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EVALUATING MATRIX FUNCTIONS FOR EXPONENTIAL INTEGRATORSVIA
CARATHEODORY-FEJER APPROXIMA TION AND CONTOUR INTEGRALS

THOMAS SCHMELZER AND LLOYD N. TREFETHEN

Abstract. Among the fastestmethodsfor solving stiff PDE are exponentialintegrators, which requirethe
evaluationof ,where is angyative semide nitematrixand is theexponentiafunctionor oneof therelated

functions” suchas . Building on previous work by Trefethenand Gutknecht,Minchey,
andLu, we proposetwo methodsfor the fastevaluationof that are especiallyusefulwhen shifted systems
canbesolvedefciently, e.g. by asparsadirectsolver. The rst methodis basedon bestrational
approximationgo on the negative real axis computedvia the Carathéodory-Fejéorocedure.Ratherthanusing
optimal poleswe approximatethe functionsin a setof commonpoles,which speedsip typical computationdy a

factorof to . Thesecondmethodis anapplicationof thetrapezoidrule on a Talbot-typecontour

Key words. matrix exponential,exponentialintegrators,stiff semilinearparabolicPDEs,rationaluniform ap-
proximation,Hankel contour numericalquadrature

AMS subject classification. 65L05,41A20,30E20

1. Intr oduction. Accordingto Minchev andWright [33], themaincomputationathal-
lengein theimplementatiorof any exponentialintegratoris the needfor fastandcomputa-
tionally stableevaluationsof the exponentialandrelated functions. We areinterestedn
solvingproblems

(1.1)

wherethematrix representthespatialdiscretizatiorof alinearelliptic differentialoperator
suchasthelLaplacianand isanonlinearfunctionin and . In mary problems is negative
semide nite. Exponentialintegratorsare time-steppingormulasfor (1.1) that separatehe
linearterminvolving , whichis solvedexactly by a matrix exponential from the nonlinear
term. Thesimplestexampleis the exponentiaforward Eulermethod givenby

where . Therearemary otherexponentialschemesndsomeof these
ideashave beenreinventedsereraltimes[33]. In recentyearsthe interestin exponentialin-
tegratorshasheightened Krylov methodso compute functionswereintroducedby Saad
[38] andHochbruckandLubich[19], Cox andMatthews [8] andKrogstad[25] introduced
one-stepmethodswith th orderaccurag in mary circumstanceandHochbruckandOster
mann[21] shavedhow th ordercouldbeachievedfor all problems Exponentiaimulti-step
formulasrequirefewer matrix function evaluationsper stepthan one-stepmethodsand are
computationallyery promising. Recentlythey have beenrediscoveredby Beylkin [4] and
Cox and Matthews after beingintroducedby Ngrsett[3€] in 1969. Kassamand Trefethen
appliedthe one-stepmethodof Cox and Matthews to stiff PDEssuchasthe Korteweg—de
Vries, Kuramoto—Siashinsly, Allen—CahnandGrey—Scottequationg 23, 24] andcompared
themwith morestandardschemes.
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We follow arecentcorvention[3, 21, 22] andintroduce

In additionwe de ne , which enablesusto utilize therecurrenceelation

(1.2)

For the rst few valuesof we have

The Taylor seriesrepresentationf thesefunctionsis givenby
(1.3) —

Thefunctions areentire. Neverthelessa numericalchallengeoneencountersn utilizing

themis that a direct computationbasedon theseidentitiessuffers from cancellationerrors

for closeto theorigin [17, 24]. To addresshis problemCox andMatthews [8] madeuse

of the Taylor series.This techniqueworks for scalarsanddiagonalmatrices.An alternatve

stableevaluationis basedn (1.2) anda Cauchyintegralrepresentationnacircle of radius
centerecht |, for . Following KassamandTrefethen 24] thisis

where . To avoid cancellationthe circlesshouldnot comecloseto the origin.
Thisideacanbegeneralizedo non-diagonamatrices , wherethecontour hasto enclose
the spectrunof

(1.4) —

In practicewe areinterestedn ratherthan andhereinlies a further strengthof
thisidea.We canevaluate

by a numericalquadratureschemethat solvesa linear systemat eachnode  on the con-
tour . In particularthisideais successfufor the matrix exponentialandit is closelyrelated
to rationalapproximationasshawn in [45]. Insteadof evaluating(1.4) for we givein
85 analternatve integral representationf  notinvolving thefunction in theintegrand.

Another methodfor evaluatingthe functionsthatis widely usednowadaysis Padé
approximationassuggestedy Beylkin et al. [4], Hochbrucket al. [20], andMinchev and
Wright [33]. Theideais basedn scalingandsquaringwhich is a popularmethodfor com-
puting the matrix exponential[ 18, 34]. This approachis restrictedto matricesof moderate
dimensiomasthe evaluationof requiresthe explicit computatiorof
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We suggesinsteadheuseof uniformrationalChebyshe approximationsr theapplica-
tion of thetrapezoidrule on Talbot-typecontours.The rst ideawasput forward previously
by Lu [27]. Lu claimsthatthe coefcients are hardto computeand givesthe rational ap-
proximationof type for  in apartialfractiondecompositionHe usedthe Remes
algorithmanda multiple precisionervironment.Herewe shallshawv thatin fact,therequired
approximationscan be computedreadily in standardprecisionby the Carathéodory-Fejér
methodasin [44] and[45].

We alsodiscussin 84 the approximationof thesefunctionsin a commonsetof poles,
whichis advantageoug someapplications.

Throughouthis work we usedirectmethodsto solve linear systemsalthoughour ideas
areby no meangestrictedto them.

2. Theasymptoticbehavior. Methodshasednrationalapproximationgyettheirpower
from the fastexponentialdecayof the error introducedby the approximant.In the caseof
functionswe can give precisestatementaboutthe corvergence. Let denotethe set

of all polynomialsof degreeat most with real coefcients. Let denotethe set
, of rationalfunctions. The bestrational approx-

imant to thefunction on andthe minimal

approximationerror arede ned by

where denotegshe -normon . Thebestapproximant existsand

is unique[30].

Cody, MeinardusandVarga[ 7] shovedthat decreasegeometrically
as . In 1986 Goncharand Rakhmanw [14] provedthatthe rate of corvergenceis
givenby
(2.1)

where , Halphen’s constantis the uniquepositive root of -. This con-
stantwasstudiedby Halphenasearlyas1886[16]. Theproofby GoncharandRakhmang
con rmed a conjectureby Magnus[28] and previous numericalcomputationsy Trefethen
andGutknech{44] andCarpenterRuttanandVarga[6].

A sharperesultthan(2.1) wasconjecturedy Magnug[29] andsubsequentlprovedby
Aptekare [2]:

as
We de ne , if thislimit exists,andconjecturghatthelimit does
indeedexist with forall .
CONJECTURE 2.1. For all theasymptotiadecayof theerror is

Resultsaboutasymptoticcorvergencefor bestrationalapproximationsare notoriously
dif cult to prove. A successfuproof might follow the footstepsof Goncharand Rakhma-
nov [14], or mightbe basedninductionutilizing recurrenceelationsfor non-normalmatri-
ceswhich we aregoingto introducein §4. Numericalexperimentsgive compellingindica-
tionsthatthe conjecturds valid.

For practicalpurposeave areinterestedn the numberof polesnecessaryo achiese a
desiredaccurag. The asymptoticcorvergencerateis of limited usehere,althoughit would
seneasa rst indicator
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3. Carathéodory-Fejér approximation on the negativerealline. An efcient method
for constructingnearbestrational approximationds the Carathéodory-Fej&CF) method,
whichwasintroducedrst for theproblemof constructingapproximationentheunitdisc[42,
43). By utilizing a conformalmapfrom the unit circle to a realinterval or the negative real
line it wasshown in [44] thatthe methodis very ef cient for real approximationtoo. The
ideacanalsobegeneralizedor otherdomaingn the complex plane[11].

Theseapproximationsareso closeto optimalthat the methodcanoften be regardedas
exactin practice.Magnus[29] hasarguedthatthe approximation®f produceddy the
CF methoddiffer from the true bestapproximationsy only about . Theabsolute
differencebetweerthe bestCF andbestapproximationss belov standardnachineprecision
for .

Theseideashave not beenexploited much over the last two decades.Today we can
computeCF approximation®n the y in fractionsof a second.In [45] a MATLAB codeis

presentedhatcomputegationalapproximationsf onthenegyative realline with an
errorassmallas . We have madesomeminor modi cationsto adaptthe codefor
functions.

CF approximationenablesus to estimatethe error for all  at onceasthey appearas
singularvaluesof a certainmatrix within the constructionprocess.For the applicationswe

have in mind, a rationaluniform approximatiorwith an error of is often appropriate.
The asymptoticbehaior discussedn the last sectionsuggestghat polesmay be
sufcient to achievethisaccurag. Computationgon rm thatfor , theerrorwe commit
by replacing by its CF approximationis indeedsmallerthan for ; see

Fig. 3.1 For all exponentialintegratorswe have usedit is sufcient to compute up to

We usea partialfractionexpansionof therationalapproximations,

where is theresidueof the pole  and . As the denominator is a
polynomialwith real coefcients, the polescomein conjugatepairs.

4. Approximation in commonpoles. Whenimplementingexponentialintegratorsit is
anattractive optionto usea setof commonpolesfor all ~ functions.Usingthis strategly one
canevaluate for several different by linear combinationof the solutions  of a
x ed setof systems with only the coefcients of the linearcombination
dependingon . This situationis very frequentwhendealingwith exponentialintegrators.
Typically theuseof commonpolesmakesexponentiaintegratorsfasterby afactorof to
The precisecostsarings dependultimately on the type of integratorbeingusedandwhether
it is possibleto store  decompositionsgtc. Ratherthandevising anoptimizationproblem
thatimposesa setof commonpolesasaconstrainandchoosinghemsothatassociate@rror
functionsareassmallaspossiblewe generalizeanidentity by Saad 39].

PROPOSITION 4.1. Let

whee . Then

for
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error

error
error

FiG. 3.1. Error curves for type bestapproximationto on . Notethat
the abscissathe nggativereal axisin the -plane is displayedon a log scale Thedashedines markthe minimax
errors.

Saadestablishedhisidentity for . Hewasnotconcernedvith  functionsof higher
order Theprooffor carriesover.
Proof. We obserethat and
As — we get
— d

If isreplacedoyamatrix thisideahasbeensuggestedmongsbthersby Hochbruck
etal.[20] andSaad 3§] for computing . However, this directapproachastwo disad-
vantagesthe resultingmatrix hastwice the sizeof , andit doesnotinherit properties
suchassymmetryfrom

Givenarationalapproximation

of ,andnotingthat
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theentry of approximating is

Thisidentity impliestherecurrenceelation
(4.1) —_—

for rationalapproximationsisingcommonpolesof  functions.This generalizes resultby
Minchev [31]. Theseapproximationsarefar from optimal andyet they provide reasonable
quality on the negative real axis. For we cangive error boundsthat provide some
insight.
The matrices  arediagonalizabldor with eigervalues and , hence
. And yetit is notappropriatego estimatethe errorby

(4.2)

where is the -norm condition numberof | asthe condition
numberof  tendstoin nity for approachingheorigin, seeFig. 4.1 If thiswerenotthe
casewe would be ableto give a simpleproof basedn inductionfor Conjecture2.1. A more
usefulerrorboundfor small is givenby thefollowing result.

THEOREM 4.2. If and areanalyticontheneggativerealaxis  then

Proof. Thisis a specialcaseof Theorem11.2.2in [13]. O
If is therationalapproximatiorinducedoy  usingtherecurrenceelationabore
we canboundthe errorby

(4.3)

Using approximationdn commonpolesthe accurag of bestrational approximations
cannot be achivedwhenusingthe samenumberof polesfor bothideas.Neverthelessthis
approachs ratherrobust asthe derivativesof the errortermin (4.3) aresmall, too. In the
contet of exponentialintegratorsit is importantto work with approximationgproviding an
accurag beyondthelevel of thetruncationerrorof theintegrator

We givein Table4.1somenumericalresultsfor smalldegreesof therationalapproxima-
tions.

Theentriesin the rst columnof Table4.1canbefurtherimprovedby introducinga pos-
itive shift . As , we canapproximatehe secondactorby a CF approximation,

(4.4)

Lu [27] introducedthis shift to dealwith matricesthat have negative andin additionsmall
positive eigervalues. We have obsened that a shift of givesonly slightly wealer re-
sultsfor  but signi cantly betterrationalapproximationsnducedby (4.1) and(4.4) to
functionsof higherorder We summarizeourresultsin Table4.2
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error

10 10 10

FIG. 4.1. Thepolesof a CF appoximationof  of type havebeenusedto evaluatethe  function
on the nggativereal line. Theblue solid curveis the error. Thedashed-dotteded curveis the boundinducedby
(4.2). Thedashedine representgheboundof Theoem4.2.

TABLE4.1
Usingdeggree rational appoximationswvith commorpolesthemaximalerror is givenfor
and . AcolumnrepresentsCF approximationdfor xed . Anexample:Giventhe CF approximation

ofdegree for  theerror committecby approximating  with the samepolesusingidentity (4.1) is .
To determinean appioximationfor the maximalerror we havecomputedhe differencein pointsdistributedin
to

5. Talbot contours and integrals of Cauchy type. Theresultsof the lastsectiongive
us anew perspectie on contourintegrals,too. If is a contourenclosing with winding
number , then

(5.1) -
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TABLE4.2
Sameasthe r st columnof Table 4.1, but with a shift introducedasin (4.4). Thenumbes are better and
seems goodchoicein practice

When becomesa matrix insteadof a scalar the sameapproachworks, with the term

becomingthe resohent matrix . In the context of thiswork is a
Hanlel contour thatis, a deformedBromwich contourthatwinds aroundthe negative real
axisin the counterclockwisesenseseeFig. 5.1 In particularit enclosesll eigervaluesof

FiG. 5.1. Atypical Hanlel contour windingaroundthe negativereal axis (dashed)n the anti-clodkwisesense

thenegative semide nite matrix
In [46] variouschoicesfor suchcontoursare discussedAlthoughthe integral doesnot
dependon this choice,the convergenceof the resultsgainedby anevaluationwith thetrape-
zoid rule onthe contourcanbe optimizeda greatdeal.
The contour is representedstheimageof therealline underananalyticfunction
. Then(5.1) canbewrittenas

(5.2) —

Theintegrandis anexponentiallydecayingfunction. By truncating toa nite interval one
thereforecommitsonly an exponentiallysmallerror. Following [45] we shall arbitrarily x
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thisinterval as .In wetake points spacedegularly atadistance ,
andour trapezoidapproximatiorto (5.2) becomes

(5.3) S
where and .

Usinganoptimizedversionof Talbot's original contoursit is possibleto achieve a con-
vergenceateof [45, 46]. In particularit is possibleo getalmostdown to machine

precisionwith asfew as  poles,whichcomein  conjugatepairs.

The exponentialdecayof theintegrandin (5.2) is missingoncewe try to generalize¢he
approachor functionsof higherorder Theterm is only algebraicallydecayingwhich
is too slow for mostapplicationsin practice[26]. An alternatve approachto enforcethe
exponentialdecaymight beto introduceanadditionalreparametrizatioof therealline by
transformationgsdiscussedn [35].

But giventherationalapproximation(5.3) of  theapproximatiorfor inducedby
4.D)is

Thisis thetrapezoidatule appliedto theintegral of Cauchytype

whichis indeedanalternatve integral representationf
THEOREM 5.1. Let be a closedcontourencircling the points and with
windingnumber . Then

Proof. Multiplying the Taylor seriegepresentatiofil.3) of by revealsthat
is theregularpartof the Laurentseriesfor

Giventhelinearity of the pathintegralit is sufcient to shav that

vanishesChangingthe orderof summatiorandintegrationyields
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If all integralsvanish.Let andde ne — — . Theintegrals
aresolvedby residuecalculus

Thelatterresidues . Theresidueof — attheorigin, where is a positive integer, is
givenas
whichimplies for all . O

In this integral representatioithe integrandis exponentiallydecayingalong a Hankel
contourandis thereforeof greatemracticalusethan(1.4). Althoughcontourintegralsneed
more points than optimal rational approximationghey are somavhat more e xible when
adaptve integratorsareimplementedas

(5.4) .

where is atime step. This identity may give hopethat canbe evaluatedwith the
sameresohent matricesindependenthof . Unfortunately a balanceof the truncationand
discretizatiorerror cannotbe maintained.The truncationerrorgrows as  shrinks,whereas
thediscretizatiorerrorgrows with . However, accurag canbe maintainedhroughoutcer
tainrangesof . Experimentgo identify themfor theexponentialarereportedn [45].

Exponentialintegrators, such as the methodby Krogstad, often need and

- . Using bestrationalapproximatiorwe have to solve linear systemdor both
products.Achieving similar accurag with Talbotcontoursit is typically enoughto solve
linear systemsonceandto apply (5.4). Hence,we do not expecta trade-of with respecto
bestrationalapproximationsn this situation.

6. Exponentialintegrators. It wouldgofarbeyondthescopeof thisarticleto introduce
exponentialintegratorsin detail. Insteadwe have decidedto pick two typical but ratherdis-
tinctive membersf the hugefamily of exponentialintegrators.Variousothersareclassi ed
in [33].

Quite often exponentialintegratorshave closerelatves amongstthe more established
methods. Thereare exponentialversionsof Runge-Kutta methodsand multistepmethods
whichtry to overcomethe problemsof their relativesfor stiff problemsby treatingthelinear
termexactly.

A typical exponentiaRunge-Kuttamethods theone-stepnethodof Krogstad 25]. Like
themethodof CoxandMatthewvs[8] it has th orderaccurag in mary circumstancedn the
worstcaseheorderreducedo for CoxandMatthevsor for Krogstad.Orderreductiorhas
beenstudiedn detailby OstermanmndHochbruck 21]. They haveintroducedaschemehat
gives th orderin all cases.We follow their formulationandintroduceexponentialRunge-
Kuttamethoddor (1.1) as
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FiG. 5.2. Error curves . The rational approximation is constructedby an appli-
cation of the trapezoidrule with nodes (symmetricwith respectto the real axis) to (5.2 with
; see[45, 46]. In addition we haveuseda shift . The
functions  with areinducedby (4.1).

In orderto simplify the notationwe usethe abbreviations

and

We only give the methodof Krogstad:

Theimplementatiorcanbe done“columnwise”. Startingwith it is possibleto eval-
uateall matrix-vectorproductsof the rst column. We calculatethe savings introducedby
approximatingn commonpolesin the rst columnby countingthe matrix-vectorproducts.
Theterms and  canbesolvedby solving onesetof shiftedlinear systemgatherthan
two sets.Theterms and needanalternatie setof poles,asa differentscalingparame-
ter is used.In suchsituationscontoursoffer some e xibility throughequation(5.4). Using
optimalpoleswewouldhaveto solvethesystemdor , and . Thuswesaethefactor

for the rst column.Repeatinghe argumentfor all columnswe save afactorof in



ETNA

Kent State University
etna@mcs.kent.edu

12 T. SCHMELZERAND L. N. TREFETHEN

total. This factordoesnottake into accounthe additionalinitial costsof computingthe
decompositionfor insteadof setsof shiftedsystems.

Exponentialrelatives of classicmultistepmethodsare more attractive in termsof the
underlyinglinear algebrathan exponentialRunge-Kutta methods.An early referencds an
article by Ngrsett[36], but they have beenrediscoveredrecentlyby Beylkin [4] andalsoby
CoxandMatthens[8]. Livermorehasappliedthemto problemsfrom magnetohydrodynam
ics[26]. Ostermanretal. [37] have analyzedheir stability andCalvo andPalencia[ 5] gave
detailsaboutthe startingprocessfor abstractCauchyproblems. A completederivation is
givenin thethesisof Minchev [32].

Theunderlyingformulafor (1.1) is here

(6.1)

Thecoefcients  arelinearcombinationsf matrix functions. The explicit ( expo-
nentialAdams-Bashfortimethodof order is givenby

This methodsenesasthe predictor An implicit exponentialAdams-Moultonmethodmay
sere ascorrector

It is standardfor classicmultistepmethodsto performonly the rst stepof a x ed-point
iterationto solve (6.1). Thisideais oftenreferredas“PECE” form [10, Chapter7.4]. Com-
paringthe predictedandcorrectedesultsenesasanerrorcontrolin implementationsf the
classicmultistepmethods. In orderto predict it is necessaryo evaluate and
, . It is sufcient to solve two setsof shiftedlinear systemsavhenworking
with a setof commonpoles. For a -stepmethodwe thereforesave the factor
whenusingthe samesetof polesfor . This factordoesnot take into accountthe
possibility to reusethe polesfor to compute . Usingthatapproachwe
reducethe numberof decompositiondy a factorof and may achieve an additional
speedupby solvinglinear systemswith  right-handsidesratherthansolving linear sys-
temswith oneright-handsideeach.Next onehasto evaluate in orderto compute
by solvingagaina setof shiftedsystemsAll othercoefcients arelinearcombinationf

vectorsalreadyavailablefrom previoussteps.

7. Numerical experiments. In this sectionwe illustrate the potentialof exponential
integratorsrelying onrationalapproximationdy two examples Both examplesarenonlinear
reaction-difusionequationsvith ratherlargediffusionconstantso make thelineartermboth
stiff anddominantin the evolution. The equationsareposedin D and D, which resultsin
adwantageoubandstructuresn the nite differencediscretization®of thediffusionterm.

Theseparticularequationscould be solved more ef ciently using a diagonalizatiorby
meansof Fouriertransformsor by spectralcollocationmethods.It shouldthereforebe em-
phasizedhatthey sene solely asa corvenientmeango illustrateour techniquefor dealing



ETNA

Kent State University
etna@mcs.kent.edu

EVALUATING MATRIX FUNCTIONSFOREXPONENTIAL INTEGRATORS 13

with  functions. Errorsintroducedby the spatialdiscretizationare not taken into account
here.

We comparexponentiaintegratorswith establishesdumericaimethoddor stiff systems
of ordinarydifferentialequations Althoughwe have workedwith auniformmeshin time,we
nd thatourimplementatiorcanbe competitve evenwith state-of-the-aradaptve methods
suchasRadaucollocationmethodq 15] or the multistepbackward differentiationformulas
of MATLAB [40] whenappliedto reaction-difusionequationswvith a mild nonlinearity The
methodswve have comparedare:

The explicit exponentialRunge-Kutta methodsof Krogstad. We usedtwo CF ap-
proximationsof and - with  poleseach,andvariedthe numberof
poles;seeFigures7.2and7.3.

The exponentialmultistepmethodsof order , and . Startingvalueswerecom-
putedusingMATLAB' s ode15s integrator The startupcalculationwasnot taken
into accounin thetimings. We useda CF approximatiorof the exponentialwith
polesanda shift of

MATLAB' s ode15s integrator whichis anadaptve solver basedn backwarddif-
ferentiationformulas.Ratherthanreducingthe stepsizeo achiere higheraccurag,
we reducedhetolerancedor theabsoluteandrelative error. The methodis implicit
andthe linear systemsare solved usingdirect methods thatis UMFPACK, which
hasbeenincorporatedvith effective matrix reorderingsn MATLAB' s ode15s in
recentreleases.

The methodrRADAUS, which is animplementatiorof a fth-order implicit Runge-
Kuttamethodof RADAU IIA type,with stagesndautomaticstepsizeontrol. For
this we useda MATLAB implementatioradaptedrom the thesisof Tee[41]. The
codeis availableonline!

The resultsreportedheredependvery strongly on the underlyingnumericallinear al-
gebra,andin particular an exponentialintegratormay performbetteror worsethana com-
petitor simply becausef a switchfrom a directmethodto aniterative methodor vice versa.
Therefore for consisteng, we useddirect methodsfor all of our computationsrelying on
UMFPACK asthe commonunderlyingframework for solvingall linear systems.The com-
plex shiftedsymmetricmatriceswerereorderedisinga sparsaeverseCuthill-McKeeorder
ing andsymmetricapproximateninimumdegreepermutationg9].

Before we presentthe resultsin detail, we shall take a momentto describecommon
propertieof thegraphsdescribingheperformancef themethodseingused.In Figures7.2
and7.3theverticalaxesrepresentherelativeerror. For all experimentsve have computed
an “exact” solution by using ode15s with very tight error tolerances. The error is then
calculatedasthe -normof the differencebetweerthe approximatiorandthe exactsolution,
dividedby the -norm of the solution. Thusthe error plottedin the graphsis a relative one.
Thescalingof the horizontalaxesvaries. Therelativetime-stepglisplayedarescaledby the
overall simulationtime scale. A relative timestep impliesthat stepshave beentaken.
The computertime displayedis the CPU time we have measured.As is well known, such
timings shouldnot be relied upontoo precisely sincein MATLAB we have limited control
of internalroutinesoptimizing certaincodefragments The numberof evaluationsof refers
to the numberof evaluationsof the nonlinearreactionterm.

The experimentsvereperformedwith MATLAB 7.4 on a HP workstationxw4200with
a GHzPentium processoand GByteof RAM runningWindows XP.

1Seethewebpageof theauthor:www . comlab.ox.ac.uk/thomas.schmelzer
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14 e Time

FiG. 7.1. Solutionof the Fisherequation.

7.1. The Fisher equation. The Fisherequation[12] is a one-dimensionateaction-
diffusionproblemwith a“logistic” reactionterm

For the experimentgeportedherewe chose and . Theinitial functionis
choseras

Theboundaryaluesare x edas

We solve the equationfor . The equationis semidiscretizedby standardnite
differenceswith a -point stencilon a regular grid with . This resultsin an
extremelystiff system.Thematrix introducedby this discretizationis of dimension
andtridiagonal. The left-mosteigervalue of the scaledmatrix is approximately
. Tridiagonalsystemsanbe solvedin operationssothe matrixis very well
suitedfor ary integratorbasecbn rationalapproximation.

Theresultsin Figure7.2emphasiz¢he power of exponentialintegrators.In the rst plot
oneshouldnotethelargerelative timestepof . Thisimpliesthatonly  stepshave
beentaken. In thesecondlot oneseeghatexponentialintegratorsoutperformradau5 and
odel5s. TheKrogstad,Multistep andMultistep curvesin this plot have bene tted by
factorsof approx. , and ,respectiely, throughtheuseof commonpoles.In thethird
plot graphdabeledKrogstad shaw therelative errorof Krogstads methodwhenusingonly

poles.Thetremendousidvantageof exponentialintegratorsis revealedn fourth plot. They
needfar fewer evaluationsof the nonlinearterm.
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FiG. 7.2. Resultgor the Fisherequation.

7.2. The Allen-Cahn equationin D. TheAllen-Cahnequationin D readsas[1]

We solwe this equationfor with onthesquare with homogeneous
Neumanrboundaryconditions.Theinitial conditionis atrigonometricpolynomial:

The coefcient matrix is constructedsoasto be arbitrarybut reproducible py takingthe
rst  digitsof

Thesenumbersarethennormalizedby

Theparameter is chosersuchthat onthesquare For thespatialdiscretization
of theLaplaciarwe usestandardnite difference®n . Thematrix isof dimension
andsymmetric.
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FiG. 7.3. Resultsor the Allen-Cahnequationin  D.

Theresultsof theexperimentareshovn in Figure7.3. Broadlyspeakinghe conclusions
for thisexperimentarelik e thosefor the Fisherequation Againthe useof commonpoleshas
speededip the Krogstadandmultisteptimings by factorsof to

8. Conclusionsand outlook. We have shovnthat functionscanbeevaluatedor ma-
trix argumentsef ciently usingrationalapproximationsonstructediia Carathéodory-Fejér
approximationor contourintegrals. This enablesus to implementcompetitive exponential
integratorsfor large stiff systemsf ODEs. Therationalapproximationsaretypically twice
asfastasthe contourintegralsasthey requirehalf asmary polesfor the sameaccurag.

Exponentialintegratorsrely on the fastevaluationof the matrix-vectorproduct
for several atonce.Thereforewe proposedhe approximatiorin a setof commonpolesas
in equation(4.1) andfoundthatthis enablesisto reducethework perstepdramatically

We shouldalsomentionthatsimilar techniqguesanbe usedfor otherfunctionsof inter-
est[39).
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