintained.Thetruncationerrorgrows as ç shrinks,whereas
thediscretizationerrorgrowswith ç . However, accuracy canbemaintainedthroughoutcer-
tain rangesof ç . Experimentsto identify themfor theexponentialarereportedin [45].

Exponentialintegrators,suchas the methodby Krogstad,often need ,`_ 8�ç 1�=àè and,	_n� By ç 1��Rè . Using bestrationalapproximationwe have to solve � linear systemsfor both
products.Achieving similar accuracy with Talbotcontoursit is typically enoughto solve q �
linearsystemsonceandto apply (5.4). Hence,we do not expecta trade-off with respectto
bestrationalapproximationsin thissituation.

6. Exponential integrators. It wouldgofarbeyondthescopeof thisarticleto introduce
exponentialintegratorsin detail. Insteadwe have decidedto pick two typical but ratherdis-
tinctive membersof thehugefamily of exponentialintegrators.Variousothersareclassi�ed
in [33].

Quite often exponentialintegratorshave closerelativesamongstthe more established
methods. Thereareexponentialversionsof Runge-Kutta methodsandmultistepmethods
which try to overcometheproblemsof their relativesfor stiff problemsby treatingthelinear
termexactly.

A typicalexponentialRunge-Kuttamethodis theone-stepmethodof Krogstad[25]. Like
themethodof CoxandMatthews[8] it has] th orderaccuracy in many circumstances.In the
worstcasetheorderreducesto q for CoxandMatthewsor Ñ for Krogstad.Orderreductionhas
beenstudiedin detailby OstermannandHochbruck[21]. They haveintroducedaschemethat
gives ] th orderin all cases.We follow their formulationandintroduceexponentialRunge-
Kuttamethodsfor (1.1) as .Æ?A@	Bí/2.�?|4bç �� � � B � � 8Ûçä1P=�KJ? � :ì ? � /�.�?|4bç � hnB�å � B H � å 8Ûçä1P=LKJ? å :
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FIG. 5.2. Error curves 
 ÷ ��"N�`� ø�M ÷0N ��"N� . The rational approximation ø�M0O N is constructedby an appli-
cation of the trapezoidrule with '�P nodes(symmetricwith respectto the real axis) to (5.2) with QS�SR!���'�Pn� ü*) +
ü*�B"�RLTVU�Wk��ü*) ù�P!ü�"�R!� �$ü*) ù*�>'
'	�Þü*) '
ù�P!+�XYR!� ; see[45, 46]. In addition we haveuseda shift 8 �é� . The
functionsø M ÷0N with û6Z�ü are inducedby (4.1).

KJ? å /­6�89<O?J4 æ å ç¿: ì ? å =¿4Ø13.Æ?�s
In orderto simplify thenotationweusetheabbreviations, � � å / , � � å 8�ç 1�=�/ , � 8 æ å çä1P=R: q �)[\� �
and , � / , � 8�ç 1�=Rs
We only give themethodof Krogstad:æ B /2væ y / By H y BC/ By , B�� yæ { / By H { B / By , B�� { X , y � { H {ky / , y � {æ ßP/ Z H ß
BC/ , B�� ßYX7q ,Hy � ß H ß { /uq ,	y � ß��BC/ , B�X�Ñ ,	y 4 ]�,	{ � y /uq ,	y X ]g,H{ � { /u� y ��ß�/pX ,Hy 4 ]�,	{

Theimplementationcanbedone“columnwise”.Startingwith KM?gB it is possibleto eval-
uateall matrix-vectorproductsof the �rst column. We calculatethe savings introducedby
approximatingin commonpolesin the �rst columnby countingthematrix-vectorproducts.
Theterms

H y B and
H { B canbesolvedby solvingonesetof shiftedlinearsystemsratherthan

two sets.Theterms
H ß!B and � B needanalternativesetof poles,asa differentscalingparame-

ter æ is used.In suchsituationscontoursoffer some�e xibility throughequation(5.4). Using
optimalpoleswewouldhaveto solvethesystemsfor , B , , y and , { . ThuswesavethefactorÚg\Nq for the�rst column.Repeatingtheargumentfor all columnswe save a factorof Z*q�\xÜ in
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total. This factordoesnot take into accounttheadditionalinitial costsof computingthe ëíì
decompositionsfor Ú insteadof q setsof shiftedsystems.

Exponentialrelativesof classicmultistepmethodsare more attractive in termsof the
underlyinglinear algebrathanexponentialRunge-Kuttamethods.An early referenceis an
articleby Nørsett[36], but they have beenrediscoveredrecentlyby Beylkin [4] andalsoby
CoxandMatthews [8]. Livermorehasappliedthemto problemsfrom magnetohydrodynam-
ics [26]. Ostermannet al. [37] have analyzedtheir stability andCalvo andPalencia[5] gave
detailsaboutthe startingprocessfor abstractCauchyproblems. A completederivation is
givenin thethesisof Minchev [32].

Theunderlyingformulafor (1.1) is here

(6.1) . ? /2D J I . ?UhRB 4bç �� _ � e^] _ 6 ?Uh _ s
Thecoef�cients ] _ arelinearcombinationsof matrix functions.Theexplicit ( ] e ¥ v�= expo-
nentialAdams-Bashforthmethodof order ] is givenby

�__� ] B] y] {] ß
��``� / �__� Z ZgZF\AÜ q Zv XYÑ X3Ú XYÑv ÑU\Aq ] Ñv XJZF\AÑ XJZ XJZ

��``� �__� , BA8�ç 1�=,Hy 8�ç 1�=,H{ 8�ç 1�=, ß�8�ç 1�=
��``� s

This methodservesasthepredictor. An implicit exponentialAdams-Moultonmethodmay
serveascorrector,

�__� ] e] B] y] {
��``� / �__� v Zx\xÑ Z ZZ Zx\Aq X3q XYÑv XJZ Z Ñv XJZF\AÜ v XJZ

��``� �__� , B 8�ç 1�=, y 8�ç 1�=, { 8�ç 1�=, ß 8�ç 1�=
��``� s

It is standardfor classicmultistepmethodsto perform only the �rst stepof a �x ed-point
iterationto solve (6.1). This ideais oftenreferredas“PECE” form [10, Chapter7.4]. Com-
paringthepredictedandcorrectedresultservesasanerrorcontrol in implementationsof the
classicmultistepmethods. In order to predict . ? it is necessaryto evaluate DaJ I . ?rhRB and,	_ 8�ç 1�=à6 ?UhRB , a`wpZ . It is suf�cient to solve two setsof shiftedlinearsystemswhenworking
with a setof commonpoles. For a

�
-stepmethodwe thereforesave the factor 8 � 4éZ*=k\Aq

whenusingthesamesetof polesfor , B :�s�sms!: , � . This factordoesnot take into accountthe
possibility to reusethepolesfor , BF:ms�s�sm: , � to computeD�J I .Æ?rhRB . Using thatapproachwe
reducethe numberof ë�ì decompositionsby a factorof q andmay achieve an additional
speedupby solving linear systemswith q right-handsidesratherthansolving q linear sys-
temswith oneright-handsideeach.Next onehasto evaluate6�89.n?Æ:><O?S= in orderto compute] e by solvingagainasetof shiftedsystems.All othercoef�cients arelinearcombinationsof
vectorsalreadyavailablefrom previoussteps.

7. Numerical experiments. In this sectionwe illustrate the potentialof exponential
integratorsrelyingonrationalapproximationsby two examples.Bothexamplesarenonlinear
reaction-diffusionequationswith ratherlargediffusionconstantsto makethelineartermboth
stiff anddominantin theevolution. Theequationsareposedin Z D and q D, which resultsin
advantageousbandstructuresin the�nite differencediscretizationsof thediffusionterm.

Theseparticularequationscould be solved moreef�ciently usinga diagonalizationby
meansof Fourier transforms,or by spectralcollocationmethods.It shouldthereforebeem-
phasizedthat they serve solelyasa convenientmeansto illustrateour techniquefor dealing
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with , functions. Errorsintroducedby the spatialdiscretizationarenot taken into account
here.

Wecompareexponentialintegratorswith establishednumericalmethodsfor stiff systems
of ordinarydifferentialequations.Althoughwehaveworkedwith auniformmeshin time,we
�nd thatour implementationcanbecompetitive evenwith state-of-the-artadaptive methods
suchasRadaucollocationmethods[15] or the multistepbackwarddifferentiationformulas
of MATLAB [40] whenappliedto reaction-diffusionequationswith amild nonlinearity. The
methodswe havecomparedare:b The explicit exponentialRunge-Kuttamethodsof Krogstad. We usedtwo CF ap-

proximationsof , Bx8��F= and , BN8 By �*= with Z*q poleseach,andvariedthe numberof
poles;seeFigures7.2and7.3.b Theexponentialmultistepmethodsof order ] , Ü and Ð . Startingvalueswerecom-
putedusingMATLAB' sode15s integrator. Thestartupcalculationwasnot taken
into accountin thetimings.WeusedaCFapproximationof theexponentialwith ZFq
polesandashift of �P/ Z .b MATLAB' sode15s integrator, which is anadaptivesolverbasedonbackwarddif-
ferentiationformulas.Ratherthanreducingthestepsizeto achievehigheraccuracy,
wereducedthetolerancesfor theabsoluteandrelativeerror. Themethodis implicit
andthe linear systemsaresolved usingdirect methods,that is UMFPACK, which
hasbeenincorporatedwith effective matrix reorderingsin MATLAB' sode15s in
recentreleases.b ThemethodRADAU5, which is an implementationof a �fth-order implicit Runge-
Kuttamethodof RADAU IIA type,with Ñ stagesandautomaticstepsizecontrol.For
this we useda MATLAB implementationadaptedfrom thethesisof Tee[41]. The
codeis availableonline.1

The resultsreportedheredependvery stronglyon the underlyingnumericallinear al-
gebra,andin particular, anexponentialintegratormayperformbetteror worsethana com-
petitorsimply becauseof a switchfrom a directmethodto aniterative methodor vice versa.
Therefore,for consistency, we useddirect methodsfor all of our computations,relying on
UMFPACK asthecommonunderlyingframework for solvingall linearsystems.Thecom-
plex shiftedsymmetricmatriceswerereorderedusinga sparsereverseCuthill-McKeeorder-
ing andsymmetricapproximateminimumdegreepermutations[9].

Before we presentthe resultsin detail, we shall take a momentto describecommon
propertiesof thegraphsdescribingtheperformanceof themethodsbeingused.In Figures7.2
and7.3 theverticalaxesrepresenttherelativeerror. For all experimentswe have computed
an “exact” solution by usingode15s with very tight error tolerances.The error is then
calculatedasthe q -normof thedifferencebetweentheapproximationandtheexactsolution,
dividedby the q -normof thesolution. Thustheerrorplottedin thegraphsis a relative one.
Thescalingof thehorizontalaxesvaries.Therelativetime-stepsdisplayedarescaledby the
overall simulationtime scale.A relative timestepç implies that Zx\Aç stepshave beentaken.
The computertime displayedis the CPU time we have measured.As is well known, such
timingsshouldnot be reliedupontoo precisely, sincein MATLAB we have limited control
of internalroutinesoptimizingcertaincodefragments.Thenumberof evaluationsof 6 refers
to thenumberof evaluationsof thenonlinearreactionterm.

Theexperimentswereperformedwith MATLAB 7.4ona HP workstationxw4200with
a Ñäs q GHz Pentium] processorand Z GByteof RAM runningWindowsXP.

1Seethewebpageof theauthor:www.comlab.ox.ac.uk/thomas.schmelzer

www.comlab.ox.ac.uk/thomas.schmelzer
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FIG. 7.1. Solutionof theFisherequation.

7.1. The Fisher equation. The Fisher equation[12] is a one-dimensionalreaction-
diffusionproblemwith a “logistic” reactionterm. G /�cÞ.+d�d34 ¨ .H8OZCX�.R= Å �e< vS:kqx®Ûs
For theexperimentsreportedherewe chosecV/ väs v�Ú and ¨ /pvSs vSZ . Theinitial functionis
chosenas . e 8#Å¿:�<t/uvg=`/2Ã!Ä Â 8>X3qAvAÅ�=	X&Å	8#Å0Xzqg=�f�g À y 8ÛÚxÅ �;\AqN=!s
Theboundaryvaluesare�x edas.	89Å0/uqS:><>=t/uvS: .H8#Å /­vS:�<>=`/ Zgs
We solve theequationfor v � < � vSs�Z . The equationis semidiscretizedby standard�nite
differenceswith a Ñ -point stencilon a regular grid with h Å[/ ZF\NqAvNvgv . This resultsin an
extremelystiff system.Thematrix 1 introducedby this discretizationis of dimensioni /Z ÏgÏNÏ andtridiagonal. The left-mosteigenvalueof the scaledmatrix c 1 is approximatelyX3q5Ý�Zmvkj . Tridiagonalsystemscanbesolvedin Ù 8 i = operations,sothematrix is verywell
suitedfor any integratorbasedon rationalapproximation.

Theresultsin Figure7.2emphasizethepowerof exponentialintegrators.In the�rst plot
oneshouldnotethelargerelative timestepsof Ù 8OZmv hRB = . This impliesthatonly Z*v stepshave
beentaken. In thesecondplot oneseesthatexponentialintegratorsoutperformradau5 and
ode15s. TheKrogstad,Multistep ] andMultistep Ü curvesin this plot have bene�ttedby
factorsof approx.q , qrs Ú and ÑSs Ú , respectively, throughtheuseof commonpoles.In thethird
plot graphslabeledKrogstad? show therelativeerrorof Krogstad'smethodwhenusingonly� poles.Thetremendousadvantageof exponentialintegratorsis revealedin fourthplot. They
needfar fewerevaluationsof thenonlinearterm.
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FIG. 7.2. Resultsfor theFisherequation.

7.2. The Allen-Cahn equation in q D. TheAllen-Cahnequationin q D readsas[1]. G /�l h . 4u8#.�X&. { =!s
We solve this equationfor v � < � väs�Z with l /2väs�Z on thesquare< vS:�Z�® y with homogeneous
Neumannboundaryconditions.Theinitial conditionis a trigonometricpolynomial:. e / æ Ô� � � B Ô�å � B ¨ � å f�g À 8#�Q�RÅÆ=mf�g À 8 [ �onS=
s
Thecoef�cient matrix p is constructed,soasto bearbitrarybut reproducible,by takingthe
�rst Ü ] digitsof � :¨ B�BC/uÑS: ¨my BY/pZN: ¨*{ B3/ ] :ís�sms!: ¨ B y /2ÚS:½sms�s!: ¨ ÔkÔ /uqSs
Thesenumbersarethennormalizedby ¨ � å / ¨ � åÚ XbZgs
Theparameteræ is chosensuchthat ÊrqAÄ � . e � / Z onthesquare.For thespatialdiscretization1 of theLaplacianweusestandard�nite differenceson < vS:mZ!® y . Thematrix 1 is of dimensionZmv ß Ý&Z*v ß andsymmetric.
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FIG. 7.3. Resultsfor theAllen-Cahnequationin ' D.

Theresultsof theexperimentareshown in Figure7.3. Broadlyspeakingtheconclusions
for thisexperimentarelike thosefor theFisherequation.Againtheuseof commonpoleshas
speededup theKrogstadandmultisteptimingsby factorsof q to ] .

8. Conclusionsand outlook. Wehaveshown that , functionscanbeevaluatedfor ma-
trix argumentsef�ciently usingrationalapproximationsconstructedvia Carathéodory-Fejér
approximationor contourintegrals. This enablesus to implementcompetitive exponential
integratorsfor largestiff systemsof ODEs. Therationalapproximationsaretypically twice
asfastasthecontourintegralsasthey requirehalf asmany polesfor thesameaccuracy.

Exponentialintegratorsrely on the fastevaluationof thematrix-vectorproduct ,`_ 891�=��
for several a at once.Thereforewe proposedtheapproximationin a setof commonpolesas
in equation(4.1) andfoundthatthis enablesusto reducethework perstepdramatically.

We shouldalsomentionthatsimilar techniquescanbeusedfor otherfunctionsof inter-
est[39].
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